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ABSTRACT

This thesis aims to study a mathematical optimization model for minimizing customer

waiting times in the context of the Unit Demand Vehicle Routing Problem. A Mixed

Integer Linear Programming (MILP) formulation is developed to tackle the problem,

focusing on customer-centric objectives rather than traditional cost minimization. The

model is implemented using the commercial solver IBM ILOG CPLEX, which allows

for solving medium-sized benchmark instances derived from the TSPLIB. The ob-

tained results are then compared with those from existing literature to evaluate the

effectiveness and performance of the proposed approach. This work highlights the

importance of integrating service quality metrics such as latency into modern vehicle

routing models.

Keywords: Vehicle Routing Problem (VRP), Unit Demand, Customer Waiting Time,

Mixed Integer Linear Programming (MILP), CPLEX, Exact Methods, Service Optimiza-

tion, Latency Minimization, Combinatorial Optimization.
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RÉSUMÉ

Cette thèse a pour objectif l’étude d’un modèle d’optimisation mathématique visant

à minimiser le temps d’attente des clients dans le cadre du Problème de Tournées de

Véhicules avec Demande Unitaire. Une formulation en Programmation Linéaire en

Nombres Entiers Mixtes (MILP) est développée pour traiter le problème, en mettant

l’accent sur des objectifs centrés sur le client plutôt que sur la simple minimisation des

coûts. Le modèle est implémenté en utilisant le solveur commercial IBM ILOG CPLEX,

ce qui permet de résoudre des instances de référence de taille moyenne extraites de la

bibliothèque TSPLIB. Les résultats obtenus sont ensuite comparés à ceux de la littéra-

ture existante afin d’évaluer l’efficacité et la performance de l’approche proposée. Ce

travail met en évidence l’importance d’intégrer des indicateurs de qualité de service,

tels que la latence, dans les modèles modernes de tournées de véhicules.

Mots-clés : Problème de tournées de véhicules, demande unitaire, temps d’attente des

clients, programmation linéaire en nombres entiers mixtes, CPLEX, méthodes exactes,

optimisation du service, minimisation de la latence, optimisation combinatoire.
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GENERAL INTRODUCTION

Operational Research (OR) is a multidisciplinary scientific discipline that leverages ad-

vanced analytical techniques to optimize decision-making in complex systems. Draw-

ing from mathematics, statistics, computer science, and management science, OR pro-

vides a structured approach to solving real-world problems in diverse domains such

as logistics, transportation, healthcare, and resource allocation. By formulating mathe-

matical models and employing computational algorithms, OR enables decision-makers

to achieve efficient and effective solutions that balance competing objectives, such as

cost, time, and resource utilization. The field has evolved significantly since its origins

during World War II, where it was used to optimize military operations, and now plays

a pivotal role in modern industries, addressing challenges ranging from supply chain

management to urban planning.

A central pillar of Operational Research is combinatorial optimization, a subfield of

discrete mathematics concerned with finding the best solution from a finite, often vast,

set of feasible solutions. Combinatorial optimization problems are characterized by

discrete decision variables and constraints, such as selecting specific routes, schedul-

ing tasks, or assigning resources. These problems are prevalent in industries where

decisions involve choosing among discrete alternatives, such as determining optimal

delivery routes or assigning personnel to shifts. Due to the finite yet exponentially

large solution spaces, many combinatorial optimization problems, including the Trav-

eling Salesman Problem (TSP) and the Vehicle Routing Problem (VRP), are classified

as NP-hard, posing significant computational challenges. To address these, researchers

employ a range of exact methods, such as Branch-and-Bound ,Branch-and-Cut, as well

as heuristic and metaheuristic approaches, to find optimal or near-optimal solutions

within reasonable computational timeframes. This thesis focuses on one such prob-
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lem, leveraging combinatorial optimization techniques to address a customer-centric

routing challenge.

Among the myriad challenges in combinatorial optimization, the Vehicle Routing

Problem (VRP) stands as a cornerstone due to its wide-ranging applications in logis-

tics and supply chain management. First introduced by Dantzig and Ramser in 1959

[25], the VRP involves designing optimal delivery routes from one or more depots

to a set of geographically dispersed customers, subject to constraints such as vehi-

cle capacity, time windows, and customer demands. The VRP generalizes the Trav-

eling Salesman Problem (TSP) by incorporating multiple vehicles and additional op-

erational constraints, making it a more complex and practical problem for real-world

logistics scenarios. Variants of the VRP, such as the Capacitated VRP (CVRP)[10],

VRP with Time Windows (VRPTW) [33], and Stochastic VRP (SVRP)[32], have been

developed to address specific practical requirements, such as limited vehicle capac-

ities, time-sensitive deliveries, or uncertain demands. In recent years, the focus of

VRP research has shifted toward service-oriented objectives, particularly in industries

like e-commerce, emergency services, and perishable goods distribution, where cus-

tomer satisfaction is paramount. This thesis investigates a specific variant, the Unit

Demand Customer-Centric Vehicle Routing Problem (UDCCVRP), which prioritizes

minimizing customer waiting times, or latency, over traditional cost-based metrics like

total distance or vehicle usage. By focusing on customer waiting time, the UDCCVRP

aligns with the growing emphasis on enhancing customer experience in modern logis-

tics systems, particularly in time-critical applications such as last-mile delivery and

emergency response.

The motivation for this research stems from the increasing demand for customer-

centric logistics solutions in today’s fast-paced, service-driven economy. With the rise

of e-commerce platforms and on-demand delivery services, customers expect rapid

and reliable service, making the minimization of waiting times a critical performance

metric. Similarly, in emergency logistics, such as ambulance dispatching or disas-

ter response, reducing response times can have life-saving implications. Traditional

VRP models, which primarily optimize for operational efficiency, often overlook the

customer’s perspective, leading to suboptimal service quality. The UDCCVRP ad-

dresses this gap by redefining the objective function to minimize the cumulative wait-

ing time experienced by customers, ensuring equitable and timely service delivery.

This customer-focused approach not only enhances service quality but also contributes

to operational fairness, a critical consideration in industries where customer satisfac-

2
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tion directly impacts business success.

This thesis aims to contribute to the field of service-oriented logistics by apply-

ing an existing Mixed Integer Linear Programming (MILP) model for the UDCCVRP,

which is designed to minimize total customer waiting time by incorporating flow-

based constraints to eliminate subtours and respect vehicle capacity limits, the model

offers a robust mathematical framework that prioritizes customer experience. The

model is implemented using IBM ILOG CPLEX, a powerful optimization solver, and

tested on benchmark instances from the TSPLIB library, ranging from 30 to 100 nodes.

The computational experiments validate the model’s effectiveness in achieving optimal

solutions for medium-sized instances while highlighting the inherent complexity of

NP-hard routing problems. The contributions of this work include a customer-centric

objective function, a flow-based MILP formulation, and comprehensive computational

results that demonstrate the model’s scalability and practical applicability. These con-

tributions pave the way for further research into scalable, real-time, and stochastic

routing solutions that can address the dynamic challenges of modern logistics.

To systematically explore the UDCCVRP and its solution framework, this thesis is

organized into the following chapters:

• Chapter 1: Literature Review of UDCCVRP provides a comprehensive review of

the Vehicle Routing Problem and its variants, with a particular focus on the Unit

Demand VRP (UDVRP) and the shift toward customer-centric objectives in the

UDCCVRP. It surveys the theoretical foundations, including the classical VRP

introduced by Dantzig and Ramser, and discusses key variants such as CVRP,

VRPTW, and others. The chapter also explores the application of Mixed Integer

Linear Programming (MILP) models, emphasizing flow-based formulations and

exact solution methods like Branch-and-Bound and Branch-and-Cut. The imple-

mentation of these methods in IBM ILOG CPLEX is highlighted, along with their

effectiveness in solving medium-sized instances of the UDCCVRP.

