


- , 2-004-278
C“MR
Iol:lannes Grabmeier 9

Erich Kaltofen Y 3 38
Volker Weispfenning (Editors)

—~——

Computer Algebra
Handbook

Foundations « Applications » Systems

@ Springer



et St S X ICRCUCI L S CRCHOWI s 2 SPREL L 330 S S TR <P e oo | (AP § O SRSt S L L v
B S - s S 5 Ba o A R N A G = o B vii
RO SR TR R g (T G S A TR S ix
31-: i T T T S R S S S A ) xv
1 Development, Characterization, Prospects ... .. ... .oooveeeoonon ... 1
ST s e T e O 1
R Al O R P A AN o o e sy s s v £ Son e oo s i Sma e 1
23 Impact o' BAucation ... ..veiiiiannone s M e e et e oh 2
A Y 1
L5 Computer Algebra - Tuday T B D e L S e S 6
R R O I A e T |
LSO OMMlook . ..o csaiiscamons A B R A N P TEAE, -
EETOpics Of Computer AMIEBIR .« . .50\ i inie s o st s e ke e s bsae s e s 11
Bl Atk APRAMOEIO ;. i e e e R e AT el o 11
21,1 LongInteger Arithmmetic. , . . .o ovimvinn e inos oo oo 11
2.1.2  Arithmetic with Polynomials, Rational Functions md
LT AT N N W e e A 13
2.1.3 Euclid’s Algorithm and Continued Fractions ............. 16
214 Modular Arithmetic and the Chinese Remainder Theorem . 17
2.1.5 Computations with Algebraic Numbers_ .. ............... 18
2.1.6 Real Algebraic Numbers. . .o cooon v onninrenoesins s 19
2.1.7 p-adic Numbers and Approximations. . ..........o0.oenn.. 20
U R Y L TRt AR LR st I e R 21
2.2 Algorithms for Polvnomials and Power Series . .. . . RO M .. 23
2.2.1. The Division Algorithm ... ............. Ry Tt S ey 23
2.22 Factorization of Polynomials .. ... .00 24
2.2.3 Absolute Factorization of Polynomials .................. 26
224 Polynomial Decomposition . ........................... 26
R N TN 5o 2 2l ot s e e e LS. S b & 28
8 SR d RS s b, 55 SRR B e Tae 32
i e T T N R o s S L D ST 32
2.28 Algorithmic Invariant Theory . ......................... 33
au): Bineae Adpehes-, . 00 RS MRS o SR TR 36
S3:1  LUNGOX SYSIAIOE oo 's%s o v e n b e s s a e Ve L L .. 36
2.3.2 Algorithms for Matrix Canonical Forms .. ...._ ...... APy L
2.4 Constructive Methods of Number Theory . . ... et oo, 41
241 FRBIGY TS ;1 iin e anien s LlA L co T L i 41
24.2 Integer BRERORBHAON o s e e b A T 4
2.4.3  Algebraic Number Fields and Algobtmu. Function I‘iclds 45
2 A& GRIOIE CIOUDE " o v s H Y e e BRI S L% e o a it s b e b 1w
2.4.5 Rational Points on Elliptic Curves . .. ... ... .. 18
246 Geometry of NuttBerS ... ey il s dioitions it i ol
25 Algorithms of Commutative Algebra and Algebraic Geowetry . . 5l

of Contents

2.5.1  Algorithms for Polynomial ldeals and Their Varioties . .. .. 51



2.6

2.7

28

2.9
2.10

2.11

2,12

Computer Algebra Handbook

2.5.2 Singularities of Varieties. ... ... cooviiiivinianae. Sors 1) 54
2.5.:3 Real AlPebinic (GEOMIETIN 4 o o'c.c oo n /0 sala s sisiasssisesiossass 55
Algorithmic Aspects of the Theory of Algebras . ... ............ 57
2.6.1 Structure Constants ................... S Wy LA PRy 58
2.6.2 Generators and Relations, Swapping and G-Algebras. . .. .. 58
2.6.3 Monad Algebras, Path Algebras and Generalizations . . .. .. 59
264 Finte-Dimensional Lie Algebras. ... .. ..o oo, 60
2.6.5 Non-commutative Grobner Bases ... ........... ... ... 60
266 Srtructural Issues and C'lassiﬁmﬁnn ..................... 63
A R T T T R O S A NI AR e SRS P A
2.6.8 Computational Aspoct.s in the