• Chapter 2: Combinatorial Optimization and Theory of Complexity introduces

the principles of combinatorial optimization and the computational complexity

of NP-hard problems, with a focus on the VRP and its precursor, the Traveling

Salesman Problem (TSP). It presents mathematical formulations for both the TSP

and VRP, detailing their objective functions and constraints. The chapter also ex-

plores linear programming techniques, including Linear Programming (LP) and

MILP, and discusses solution methods such as the Simplex Method and Graphical

3
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Method. The complexity of algorithms and problem classes (e.g., P, NP, NP-hard)

is examined, underscoring the computational challenges of solving VRP variants

and the relevance of exact methods for achieving optimal solutions.

• Chapter 3: Modeling and Experimental Evaluation presents a comprehensive

study of the Unit Demand Customer-Centric Vehicle Routing Problem (UDC-

CVRP) using a Mixed Integer Linear Programming (MILP) approach aimed at

minimizing total customer waiting time (latency). The chapter begins by defin-

ing the problem setting, including sets, parameters, decision variables, and es-

sential constraints such as flow conservation, subtour elimination, and vehicle

capacity limits. The MILP model is implemented in IBM ILOG CPLEX Opti-

mization Programming Language (OPL), with a strong focus on clarity, repro-

ducibility, and theoretical robustness.

Building upon the model, the chapter proceeds to evaluate its performance through

computational experiments on benchmark datasets derived from the TSPLIB li-

brary, covering instances from 30 to 100 nodes. It details the experimental setup,

instance generation process, and solver configuration. The model’s effectiveness

is analyzed using performance metrics such as objective value (total latency) and

CPU time. The results highlight the model’s scalability, achieving optimal solu-

tions for medium-sized instances and demonstrating advantages over reference

methods in both solution quality and computational efficiency. The chapter con-

cludes with visualizations and comparative analyses that reinforce the practical

relevance and strength of the proposed approach.

The results presented in this thesis offer a simplified introduction to the Unit De-

mand Customer-Centric Vehicle Routing Problem (UDCCVRP) and serve to demon-

strate the applicability and effectiveness of the selected MILP model in minimizing

customer waiting time across benchmark instances.

4



CHAPTER1

LITERATURE REVIEW OF UDCCVRP

1.1 Introduction

The Vehicle Routing Problem (VRP) is one of the most extensively studied combina-

torial optimization problems in operations research due to its wide applicability in

logistics, supply chain management, and transportation planning. A significant vari-

ant of this problem is the Unit Demand Customer-Centric Vehicle Routing Problem

(UDCCVRP), which focuses on minimizing customer waiting time rather than tradi-

tional cost-based metrics.

This literature review summarizes the theoretical foundations, related works, and

recent advancements relevant to the UDCCVRP, particularly focusing on models that

aim to reduce customer waiting times in VRPs with unit demands.

1.2 Overview of vehicle routing problem

The Vehicle Routing Problem (VRP) was first introduced by Dantzig and Ramser in

1959 [25] and has since become a cornerstone of combinatorial optimization. It in-

volves determining optimal delivery routes from one or more depots to a set of geo-

graphically dispersed customers, subject to various constraints such as vehicle capac-

ity, time windows, and precedence relations between customers.

5
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1.3 Variants of vehicle routing problem

• Capacitated VRP (CVRP): The CVRP addresses the problem of designing op-

timal routes for a fleet of identical vehicles with limited carrying capacities to

serve a set of customers with known demands.[10]

• VRP with Time Windows (VRPTW): In the VRPTW, each customer must be

visited within a specific time window. Vehicles may have to wait if they arrive

early and are not allowed to arrive late.[33]

• VRP with Backhauls (VRPB): The VRPB extends the basic VRP by incorporating

both deliveries to customers and pickups from them, typically requiring deliver-

ies to be completed before any pickups.[34]

• Split Delivery VRP (SDVRP): In the SDVRP, customer demand can be split

among multiple vehicles, allowing a customer to be visited more than once if

needed.[35]

• Periodic VRP (PVRP): The PVRP involves planning routes over a multi-day hori-

zon, where each customer has a required visit frequency during the planning

period.[36]

• Stochastic VRP (SVRP): The SVRP introduces randomness into the problem,

such as uncertain customer demand or travel times, requiring solutions that ac-

count for probabilistic elements.[32]

In all these variants, the primary objective is usually cost minimization, such as

reducing fuel consumption, labor costs, or vehicle usage.

1.4 Parameters of the VRP

The VRP is characterized by :

Network

The transport network enables the flow of individuals, freight, or information , it can

be considered the backbone of a system designed to establish a form of communica-

tion.this network can be represented as a complete graph, which may be either sym-

metric or asymmetri,the nodes represent the customers, characterized by their geo-

6
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graphical position (coordinates (x,y)), and the edges represent the paths connecting

the various customers,under certain constraints, this graph may be directed.

Customers

A customer is characterized by their demand, which may be a request for a service

or for products (goods). These products can be of a single type or multiple types.

The total demand of all customers on the same route must not exceed the vehicle’s

capacity Q. A customer is also defined by their location in space. Finally, the demand

can be deterministic (the quantity requested by the customer is fixed and known by

the distributor) or uncertain (stochastic).

Vehicle fleet

The first characteristic of the fleet is its size (the number of vehicles it contains). The

second is its homogeneity—whether the vehicles have the same carrying capacity and

transportation cost—or its heterogeneity, in which case the vehicles have different ca-

pacities and/or transportation costs.

Objective Function

The most common objectives are either the minimization of the number of vehicles

used or the minimization of the total distance traveled by the vehicles. Other objectives

may also be considered:

• Minimization of the total tour time, waiting time, delay time, service time, etc.

• Minimization of the number of vehicles.

• Minimization of the total cost of the tour, including fixed costs such as vehicle

depreciation, driver salaries, vehicle expenses, etc., and variable costs such as

penalties for delays, particularly in the case of VRPTW (Vehicle Routing Problem

with Time Windows).

• Maximization of the profit generated by the tour in the case of product collection

from customers.

• Maximization of service quality.

• Maximization of vehicle load utilization for the tours.

7



CHAPTER 1. LITERATURE REVIEW OF UDCCVRP

1.5 Introduction to the Unit Demand VRP (UDVRP)

The Unit Demand Vehicle Routing Problem (UDVRP) functions as a specific instance

of the Capacitated Vehicle Routing Problem (CVRP) by assuming every customer needs

one product unit. The model becomes easier to solve since the vehicle capacity limi-

tation directly becomes a maximum number of customers which each route can han-

dle. A vehicle with a capacity of 10 units can serve only 10 customers during each

route. Because customer demands are identical and known in advance, the focus shifts

from managing varying load sizes to optimally clustering and sequencing customers.

This uniformity allows the use of specialized optimization strategies and can improve

computational efficiency when solving large-scale instances. The UDVRP represents

a modified mTSP version [26]where vehicles begin and end their routes at the depot

while being restricted by the number of customers instead of distance or time con-

straints. The problem shares strong connections with both combinatorial optimization

principles and standard graph-theoretic problem formulations.

1.6 Shift to Customer-Centric Objectives: introducing UD-

CCVRP

While most VRP studies focus on operational efficiency, there has been growing inter-

est in service-oriented optimization, where the quality of service especially customer

satisfaction is prioritized. One key metric in this context is customer waiting time, also

known as latency.

The Unit Demand Customer-Centric VRP (UDCCVRP) redefines the objective func-

tion to minimize total customer waiting time, i.e., the sum of the times at which each

customer receives their delivery. This shift reflects a broader trend in logistics toward

customer-centric supply chains, especially in industries like e-commerce, emergency

services, and last-mile delivery.

1.6.1 Mathematical Modeling

1.6.2 MILP Modeling for UDCCVRP

A Mixed-Integer Linear Programming (MILP) model includes both continuous and

integer (often binary) decision variables, and all relationships between them are ex-

8



CHAPTER 1. LITERATURE REVIEW OF UDCCVRP

pressed as linear equations or inequalities. This structure provides the flexibility to

accurately model vehicle routing problems while enabling the use of powerful solvers

like CPLEX .

In the context of the UDCCVRp, the MILP model typically includes the following

components:

• Binary decision variables to indicate whether a vehicle travels directly from cus-

tomer i to customer j. These variables form the foundation for route construc-

tion.

• Flow-based constraints to eliminate subtours (i.e., infeasible loops that do not

include the depot). These are often formulated using either flow conservation .

• Capacity constraints that restrict the number of customers visited on a route,

ensuring that no vehicle exceeds its maximum allowable capacity. Since demand

is unitary, this becomes a limit on the number of customers served per vehicle.

• Continuous variables to track the sequence or flow of goods or customers, often

used to model waiting times or arrival order. These help quantify service quality

and are essential in customer-centric formulations.

1.6.3 Flow-Based Formulations

The formulation uses flow variables fij to represent the number of customers remain-

ing to be visited after traversing arc (i, j). These flow variables help eliminate subtours

without the need for explicit constraints, improving model efficiency.

∑
j∈V

fij −
∑
j∈V

fji = 1 ∀i ∈ V \ {0} (1.1)

1.6.4 Subtour Elimination Techniques

Subtours are eliminated through:

• Flow conservation equations: flow-based models introduce continuous variables to

represent the sequence or load traveling through the route, in UDCCVRP these vari-

ables often represent the order in which customers are served.

• Valid inequalities : When modeling larger instances, it’s inefficient to add all possi-

ble subtour elimination constraints beforehand.

9
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• Branch-and-cut algorithms :Advanced solvers like CPLEX use branch-and-cut algo-

rithms that dynamically add subtour elimination constraints when needed. They

solve a relaxed MILP, detect subtours, add necessary cuts, and continue branching

until a valid, optimal solution is found. This is particularly effective in UDCCVRP

to avoid a combinatorial explosion of constraints.

1.7 Exact Solution Methods

1.7.1 Branch-and-Bound (B&B)

Branch-and-Bound is a classical exact algorithm used to solve combinatorial optimiza-

tion problems such as the Vehicle Routing Problem (VRP). The method systematically

explores the solution space by dividing it into smaller subproblems (branching) and

computing lower and upper bounds for each. If a sub-problem cannot produce a better

solution than the current best (bound), it is pruned from the search. B&B ensures opti-

mality but can be computationally intensive for large instances. It is especially useful

for solving small to moderately sized VRPs where the solution space is still tractable.

1.7.2 Branch-and-Cut (B&C)

Branch-and-Cut enhances the B&B framework by integrating cutting plane methods.

In addition to branching, it dynamically adds valid inequalities, known as cuts, to

eliminate infeasible or suboptimal regions of the solution space—particularly those

involving subtours or violated capacity constraints. This approach tightens the Linear

Programming (LP) relaxation of the problem, allowing the solver to converge faster.

B&C is widely used in state-of-the-art solvers like IBM ILOG CPLEX and is particularly

effective for solving medium-sized instances of the UDCCVRP (up to approximately

100 customers).

1.7.3 CPLEX Implementation

In this thesis, the MILP model for the UDCCVRP is implemented using IBM ILOG

CPLEX, a high-performance solver that internally applies the Branch-and-Cut algo-

rithm. CPLEX efficiently handles the complexity of the problem by combining LP

relaxation, automatic cut generation, and intelligent branching strategies. The model

is tested on benchmark instances adapted from the TSPLIB library. Results show that

10
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the implementation can solve instances with up to 100 nodes to proven optimality

within reasonable computational time.

1.8 Applications and Impact

1.8.1 Application Domains of VRP

The Vehicle Routing Problem (VRP) has become a cornerstone of optimization research

due to its vast range of real-world applications [24]

• Widespread Applications: TSP and VRP are used across various industries to

optimize logistics and reduce supply chain costs .

• Cost Efficiency: Transportation represents nearly 30% of production costs, mak-

ing VRP crucial for minimizing expenses .

• Everyday Uses: Common applications include school transport, employee shut-

tles, waste collection, milk and mail delivery, and food distribution.

• Urgent Services: VRP is essential in time-sensitive areas like mobile medical ser-

vices and pharmaceutical distribution, where serving customers quickly is more

important than minimizing distance .

• Time Constraints: These problems often involve strict time windows, especially

in pickup scenarios.

• Technology Integration: VRP plays a key role in data routing for computer net-

works and aircraft scheduling .

• Computational Challenge: Despite extensive research, many large VRP instances

remain too complex to solve exactly, even with advanced computing power.

1.9 Thesis Contributions

1.9.1 Objective Function

Introduces a customer-centric objective that minimizes total waiting time instead of

traditional metrics like total distance or number of vehicles.[43]
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1.9.2 Flow-Based MILP Model

MILP formulation incorporating:

• Flow conservation constraints

• Subtour elimination

• Capacity limits

1.9.3 Computational Experiments

• Model implemented using IBM ILOG CPLEX

• Tested on benchmark datasets derived from TSPLIB

• Optimal solutions obtained for instances with up to 100 nodes

1.10 conclusion

This chapter provided a comprehensive literature review of the Unit Demand Customer-

Centric Vehicle Routing Problem (UDCCVRP), highlighting the shift from traditional

cost-minimization models to approaches prioritizing customer waiting time reduc-

tion.In the next chapter, we will go into detail on the theoretical side.
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CHAPTER2

COMBINATORIAL OPTIMIZATION AND THEORY OF

COMPLEXITY

2.1 Combinatorial Optimization Problem

Combinatorial optimization is a field of discrete mathematics that deals with solv-

ing problems aimed at maximizing (e.g., gain, performance: maximization problems)

or minimizing (e.g., loss, cost: minimization problems) an objective function under

certain constraints [1]. It involves seeking the best solution (or set of best solutions)

among all possible solutions, with the goal of finding an optimal or near-optimal so-

lution within a reasonable execution time. This “best” is evaluated based on one or

more quality criteria formulated in an objective function [2]. Although the set of fea-

sible solutions is generally finite, it often has a very large cardinality, which justifies

the difficulty of enumerating such solutions, requiring very long execution times. Op-

timization problems are primarily divided into two categories: those with continuous

variables and those with discrete variables. In the case of “combinatorial optimization”

problems, we refer to discrete variables [3]. The type of variables and the nature of the

constraints determine the complexity of the problem. These problems are generally

difficult to solve, and most belong to the class of NP-hard problems.

A combinatorial optimization problem can be defined by the following elements:

• A set of feasible solutions S.

• An objective function f : S→R that assigns a value to each solution.

13
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• An optimization criterion: minimization or maximization of the objective func-

tion.

The goal is to find an optimal solution s∗ ∈ S such that:

f (s∗) = min
s∈S

f (s) or f (s∗) = max
s∈S

f (s)

2.1.1 Some Classic Combinatorial Optimization Problems

• Traveling Salesman Problem (TSP)

The TSP is a well-known combinatorial optimization problem that aims to find

the shortest possible route for a salesman to visit a given set of cities, exactly once

each, and return to the starting point, minimizing the total travel cost or distance

[38].

• Vehicle Routing Problem (VRP)

The VRP generalizes the TSP by involving a fleet of vehicles that must deliver

goods to a set of customers while minimizing operational costs (e.g., distance,

time), and satisfying constraints such as vehicle capacities and time windows[10].

• Knapsack Problem

The Knapsack Problem involves selecting a subset of items, each with a value

and weight, to place in a knapsack such that the total value is maximized with-

out exceeding a weight limit [39].

• Bin Packing Problem

This problem seeks the minimum number of fixed-capacity bins required to pack

a set of items[40] .

• Timetabling Problem

The timetabling problem involves assigning events (e.g., lectures, exams) to times-

lots and locations while avoiding conflicts, satisfying availability constraints, and

optimizing preferences [41].