Representation Theory of Quivers and Path Algebras . .. 64
Computational Group Theoty ... .. oottt iariarnraraaseeson 65
27.1 A Crash Course in GroupTheory . ... ... ... ... .. .....c.0t 66
<G W U T L T S PR R P N N oS Sk AL W) DR S T
S A B R R O et oo g ribie o e s erohrs w eV (i 69
g R G B v Ty S s B G SIR B o SO S e R 71
B BRI R TIENE R AT v S e 1s 6 9« So s s v'aosenesass e Tt I PO 7
BT R DRt G EIDRE - 3 - oy 'sisis-a/s s Ieis b vie v 0 0 s ciays Lo asels 46 L0 0 s 75
P A gAY TR AR A P S P PR A T AT OEANY |
DD PR CIE RN o 's s b e U b 5n-0ie e S T2 Moia o< proipi e els 76
2.7.9 Finitely Presented Groups$ ... ....ovvvvvnnronrnass RASFTMSY |
2.7.10 Group-Theoretic Software . .......... -7 R B e e 83
2.7.11 Another Perspective ... ....... e o s IR ST PR T 53
Algorithms of Representation Theory .. ...oooviiiiiiiiiiini s 84
2.8.1 Ordinary Representation Theory . ....oovvieeeenaceen. 84
2582 Modular Representation Theory .. .. .. ST R 25
283 Generic Character Tables. . ... ..ccaviriiisnasiarannssns 87
< L I oy B e S RS e =8
Algebraic Methods for Constructing Discrete Structures .. ... .. .. 89
Summation and Integration . .. - . ..ccoisisanensinsensosaviossas 9
2.10.1 Definite Summation and Hype:geomet.ric Identities .. ..... 91
2302 SYMbONC EbaETBbION. -3 ia.amiemsibsis00 10 siaineiais s s b ao 70 4/s% 94
Symibolic Methods for Differential Equm.mus ................... 96
Bl R e L DR OVICEION. §73 (573 505205 557 4 514 5+ oo Soka ad sipakers B o s Lk olalr.y 96
2.11.2 Differential Galois THeory - ...vocovapiseioniorsssnnnis o7
B S e N O T e R Co b vin o b Lo b ] i T i e bl iy &0 o 6 O8
2.11.4 Painleve Thoory .. coooececeionovasss Sraeatelely oL T S 09
AL D CORDOIION - .o 0 0 S o v s M T WA o SRS s s Lo P s o 102
2116Dtﬂ'eumtnalldeal'l'hmrv ..... S e e S SO o 104
2.11.7 Dynamical SYstems . ... .....ooeveiniasens ek e e 105
2.11.8 Numeriond Apalysis ... ... ininaiiaan.. U P G S G 108
Symbolic/Numeric Methods ... .. ........ ST YO Ay SRS T S8 () . 109
2 Pt ar- ANAINERNASE e s USRS e G sirat e er e e 109

2.12.2 Algorithms for Computing Validated Resuhs, .. . .. .. .. 110



2.12.3 Hybrid Methods. . ... ........cn i IR C L 36 RN 112
2.13 Algebraic Complexity Theory ... ........... EREERIN S et 125
2.14 Coding Theory and Cryplogmphy ............................ 128
214 IR RN S oot s an P M s sosids . ol s 128
2.14.2 Quantum Coding Theory . . ..o o iiiiiiiiviiennanssees 130
2243 ey PRORADIIE 35 o o B s S e L SRSt e S aiad s 131
2.15 Algorithmic Methods in Universal Algcbra andogie: ). . covi ey 132
2.15.1 Torm Rewriting SYStems | ... .. ccivivivessionessaneess 132
2.15.2 Decision Procedures and Quantifier Elimination Meth-
(<23 00 IR T T T g T T N S R AN 137
2.16 Knowledge Representation and Abstract Data Types. ... ... ... 140
2.16.1 Mathematical Knowledge Representation and Expert
STRUBEIR. 00 o wimcrrso o0 SETH0 STo5 ot o 55 BT T e A s s o leve oo 140
2102 ADBtraet BB T DS e bl s h e o e it B i 142
2.17 On the Design of Computer Algebra Svswms .................. 143
2.17.1 Memory Management . . .. ..ol aae e iieiaiseiosaccnens 143
2.17.2 Program Verification and Abstract Data Types. ... ... .. .. 144
217.3 Thé Conteptob Tapes: oo rnint doisd Naias s s a2l i 144
AT GenerlohbY s c 2016005 4ot o a8 5 Sa T sy s S F S AR 145
B b e = L Tee St 18 L RS 145
2.17.6 Parallel Implemmaxion ............................... 145
2.17.7 Continuing Development of Computer Algebra Systems . .. 146
2.18 Parallel Computer Algebra Systems. . ... i i i, .. 146
2.18.1 Parallel Architectures and Operating Systews Supports ... 146
2.13.2 Parallel Execution: Mapping and Scheduling . ... ...... . 147
2.18.3 Pavallelisin Expression and Languages ................ . 149
2.19 Interfaces and Standardization .. .. ... .. o i i e 150
2.19.]1 Interfaces to Word Processors ... ....ovviiunnaansin, .. 150
102 Craphics o Sm ikt o o iu G PV 3\ <9 T A I G K cees 190
2.19.3 Interfaces to Numerical Software ... ................ PP [
o Bl T BRI B T T R RS S SRStk BN /S L% S At 152
2.19.5 General Problem-Solving Envivonments .. ............ ... 152
y & L ZoR T PSR SR TR e S S N T e O 153
20 T N AR AR T el e T s e R N L. 154
2.20 Hardware Implementation of Computer Algebra Algorithms ... .. 161
Applications of Computer Algebra ........... ..o it 163
B O g R R T S O e g ST 163
3.1.1 Elementary Particle Physics ....ooii o iiiiniiiiininenns 164
i BT oy T o R S S M TR ity Y E 8L I S 5 B ) 172
3.1.3 ‘Central Configurations' in the Newtonian N-Body
Problem of Celestial Mechanies ... ... .. ... ............. 176
3.1.4  CA-Systems for Differential Geometry and Applications .. 180
3.1.5 Differential I:'.qmttions A PRYEIER . v i s s inc s v eisie 187
3.2 Mathematxrs ............................................. 195