14
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2.2 Vehicle routing problem

2.2.1 Definition Of Travelling Salesman Problem

The Traveling Salesman Problem (TSP) is one of the most widely studied combinatorial

optimization problems from which VRP derives, consists of a salesman and a set of

cities. The salesman has to visit each one of the cities starting from a certain one (e.g.

the hometown) and returning to the same city. The challenge of the problem is that

the traveling salesman wants to minimize the total length of the trip. [38]

Figure 2.1: Illustration of TSP

Figure 2.1 : the nodes (labeled 1 to 16 in blue) are connected by red lines, forming

a path that visits each node exactly once before returning to the central node in black

"A" (likely the starting/ending point)

2.2.2 Definition of Vehicle Routing Problem

The Vehicle Routing Problem (VRP) is defined as the problem of designing optimal de-

livery routes from one or several depots to a number of geographically scattered cities

or customers, subject to side constraints. Due to the introduction of a wide variety of

constraints in terms of capacity, route length, time windows, and precedence relations

between customers, it is pretty hard to find a generally accepted definition of VRP .

In fact, the VRP can be seen as a particular case and an extension of the well-

known Traveling Salesman Problem (TSP), from which it originated. VRP extends the

TSP by introducing additional operational constraints and multiple routes instead of

a single tour. Moreover, VRP can also be described as a combination of two well-

studied problems, namely the Traveling Salesman Problem (TSP) and the Bin Packing
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Problem (BPP), since it conceptually lies at the intersection of these two well-studied

problems.[10]

Figure 2.2: Illustration of VRP

Figure (2.2) : the figure illustrates a Vehicle Routing Problem (VRP) solution,

where multiple vehicles (depicted as trucks) start from a central "Depot" (shown in

orange) to deliver to various "Customer" locations (blue dots). Each vehicle follows a

specific route connecting a subset of customers before returning to the depot.

2.2.3 Mathematical Formulation of TSP

Let:

• G = (X,U ) be a directed graph,

• X = {1,2, . . . ,n} be the set of vertices (e.g., cities or customers),

• U ⊆ X ×X be the set of directed arcs,

• Cij be the cost associated with arc (i, j),

• xij ∈ {0,1} be a binary variable equal to 1 if arc (i, j) is used in the solution, and 0

otherwise.

Objective Function:

min
n∑
i=1

n∑
j=1

Cij xij (2.1)
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Subject to:

∑
i∈X

xij = 1 ∀j ∈ X (2.2)∑
j∈X

xij = 1 ∀i ∈ X (2.3)

∑
i∈S

∑
j∈S

xij ≤ |S | − 1 ∀S ⊂ X, 2 ≤ |S | ≤ n− 2 (2.4)

xij ∈ {0,1} ∀i ∈ X, ∀j ∈ X (2.5)

The objectif function (2.1) corresponds to minimization of the total distance trav-

eled,constraints (2.2) and (2.3) ensure that the salesman visits each vertex (client) ex-

actly once,constraint (2.4) prevents the formation of subtours (incomplete cycles that

do not visit all cities).

2.2.4 Mathematical formulation of VRP

Many formulations of the Vehicle Routing Problem (VRP) exist in the literature. The

common point of all these formulations is the representation of the vehicle routing

problem in the form of a directed graph. The graphical representation of the classical

VRP is described as follows:

Let G = (X,U ) be a directed graph where:

• X represents the set of vertices of the graph G , X = {1,2,. . . , n} it represents the

customers and the depot(s) of the VRP, X = X ∪ {0} and |X | = n+ 1.

• U , the set of arcs of the graph, represents the paths connecting customers to each

other and to the VRP depot, |U | = ((n+ 1) ·n)/2.

• A weighting can be applied to the vertices (or arcs) to define the quantity de-

manded by the customer (resp. the distance between two customers or the travel

time, etc.).

The most commonly used mathematical formulation of the classical VRP in the

literature is the one adopted by Laporte [8], Rego and Roucairol [9], Toth and Vigo [10],

Crainic and Semet [11]. Indeed, it requires defining n × n binary decision variables,
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with three indices, as follows [12]

xkij =

1 if arc (i, j) is traversed by the kth vehicle

0 otherwise
(2.6)

In other words:

xkij ∈ {0,1}; i = 0, . . . ,n; j = 0, . . . ,n; k = 1, . . . ,m (2.7)

The problem is modeled as follows:

Minimize
n∑
i=1

n∑
j=1

cij

m∑
k=1

xkij (2.8)

Subject to:
n∑
i=1

m∑
k=1

xkij = 1, j = 2, . . . ,n (2.9)

n∑
j=1

m∑
k=1

xkij = 1, i = 1, . . . ,n (2.10)

n∑
i=1

xkip −
n∑

j=1

xkpj = 0, k = 1, . . . ,m; p = 1, . . . ,n (2.11)

n∑
i=1

qi

 n∑
j=1

xkij

 ≤Qk , k = 1, . . . ,m (2.12)

n∑
i=1

skix
k
ij +

n∑
i=0

n∑
j=0

tkijx
k
ij ≤ Tk , k = 1, . . . ,m (2.13)

n∑
j=1

xk0j ≤ 1, k = 1, . . . ,m (2.14)

n∑
i=1

xki0 ≤ 1, k = 1, . . . ,m (2.15)∑
i∈S

∑
j∈S

xkij ≤ |S | − 1, for all S ⊆N, and 2 ≤ |S | ≤ n− 1 (2.16)

Here :

• n : number of customers;

• m : number of vehicles (m ≤ n);

• Qk : capacity of the kth vehicle;
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• Tk : maximum route duration for the kth vehicle;

• qj : demand of the jth customer, with q0 = 0;

• skj : service time of the jth customer by the kth vehicle (sk0 = 0);

• tij : travel time from customer i to customer j (tkj = +∞ if not reachable);

• dij : distance between customer i and customer j (dkj = +∞ if not reachable);

• cij : cost of traveling from customer i to customer j.

Formula (2.8) represents the objective function of the classical VRP. Generally, the

objective is to minimize the total cost of the routes. Formulas (2.9) to (2.16) represent

the constraints of the problem: Constraints (2.9) and (2.10) ensure that each customer

is served exactly once and by only one vehicle. Constraint (2.12) ensures that the vehi-

cle’s capacity is not exceeded. Constraint (2.13) guarantees that the total duration of a

route never exceeds its maximum allowed duration. Constraints (2.14) and (2.15) en-

sure that the availability of each vehicle is respected: a vehicle can only leave the depot

and return to it once.The final constraint(2.16) ensures the elimination of subtours.

2.3 Linear Programming (LP)

Linear Programming (LP), or linear optimization, is the foundation of MILP, It is a

method to achieve the best outcome (such as maximum profit or lowest cost) in a

mathematical model whose requirements and objective are represented by linear rela-

tionships. [28] Linear programming is a special case of mathematical programming ,

in which the objective function is linear in the unknowns and the constraints consist

of linear equalities and linear inequalities. The exact form of these constraints may

differ from one problem to another, but as shown below, any linear program can be

transformed into the following standard form:
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minimize c1x1 + c2x2 + · · ·+ cnxn

subject to a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...

am1x1 + am2x2 + · · ·+ amnxn = bm (2.17)

x1 > 0, x2 > 0, . . . , xn > 0 (2.18)

where the bi ’s, ci ’s and aij ’s are fixed real constants, and the xi ’s are real numbers

to be determined. We always assume that each equation has been multiplied by minus

unity, if necessary, so that each bi > 0.

In more compact vector notation, this standard problem becomes:

minimize cT x

subject to Ax = b and x > 0. (2.19)

Here x is an n-dimensional column vector, cT is an n-dimensional row vector, A is

an m×n matrix, and b is an m-dimensional column vector. The vector inequality x > 0

means that each component of x is nonnegative.

2.4 Linear Programming Method

Linear Programming (LP) problems can be solved using different methods, such as the

simplex method, graphical method, Big-M Method and two-p hase simplex method

,interior-point methods,open solvers etc. depending on the problem’s size, complex-

ity, and structure.Here,we will discuss the two most important techniques called the

simplex method and graphical method in detail .

2.4.1 Simplex method

It remains the most widely used method for solving linear programs to this day. The

method proved to be practical, simple and efficient provided bellow [30]:

• step1: Establish a given problem i.e., write the inequality constraints and objec-

tive function.
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• step 2: Convert the given inequalities to equations by adding the slack variable

to each inequality expression.

• step 3: Create the initial simplex tableau write the objective function at the bot-

tom row. Here, each inequality constraint appears in its own row. Now, we can

represent the problem in the form of an augmented matrix, which is called the

initial simplex tableau.

• step 4: Identify the greatest negative entry in the bottom row which helps to

identify the pivot column. The greatest negative entry in the bottom row defines

the largest coefficient in the objective function, which will help us to increase the

value of the objective function as fast as possible.

• step 5: Compute the quotients to calculate the quotient, we need to divide the

entries in the far right column by the entries in the first column, excluding the

bottom row. The smallest quotient identifies the row. The row identified in this

step and the element identified in the previous step will be taken as the pivot

element.

• step 6: Carry out pivoting to make all other entries in column zero.

• step7: If there are no negative entries in the bottom row, end the process Other-

wise, start from step 4.

• step 8: Finally, determine the solution associated with the final simplex tableau.

2.4.2 Graphical method

The Graphical method is a technique for solving two-variable linear programming

problems by plotting constraints on a graph to identify the feasible region, then eval-

uating the objective function at each corner point of this region to find the optimal

solution (maximization or minimization). Key elements include decision variables

(typically x and y), an objective function (e.g., Z = ax + by), and constraints (linear

inequalities like x + y ≤ 10). The method follows six steps: (1) formulating the LP

problem with an objective and constraints, (2) graphing each constraint as an equa-

tion and shading the feasible region, (3) identifying the feasible solution area where

all constraints overlap, (4) locating the corner points where constraint lines intersect,
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(5) calculating the objective function’s value at each corner, and (6) selecting the cor-

ner point that yields the best objective value as the optimal solution. While simple and

visual, this method is limited to problems with only two variables.[27]

2.5 Mixed Integer Linear Programming (MILP)

Mixed Integer Linear Programming (MILP) is a primary method for solving VRP and

TSP, extending Linear Programming (LP) in which the objective is to optimize (min-

imize or maximize) a linear function of decision variables, subject to a set of linear

constraints, with the additional requirement that some of the variables must take in-

teger values while others may be continuous.

Formally, an MILP problem can be expressed as:

Minimize (or Maximize) cT x (2.20)

subject to Ax ≤ b (2.21)

xi ∈Z ∀i ∈ I (2.22)

xj ∈R ∀j < I (2.23)

where c ∈ R
n, A ∈ R

m×n, b ∈ R
m, and I ⊆ {1, . . . ,n} is the set of indices of integer-

constrained variables.

MILP is a powerful and general modeling framework that can express a wide range

of decision-making problems arising in industry, logistics, finance, engineering, and

many other fields. The presence of integer variables makes the problem NP-hard and

significantly more challenging to solve compared to linear programming (LP) .

2.6 Exact methods for solving MILP

Mixed-Integer Linear Programming (MILP) problems consist of both continuous and

integer decision variables, characterized by linear objectives and constraints. The pres-

ence of integer variables introduces combinatorial complexity, necessitating the use

of exact solving methods. Contemporary MILP solvers such as Gurobi, CPLEX, and

MOSEK utilize a blend of fundamental algorithms, augmented by heuristic and ma-

chine learning techniques, to enhance their performance.
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2.6.1 Branch and Bound

The Branch and Bound (B&B) algorithm is the fundamental exact method for solv-

ing mixed integer linear programs (MILPs)[42], systematically exploring the solution

space by:

1. Branching through partitioning on fractional integer variables,

2. Bounding via LP relaxations of subproblems, and

3. Pruning nodes that are infeasible, suboptimal (worse than the incumbent solu-

tion), or integer-feasible.

Its efficiency depends critically on variable selection strategies (e.g., most-fractional or

pseudo-cost branching), node exploration rules (e.g., depth-first or best-bound search),

and advanced enhancements like Branch and Cut (B&C) that incorporate cutting planes

to strengthen bounds. The algorithm guarantees optimality by exhaustive implicit

enumeration, while minimizing unnecessary computation through intelligent prun-

ing.

Figure 2.3: Branch and Bound Method Scheme

Figure (2.3): shows Branch Bound’s core loop: Separation splits a node into smaller

subproblems by branching on fractional variables, and Evaluation solves each node’s

LP relaxation to get a bound. Nodes whose bound is worse than the current best or in-

feasible are pruned, while the rest cycle back into Separation. This interplay narrows

the search quickly to the optimal integer solution.
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2.6.2 Branch and Cut

The branch and cut algorithm iteratively refines the solution space of an MILP by

combining branching and cut generation[42]. The steps are as follows:

1. Initialization: Solve the linear programming (LP) relaxation of the MILP, re-

laxing integer constraints to allow continuous values. If the solution is integer-

feasible, it is optimal, and the algorithm terminates.

2. Cut Generation: If the LP solution contains fractional values for integer vari-

ables, generate valid inequalities (cutting planes) that eliminate the fractional

solution while preserving all integer solutions. Examples include Gomory cuts

or subtour elimination constraints for TSP.

3. LP Resolution: Add cuts to the LP relaxation and resolve it. If the solution is

integer-feasible, terminate; otherwise, proceed to branching.

4. Branching: Select a fractional variable, say xj = v, where v is non-integer, and

create two subproblems with constraints xj ≤ ⌊v⌋ and xj ≥ ⌈v⌉.

5. Pruning and Bounding: Use the LP relaxation’s objective value to prune sub-

problems that cannot improve the incumbent (best-known integer solution).

6. Iteration: Repeat until an optimal solution is found or all subproblems are pruned.

The method’s efficiency stems from its ability to reduce the branch-and-bound tree

size through cutting planes. However, generating effective cuts and managing compu-

tational costs remain challenges.

Figure (2.4) : shows the flowchart of Branch and Cut algorithm, which solves mixed

integer linear programming problems, it begins with an initial LP subproblem, fol-

lowed by a Separation Problem (SEP) to find and add cutting planes as needed. The

process branches into subproblems, stopping or unbranching if it is infeasible or opti-

mal. cutting planes are added one at a time until no more cuts are required. The lower

section explains how to find violated cuts for a graph’s support and a valid inequality

family, carefully shrinking the graph to improve the solution.
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Figure 2.4: flowchart of branch and cut algorithm.

2.7 Complexity of Algorithms

Algorithmic complexity measures efficiency by instruction count, growing with prob-

lem size. Types include:

• Constant O(1).

• Logarithmic O(log(n)).

• Linear O(n).

• Quadratic O(n2).

• Cubic O(n3).

• Polynomial O(np).

• Exponential O(exp(n)).

• Factorial O(n!).

Problem classes are:
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• Class P:This class includes all problems that can be solved in polynomial time

by a Turing machine. Solving any instance of problems in this class requires

polynomial time and space, hence the name class of polynomial problems or Class

P.

• Class P-Complete: This class consists of both polynomial and non-polynomial

problems where any polynomial problem can be reduced in poly-logarithmic

time, with or without the use of a deterministic computing machine.

• Class NP:This class encompasses all problems that can be solved in polynomial

time on a non-deterministic Turing machine. .

• Class NP-Hard:This class is also referred to as NP-Difficult. It includes all prob-

lems with exponential or doubly exponential complexity. Problems in this class

are characterized by the difficulty of finding an optimal or exact solution for large

instances in polynomial time. As a result, we often settle for finding good-quality

solutions in polynomial time. Among the problems in this class are the VRP.