xii Computer Algebra Handbook
3.2.2 The Tangent Cone Algorithm and Apphcauom in the
Thieory: of STGUIBHIEIES . . i/s s« +6x v basinns smsis s wamsas s s 197
323 Automatic Theorem Proving in Geometry ....... ........ 201
3.24 Homological AJgebra...........cakeboiiioiliianiae.s 207
3.2.5 Study of Differential Structures on Quantum Groups. . .. .. 212
326 Orthogonal Polynomials and Computer Algebra ... ... .. 214
3.2.7 Computer Algebra in Symmetric Bifurcation Theory . ... .. 215
3.2.8 Symbolic-Numeric Treatment of Equivariant Systems
of Equations .. . eaisvaaias: D P K o r a3 P ok 216
3.3 Computer SOence . .......cavitiee annilemne dohebisisseen s 217
3.2.1 Computer Algebra in Computer Bedenee:: il vs = S 217
3.3.2 Decomposable Structures, Generating Functions and
Average-Case of Algorithms . ....... .. ..o 219
3.3.3 Telecommunication Management Networks . ............. 221
TR e e i R ST R o K ANSIRN TN B8 e 221
3.4.1 Computer Algebra, a Modern Research Tool for En-
GANOEPING 2 5~ SEERAL Vlaieav e S SNE ST & A s ele e e o 221
3.4.2 Critical Load Computations for Jet Engines . ............ 226
3.4.3 Audic Signal Processing . ....... ... iiiiieiieiiiaaes 227
FhE ROBOEICE < . vncs noisiosimwemivesym W e oNe 54 o6 % sl ot asiasalia 229
3.4.5 Computer Alded Design and Modelling. .............. P |
A e P § S P SR BN %7 & 242
3.5.1 Computer Algebra in Chemistry and Crystallography ... .. 242
3.52 Chemical Reaction Systems .. ...........000. 0515 N 243
3.6 Computer Algebra in Education .. ... .cooi it 244
3.6.1 New Hand-Held Computer Symbolic Algebra Tools
: in Mathematics Education . ... ... .. .o oiiiiiiiiian, 245
3.62 The Dutch Perspectivei. ... .......coocvvneiiiireionanes 247
3.63 Computer Algebra in Teaching and Learning Math-
ematics: Experiences at the University of Plymouth,
L TR L O O P o 250
364 The Educational Use of Compmer Algebra Systems
at the University of Ihnois - . ....ococviiiiniiiiiiiia, 253
3.6.5 Mathematics Education from a MaTHEMATICA Per-
BDBCEDME A SRR R e R G e e i ere e d ST 254
366 Visualization: Conrseware for Mathematics Edueation ... .. 256
4 Compiter ATNetEn SPRUEIRE LS et o n eivv05:0:00:0:0. 0105 5010 m 3000 o SHTHFHB 5 o 9 261
4.1 General Purpose Systems. . .. ... covevineremiosissrtscinssanes 261
4.11 AXIOM ...... s S e R S A S B 261
4. 3.3 ABOT o s st S e BT SRR s b s AR W eie s o b ety e ¢y 265
413 Dremiveand the T2 ... oooieiaainn Sy PSSO a7
4103 MALSYIMA -0 53 e A L L S e A T A e e e o e . 283
415 MAGMA......cx PSS ERIER PR AU N - PR IR TS e 295
416 - Maple...ceioiree SN ot fore e 0 A N ST @O € a1y 308

4.1.7 Mathemalica, . ...cooinviiiivase A TN 314



Table of Contents xiii

i N IRES V(TS 7 0 SERREE S RSSO T r SR Y T LU T RY ) AN L 321
419 REDUCE....... o e i IR AT R S S 333
Spacial Porposs Sestits 000 (% S s e s Nt . s 345
4.2.1 Algebraic Combinatories Environment (ACE) . ......... .. 345
4.2.2 Building Nonassociative Algebras With Albert, .. .. .. . .. 346
e BT G A o TSR SR SR S S S S A i - g Ty DR 5, R 348
424 AMORE..... PR AN I B sre T aYe S 2 SIS O (RN Jar
A0  BEBGNAN!. . tran e Pore viom et s mrs s Al AN o UL s o ae 349
426 CAaNNES / PARCAN..... R A W P 1T R 2 SO et 391
o T 5 e e SO S  arae L A S S SR 1 STt 354
B A B GARBA 0o s s e o Ts s e s 55 i e A e Y T o s 396
3 e e o | R e R R A R e R I K R IR R 359
4210 C-Meataxe ............ R 0 g3 DR e R 2 - S GRS 363
B A IO 5 5, T S e e s R T Ty A P S e PN 364
T AT BT N R R NS 5 R <y SR R S S TR 368
4.2.13 The Desir Project and Tts Continuation ... .. e o 370
4.2.14 DISCRETA: A Tool for Constructing t-Designs .. ........ 372
4.2.15 FELI‘( RO e S M SR R S S R L SRR 375
4.2.16 Fermab............ R e b o B S e 380
4.2.17 FOXBOX and Other Blackbox Systems . ... ... . .. ..., 383
218 GAP ..... T S S H AT T RN SRS T MR 385
LT B T S A v AR S D A A RO R 391
4220 Kan/sml ............. R L R A 3 S S et e PEETRE Ry -
4221 KANT V4 ....... e, SO DT M N BRIV s 396
R R Ty 61 O T g S T X P 403
Yo 52 08 1T O LR 8 e S A 108
R O e A A A A T S TR S PR T e S A I T 411
4.2.25 A Brief Introduction to Macaulay 2. . ... .. T DN N 111
LR R S A N B S oS o A e S A e S S T PP 421
B2 ST ANEASK TN & 56 310 80 0760 as o a ats iVara i R AR O .. 428
e B T (o (L L T s 429
4.2.29 NTL: A Library for Doing Number Theory ............ .. 430
[ B & 0 s R A e R e RO I 431
G R A BB o &3 R eie ale e ale S0 T s T o 005 ers o nd e esone Ny A Lo 434
4.2 3B O TP -3 TRt e TR AR G e v e Sans o5 are iy e arass 436
TR IR 1 G e L R Ty S S I SO 437
4.2.34 RepTiLes A Program for Interactively Generating
Periodic Tilings . ............ R S s N Ao s 0 8Te s Boroldi o8 438
4.2.35 SAC-1, Aldes/SAC-2, Sachb ........................... 439
4.2.36 SciNapse: Software that Writes PDE Software . .. .. .. .. .. 440
4.2.37 SENAC ..... OB AR A St 2 I e (e YO T s el am 1S e e (pd 441
4.2.38 SIMATH - Algorithms in Number Theary ... ............. 442
4.2.39 Sincurar - A Computer Algebra System for Poly-
nomial Compmtations .. ........ ... ..., e ahTs 5T cases R45

4240 SymbMath . ... .. . o " T AT S A e cev .. 401



xiy Computer Algebra Handbook

42 4Y BB G5 S gt A A e e e e 452
4.2.42 Theorema: Computation and Deduction in Natural Style . . 453
4.2.43 TurorisT—a User Interface for Symbolic Algebra........ 454
48 TP NI 0 e SRS s 150 A S e S R R L S 459
4.3.1 ANU Polyeyelic Quotient ngrama ..................... 139
L L YA R B P R 461
S 5 R e G SR AR AR A AT PR e DDA 163
o RN e ARt e e s i L 164
435 Crack, LIEPDE, AppLYSYM and COXLAW .. .......... 465
XTI R 1 1 W I S 468
- o U NN R T T ¥ W 469
438 FeynArts and FormCalc.........ooviiiieiiivaniiesonn. 469
43.9 FeynCale - Tools and Tables for Elementary Particle
e B s o A i A oy~ .47
R L e P 473
4.3.11 Recognising Matrix Groups over Finite Fidds ............ 174
B b [ € B O e ) 476
43.13 ORME ...... A R e R S e e 477
AL e A A A N TSR A 477
4.3.15 TTC: Tools of Tensor Calenlus .............., A . A80
& ‘Meetingz and Publications . .. .. .uirriasieinerenovmscnansansenns 485
5.1 Conferences and Proceedings. ... ...oovverre e esesenenenenns 485
52 Books on Computer Algebra ... .....oooviviniiiin ..., 490
Cited References . ...........c.o.vs.. 207 At 00 o e e 493
ST T e i R e g g R I s B 623

Index for Authors' Contributmns ..................................... 635