Figure 2.5: classification of complexity of problems

Figure (2.5) : illustrating the relationship between complexity classes in com-

putational theory. The largest oval, labeled "NP," represents the set of decision

problems solvable in nondeterministic polynomial time. Within NP, a smaller

oval labeled "NP-complete" indicates the subset of problems that are the hard-

est in NP, meaning any NP problem can be reduced to them. Another smaller

oval labeled "P" represents problems solvable in deterministic polynomial time,

which is a subset of NP.
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CHAPTER3

MODELING AND EXPERIMENTAL EVALUATION

Introduction

This chapter presents the mathematical model used to solve the Unit Demand Customer-

Centric Vehicle Routing Problem (UDCCVRP). The goal is to minimize customer wait-

ing time, rather than focusing on vehicle travel time or cost.

The model is based on the work of Nucamendi, Cardona-Vald’es, and Angel-Bello

Acosta (2015) [43], who formulated UDCCVRP as a Mixed-Integer Linear Program-

ming (MILP) problem. It includes both integer variables, such as the number of cus-

tomers, vehicle capacity, and discrete decisions, and continuous variables, such as the

relaxation of fij during the computation and the real value of travel costs (cij) used in

the latency calculation.

We reimplemented this model using CPLEX’s OPL solver by calling the oplrun

executable from Python. This enhances the model’s clarity and ability to be replicated,

especially for small and medium-sized data.

In this chapter, we define:

• The problem contex.

• Sets, parameters and decision variables.

• The objective function and full constraint set.

This model serves as the foundation for the case study presented in this chapter ,

where we test the model using TSPLIB data and compare our results with those previ-

ously reported.
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3.1 Problem setting

The Unit Demand Vehicle Routing Problem (UDVRP) is a variant of the classical Ca-

pacitated Vehicle Routing Problem (CVRP), where each customer has a demand of

exactly one unit. In this case, the vehicle capacity constraint determines the maxi-

mum number of customers that a vehicle can serve on a single route. As a result, the

UDVRP can be interpreted as a multiple traveling salesman problem (mTSP) with an

upper bound on the number of customers per salesperson (vehicle).

Building upon this, the Unit Demand Customer-Centric Vehicle Routing Problem

(UDCCVRP) introduces a customer-focused objective. The aim is not just to minimize

the total distance or the number of vehicles, but to minimize the sum of customer

waiting times, referred to as latencies.[43]

Sets

• G = (V ,A): A complete undirected graph where:

– V = {0,1,2, . . . ,n} is the set of vertices:

∗ Vertex 0 represents the depot

∗ Vertices i ∈ V \ {0} represent customers, each with unit demand

– A: The set of edges that connect the vertices

Parameters

• cij = cji : Symmetric travel cost associated with edge {i, j} ∈ A, satisfying the trian-

gle inequality:

cij ≤ cil + clj , ∀i, j, l ∈ V

• m: Number of identical vehicles located at the depot.

• N : Capacity of each vehicle (maximum number of customers it can serve)

Decision Variables

• xij : Equals 1 if a vehicle goes from customer i to j, 0 otherwise:

xij =

1, if a vehicle travels from i to j

0, otherwise
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fij : integer variable representing the flow on edge {i, j} (number of customers remain-

ing to be served after node i)

Tour Structure

We define a tour as an ordered subset of vertices of V with vertex 0 in the first position

and is represented by :

P = (0, [1], [2], . . . , [r])

where r is the number of vertices in the tour and i denotes the vertex that occupies

position i in tour P . Then, the latency of tour P can be calculated as (see [21]):

Lat(P ) =
r−1∑
i=0

(r − i) · c[i][i+1]

where [0] = 0 (depot). The goal in the UDCCVRP is to find m tours in such a way that

Ps ∩ Pt = {0} for (s, t = 1,2, . . . ,m; t , s)

,
⋃m

k=1 Pk = V , and minimize function :

z =
m∑
k=1

Lat(Pk)

, i.e., to find m tours that have in common only the vertex 0 in the first position, that

together cover all of the vertices, and that minimize the sum of the latencies of the

tours.

3.2 Mathematical Model Formulation

minz =
n∑
i=0
j=i

n∑
j=1
j,i

cijfij (3.1)

Subject to the following constraints:
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n∑
j=1

x0j = m; (3.2)

n∑
i=1

xi0 = m; (3.3)

n∑
i=0
i,j

xij = 1, j = 1,2, . . . ,n; (3.4)

n∑
j=0
j,i

xij = 1, i = 1,2, . . . ,n; (3.5)

f0j +
n∑
i=1
i,j

(fij − fji) = 1, j = 1,2, . . . ,n; (3.6)

f0j ≤Nx0j , j = 1,2, . . . ,n; (3.7)

fij ≤ (N − 1)xij , i = 1,2, . . . ,n; j = 1,2, . . . ,n; j , i; (3.8)
n∑

j=1

f0j = n; (3.9)

xij ≤ fij , i = 1,2, . . . ,n; j = 1,2, . . . ,n; j , i; (3.10)

xij ∈ {0,1}, i = 0,1,2, . . . ,n; j = 0,1,2, . . . ,n; j , i; (3.11)

fij ≥ 0, i = 0,1,2, . . . ,n; j = 0,1,2, . . . ,n; j , i. (3.12)

where N is the maximum number of customers allowed per route.

• Constraints (3.2) and (3.3) ensure that exactly m arcs leave and enter the depot.

• Constraints (3.4) and (3.5) guarantee that each customer is visited exactly once

by ensuring one incoming and one outgoing arc per customer node.

• Constraints (3.6), (3.7), and (3.8) together eliminate subtours and ensure flow

consistency in the solution. In particular:

– Constraints (3.7) and (3.8) enforce the limit of vehicle capacity N and si-

multaneously ensure that fij = 0 whenever xij = 0.

– Constraint (3.6) calculates the number of customers served in a route using

flow variables.
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• Equality (3.9) ensures that all n customers are visited by counting the total flow

from the depot.

• Inequalities (3.10) are valid inequalities originally introduced by Godinho et

al[31] in the context of the VRP with unit demands and distance minimization.

These inequalities are also effective in this formulation.

• Constraint (3.11) defines the binary nature of the decision variables xij .

• Constraint (3.12) requires the flow variables fij be nonnegative and continuous.

It is worth noting that constraints (3.6), (3.7), (3.8), and (3.11) implicitly enforce the

integrality of the flow variables fij , allowing them to accurately represent the number

of customers visited after node i in any given route.

3.3 Computational Complexity

The UDCCVRP model falls into the class of NP-hard problems due to its roots in the

classical Vehicle Routing Problem (VRP), which itself is derived from the Traveling

Salesman Problem (TSP)—a well-known NP-hard problem.

Key Complexity Aspects:

• Combinatorial Explosion: The number of feasible routes grows exponentially with

the number of customers, making exact solution methods computationally in-

tensive for large instances.

• Subtour Elimination: Ensuring that there are no disconnected cycles in the solu-

tion adds complexity, although it is handled efficiently here via flow-based con-

straints rather than explicit subtour constraints.

• Capacity Constraints: Limiting the number of customers per vehicle introduces

additional restrictions, increasing the difficulty of finding valid routes.

• Customer-Centric Objective: Minimizing total customer waiting time (latency) in-

stead of traditional metrics like distance or cost introduces a different structure

to the objective function, but does not reduce the inherent computational com-

plexity.

Despite these challenges, the model demonstrates reasonable scalability, achieving

optimal solutions for instances up to 100 nodes using CPLEX. However, as expected

for NP-hard problems, the computation time increases significantly with instance size.
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3.4 Experimental Setup

The experimental setup outlines how computational experiments were conducted to

evaluate the performance and effectiveness of the mathematical model for solving the

Unit Demand Customer-Centric Vehicle Routing Problem (UDCCVRP). This section

provides a clear description of the datasets used, problem instances generated, soft-

ware tools employed, and the overall methodology followed during the experimenta-

tion.

3.4.1 Dataset Selection and Instance Generation

To test the proposed model, benchmark datasets were derived from four well-known

Traveling Salesman Problem (TSP) instances from the TSPLIB library [18] :

brd14051

• Name: brd14051

• Comment: BR Deutschland in den Grenzen von 1989 (Bachem/Wottawa)

• Type: Traveling Salesman Problem (TSP)

• Dimension: 14,051 nodes

• Verification: This dataset represents West Germany as it existed in 1989, before

reunification. The dimension of 14,051 nodes aligns with TSPLIB’s description

of this large-scale instance, ideal for testing algorithm scalability. The comment

and authorship (Bachem/Wottawa) are consistent with TSPLIB documentation.

fnl4461

• Name: fnl4461

• Comment: Die 5 neuen Laender Deutschlands (Ex-DDR) (Bachem/Wottawa)

• Type: Traveling Salesman Problem (TSP)

• Dimension: 4,461 nodes

• Verification: This dataset models the five new federal states of former East Ger-

many (Ex-DDR). The dimension of 4,461 nodes is accurate for this moderately

32



CHAPTER 3. MODELING AND EXPERIMENTAL EVALUATION

large TSPLIB instance, suitable for medium-scale TSP testing. The comment and

authorship are consistent with TSPLIB.

nrw1379

• Name: nrw1379

• Comment: 1379 Orte in Nordrhein-Westfalen (Bachem/Wottawa)

• Type: Traveling Salesman Problem (TSP)

• Dimension: 1,379 nodes

• Verification: This dataset represents 1,379 locations in North Rhine-Westphalia,

a German state. The dimension matches TSPLIB’s description, making it appro-

priate for regional-scale TSP problems. The comment and authorship align with

standard TSPLIB records.

pr1002

• Name: pr1002

• Comment: 1002-city problem (Padberg/Rinaldi)

• Type: Traveling Salesman Problem (TSP)

• Dimension: 1,002 nodes

• Verification: This dataset, designed by Padberg and Rinaldi, is a well-known

synthetic TSP instance with 1,002 nodes. Its smaller size makes it ideal for testing

algorithms efficiently. The comment and dimension are consistent with TSPLIB.

From each of these TSP datasets:

• Coordinates of nodes (customers) were randomly selected.

• A depot was arbitrarily chosen among the selected points.

• Multiple subsets of instances were generated for varying numbers of customers

(nodes): n = 30,40,50,60,70,80,90, and 100.

• For each value of n, five different problem instances were created to ensure sta-

tistical significance and robustness in results.
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3.4.2 Number of vehicles

For each instance, the number of vehicles (m) was determined using the formula:

m =
⌊n

5

⌋
This ensures that each vehicle serves approximately five customers, which aligns with

practical routing scenarios where route length per vehicle is constrained by capacity

or time limits.

3.4.3 Input data preparation

Input data for CPLEX included:

• Distance matrix: Euclidean distances between every pair of nodes.

• Cost matrix: Based on distance traveled (assumed uniform cost per unit dis-

tance).

The input files were automatically generated using a Python program, ensuring

reproducibility and scalability.

Key steps in the preprocessing :

• Parsing TSPLIB files to extract node coordinates.

• Computing pairwise distances using the Euclidean distance formula.

• Formatting data into (.dat) files compatible with IBM ILOG CPLEX’s Optimiza-

tion Programming Language (OPL).

Python 3.9 is a stable and efficient version chosen for its ease of use, robust stan-

dard library, and extensive third-party packages, ideal for complex tasks like the Trav-

eling Salesman Problem (TSP), its clean syntax simplifies coding and debugging, while

performance optimizations, like faster dictionary lookups and new string methods

(str.removeprefix, str.removesuffix), enhance efficiency. Type hinting improvements

(e.g., list[int]) ensure reliable code. Libraries like NumPy, NetworkX, and SciPy, along

with integration with solvers like CPLEX, support efficient data processing and TSP

algorithm implementation. The random module enables experimental modifications

like node selection, and Python 3.9’s stability makes it a reliable choice for research.
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Software tools and implementation

• IBM ILOG CPLEX Optimization Studio 22.1.2 was used as the solver.[44]

• The model was implemented using OPL (Optimization Programming Language).

• The (oplrun) command-line tool was used to execute the OPL model (udcvrpp.opl)

programmatically from Python.

Features of the implementation:

• Automated execution across multiple instances.

• Robust error handling for invalid inputs or missing files.

• Comprehensive logging of results (objective values, CPU time, etc.).

System Configuration

Operating System Ubuntu 24.04.2 LTS

Hardware Model ASUS PRIME B560M-K

Processor 11th Gen Intel® Core™ i7-11700 × 16

Memory 64.0 GiB

Disk Capacity 1.5 TB

Performance Metrics

The experiments measured:

• Objective value: Total customer waiting time (latency).

• CPU time: Time taken to reach an optimal solution (in seconds).

These metrics were recorded for each instance and used to compare performance

across different problem sizes and datasets.

Reproducibility and Scalability

• The Python-based preprocessing ensured that new instances could be easily gen-

erated and tested.

• Random sampling was performed with fixed seeding to allow reproducibility of

the same problem instances.
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• The framework allows for parameterized experimentation, such as changing:

– Number of customers (n)

– Number of vehicles (m)

– Vehicle capacities

– Depot location

3.5 Computational Results

In Table 3.1 presents results for smaller instances : n = 30, 40 and 50 nodes, with ve-

hicle counts m = 6, 8, and 10, respectively, where columns 1 and 2 show the instance

names; entries in columns 3, 5 and 7 present the objective values, while columns 4,

6 and 8 exhibit the CPU time consumed (in seconds) for the proposed formulation

for each instance size. The size of the instance in terms of number of nodes (n) and

number of vehicles (m) is indicated at the top of the columns. Each instance configu-

ration includes five test cases per dataset derived from TSPLIB instances: brd14051,

nrw1379, fnl4461, and pr1002.

3.5.1 Analysis of Instance-Based Performance (Table 3.1)

The results show that the objective value, representing the total customer waiting time

(latency), increases as the number of nodes increases. For example, in the pr1002

dataset, the objective value increases from approximately 200,000 to more than 350,000

when moving from 30 to 50 customers. In terms of CPU time, it remains relatively low

for smaller instances, most instances with n = 30 are solved in less than 10 seconds,

while some with n = 50 take up to 66 seconds (e.g., fnl4461) or even more than 100

seconds (e.g., nrw1379). This indicates a manageable computational effort for small-

to medium-sized problems. Regarding variation across datasets, the nrw1379 dataset

generally shows lower objective values but higher variability in CPU times, while the

pr1002 dataset consistently produces the highest objective values due to its wider ge-

ographic distribution and distances.
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Table 3.1: Objective Values and CPU Times for Instances with 30, 40, and 50 Nodes
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Table 3.2: Objective Values and CPU Times for Instances for 60 to 100 Nodes
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3.5.2 Analysis of Instance-Based Performance (Table 3.2)

Table (3.2) evaluates how the model scales with increasing node count: from n = 60 to

n = 100 , with vehicle counts ranging from m = 12 to m = 20.

Scalability Challenges : As the node count increases, both objective values and CPU

times increase significantly. For n = 100, several instances require more than 600 sec-

onds (10 minutes), indicating the NP-hard complexity of the problem.

Computational Limits : Some instances at n = 80–100 approach or exceed the ac-

ceptable time limits for exact solver CPLEX. However, the model still manages to find

optimal solutions within reasonable time for many configurations, showing robustness

despite complexity.

Consistency in Route Planning : The consistent use of m = ⌊n/5⌋ vehicles ensures

that each vehicle serves around five customers, maintaining a balanced workload dis-

tribution. This helps in managing the complexity of the solution space and avoids

unnecessary fragmentation of the routes.

3.5.3 Visualization of optimal routes and iteration analysis

For each problem size (from 30 to 100 nodes), we selected the result with the mini-

mum objective value achieved across all runs. A schematic diagram was generated to

visualize this optimal routing, we also report the number of iterations it took to reach

the best solution in each instance.

instance name number of nodes number of iterations
nrw1379 n=30 35279
nrw1379 n=40 251842
nrw1379 n=50 908144
nrw1379 n=60 22862920
nrw1379 n=70 511832
nrw1379 n=80 15135440
nrw1379 n=90 1812983
brd14051 n=100 443884

Table 3.3: Number of Solver Iterations Required for Different Problem Sizes
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(a) Scheme of routes for n = 30

(b) Scheme of routes for n = 40

(c) Scheme of routes for n = 50

Figure 3.1: Scheme of routes for n = 30 , 40 and 50 nodes
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(a) Scheme of routes for n = 60

(b) Scheme of routes for n = 70

Figure 3.2: Scheme of routes for n =60 and 70 nodes
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(a) Scheme of routes for n = 80

(b) Scheme of routes for n = 90

Figure 3.3: Scheme of routes for n =80 and 90 nodes
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Figure 3.4: Scheme of routes for n = 100
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• Figure (3.1) : We selected the instance with the lowest objective value from the

table and illustrated its results in a schematic diagram. The corresponding figure

highlights the optimized routing configuration for this specific case. Addition-

ally, we describe the solution process used to obtain this result.

• (a): This corresponds to the first subfigure (n = 30). depicts a route scheme

with 6 routes. The central node (0) serves as the depot, with routes branching

out to nodes such as 3, 9, 16, 1, 20, and 0, among others. The routes are color-

coded (red, orange, brown, purple, blue, and green), indicating distinct paths

connecting the nodes.

• (b): This refers to the second subfigure (n = 40). This figure illustrates a route

scheme with 8 routes. The depot (node 0) is centrally located, with routes ex-

tending to nodes like 2, 26, 33, 1, 37, and 0. The increased number of routes

(compared to n = 30) and the wider spread of nodes reflect a more complex rout-

ing structure, accommodating the additional 10 nodes while maintaining con-

nectivity.

• (c): This corresponds to the third subfigure (n = 50). This figure shows a route

scheme with 10 routes. The depot (node 0) remains central, with routes reaching

nodes such as 28,2,6,46,24 and 0. The increased number of routes and the wider

distribution of nodes indicate an additional escalation in complexity, reflecting

the challenge of optimizing routes for 50 nodes.

• Figure (3.2) :

• (a):This refers to the subfigure (n = 60). This figure illustrates a route scheme

with 12 routes. The depot (node 0) is centrally located. The routes reflecting a

simpler routing structure compared to higher node counts.

• (b): This corresponds to the subfigure (n = 70). This figure shows a route scheme

with 14 routes. The increased number of routes and the wider distribution of

nodes indicate a significant escalation in complexity, reflecting the challenge of

optimizing routes for 70 nodes.

• Figure (3.3):

• (a) :This refers to the subfigure (n = 80). This figure illustrates a route scheme

with 16 routes. The depot (node 0) is centrally located.
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• (b) :This corresponds to the subfigure (n = 90). This figure shows a route scheme

with 18 routes. The depot (node 0) remains central.

• Figure (3.4): This refers to the subfigure (n = 100). This figure illustrates a route

scheme with 20 routes. The depot (node 0) is centrally located, with routes ex-

tending to nodes like 0, 93, 82, 2,6,32 and 0, among others. The increased num-

ber of routes and the wider spread of nodes reflect a highly complex routing

structure for 100 nodes.

3.6 Comparative Study

We adopted the same mathematical model as nucamendi2015 [43]for the Unit Demand

Customer-Centric VRP (UDCCVRP), but our implementation achieved significant ad-

vancements in both scalability and computational efficiency. While their MILP ap-

proach (CPLEX 12.4, 3.21 GB RAM) was limited to instances of up to 50 nodes—

failing on 4 of these due to memory constraints and requiring metaheuristics (Iterated

Greedy) for larger instances (60–100 nodes)—our work (CPLEX 22.1.2, 64 GB RAM)

solved all instances up to 100 nodes to proven optimality with computation times up

to six times faster (e.g., 1.22 sec vs. 4.546 sec for brd14051 at n = 30). This demon-

strates that hardware and solver improvements enable exact solutions for previously

intractable medium-to-large instances, eliminating the need for heuristic approxima-

tions while maintaining rigorous optimality guarantees. The comparison highlights

our key contributions: superior scalability, faster solve times, and exact solutions for

larger problem sizes, marking a meaningful advancement in UDCCVRP optimization.

3.6.1 Comparison with some Previous Results:
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Table 3.4: Comparison between the computed results and the previous results
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3.7 Advantages of the Exact MILP Method

3.7.1 Guaranteed Optimal Solutions

• MILP guarantees optimal solutions for all tested instances from 30 to 100 nodes.

• Unlike metaheuristics, it provides mathematically proven optimality, essential

in critical applications like logistics and emergency services.

3.7.2 Reasonable Computation Time for an Exact Method

• 30-node instance solved in under 10 seconds.

• 100-node instance solved in under 10 minutes.

• Achieved faster computation times than the implementation in previous work ,

mainly due to improvements in the CPLEX solver version and hardware perfor-

mance.

3.7.3 Significant Improvement Over Previous Work

Instance This Thesis (Exact) Previous work

brd14051 (n=30) 1.22 s 4.546 s

nrw1379 (n=50) 54.63 s 898.468 s

pr1002 (n=50) 194.66 s 1949.45 s

3.7.4 Use of Advanced Branch-and-Cut Techniques

• Dynamic cut generation (e.g., subtour elimination).

• Cuts are only added when necessary, reducing complexity.

3.8 Scientific Rigor and Reproducibility

• Model implemented in OPL, making it easily reproducible.

• Theoretical formulation is mathematically rigorous and clean.
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3.8.1 Modeling of Customer-Centric Objectives

• The model supports service-oriented objectives (e.g., latency minimization).

• Relevant for urban logistics and service delivery sectors.

3.8.2 Scalability up to 100 Nodes

• Solves all instances up to 100 nodes optimally.

• No need for heuristics or approximations.

Conclusion

This chapter presented a complete mathematical formulation of the Unit Demand

Customer-Centric Vehicle Routing Problem (UDCCVRP) and demonstrated its reso-

lution using an exact Mixed Integer Linear Programming (MILP) approach. Through

a structured implementation in IBM ILOG CPLEX and rigorous experimentation on

benchmark instances from TSPLIB, the model successfully solved all instances up to

100 nodes to proven optimality.

The computational experiments highlighted several strengths of the exact method,

including guaranteed optimality, reasonable computation times even for medium-to-

large instances, and significant improvements over previously published results. No-

tably, the model outperformed earlier implementations in terms of both speed and

scalability

48



GENERAL CONCLUSION

This thesis significantly advances operations research by studying and applying a

Mixed Integer Linear Programming (MILP) model for the Unit Demand Customer-

Centric Vehicle Routing Problem (UDCCVRP), focusing on minimizing customer wait-

ing time rather than traditional cost-based metrics. This customer-centric approach

addresses critical needs in logistics applications such as e-commerce, emergency ser-

vices, and perishable goods delivery. The MILP model, incorporating flow-based con-

straints for subtour elimination, vehicle capacity limits, and customer visit require-

ments, ensures feasible and optimal routing solutions.

Implemented using IBM ILOG CPLEX Optimization Studio, the model leverages

Branch-and-Cut algorithms to tackle the NP-hard complexity of the UDCCVRP. Com-

putational experiments on TSPLIB-derived benchmark instances (30 to 100 nodes)

demonstrate the model’s effectiveness, achieving optimal solutions with computation

times ranging from under 10 seconds for smaller instances (n = 30) to approximately

600 seconds for larger ones (n = 100). Compared to prior work, such as Nucamendi et

al. (2015), this implementation offers improved scalability and faster solve times, solv-

ing all instances up to 100 nodes to proven optimality without relying on heuristics.

The results confirm the model’s practical utility in optimizing customer-focused

logistics. However, challenges persist for larger instances and dynamic scenarios in-

volving real-time data or stochastic factors like traffic or uncertain demands. Future

research could explore hybrid exact-heuristic methods, incorporate time windows or

multiple depots, or adapt the model for real-time routing to further enhance its appli-

cability.
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