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Abstract:

The purpose of this memorandum is the study of the open bosonic string
theories in the presence of D-branes.

Essential results are obtained:
- The mass operator is modified leading to a theory with no tachyon.

- Coherence between the development of the partition function and the
degeneration of states for each mass level.

- Apart from the ordinary case that we find and which confirms that the
presence of parallel D-branes of the same dimensionality does not
modify the positive anomaly in the central term of the Virasoro algebra.
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Résumé :

L'objet de ce mémoire est I'étude de la théorie d'une corde bosonique
en présence de D-brane.

Les résultats obtenus se résument comme suit :

- Modification de l'opérateur de masse impliquant entre autre I’absence
de tachyons.

- Cohérence entre le développement de la fonction de partition et la
dégénérescence des états pour chaque niveau de masse.

- En dehors du cas ordinaire qu’on retrouve et qui confirme que la
présence de D-branes paralleles de méme dimensionnalités ne modifie
en rien |'anomalie positive dans le terme central de l'algebre de
Virasoro.

Mots clés:

D-branes, spectre, fonction de partition, algebre de Virasoro.
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Introduction

The study of strings and D-branes has been a topic of interest in physics for several
decades. Dirichlet-branes, or D-branes for short, have moved to center stage in
string theory In a relatively short time they have gone from being esoteric, and
largely ignored, extended objects that existed in certain string theories to playing a
key role in the present understanding of non-perturbative dynamics and duality in
string theory.

One reason that the importance of D-branes was overlooked is that they are
associated with open strings and, at the perturbative level, closed string theory
appears much less promising than open string theories, such as the heterotic string
theory. With the development of string duality, attention shifted towards non-
perturbative issues including solutions, and it was realized that D-branes had
precisely the required attributes to be partners with fundamental string states
under duality transformations. This realization, along with the fact that D-branes
are considerably simpler to describe than other string solutions and often allow
explicit calculations in places where only speculations went before, led to an
explosion of activity involving D-branes that is still going strong.

The aim of this work is to provide an introduction to open bosonic strings and D-
branes. We will begin with a brief overview of the fundamental principles of string
theory, including the concept of spacetime and the quantization of strings. We will
then introduce the concept of D-branes, which are subspaces of spacetime on
which open strings can end. We will discuss the properties of D-branes and their
role in string theory. Finally, This paper is intended to provide a foundation for
further study of the physics of open bosonic strings and D-branes in the context of
D-branes and their role in string theory.

In this paper, we set up the notation needed to describe D-branes, and then we
state the appropriate boundary conditions. We let d denote the total number of
spatial dimensions in the theory, in the present case, d= 25. The total number of
space time dimensions is D=d+1=26. A Dp-brane with p < 25 extends over a p-
dimensional subspace of the 25-dimensional space.

The thesis is presented as follows:

The first chapter aims to introduce open string theory and Quantization



In the second chapter we start with openbosonic string on Dp-branes, we will study
the spectrum and its degeneracy which will be confronted with the development of
the partition function.

In the third chapter, we will focus on the study of open bosonic string between two
parallelIDp-branes, in this case, where the open string is between two Dp-branes in
parallel we will also develop the calculation of the Virasoro algebra.

Chapter four will examine the open bosonic string between two Dp-, Dg-branes in
paralle.



Chapter 1

Open string



1.1.0pen string

1.1.1.Equations of motion of the open bosonic string

The bosonic string action is given by:
S = f dt [ do L (1.1)

when:

— | x) - (x ZX’Z)]% (1.2)

From a variation &S (principle of least action 6S = 0) corresponding to a small
variation.

XH - XH 4+ 5XHwithdXH(o,Ti) =6X"(o,Tf)and X H*(c = 0, m)arbitrary

The action have to be:

s5= [ ar ["ao|(2) Zoxn v (o) L o]
~ ) ), P \Gxk)ee 9X'E) 3o

oL oL o=t
55=f da( >6X“ If | j dt< >5x“|a=o
Y \ax rit ) ax

= Jri ae J3 o[ (5) + 55 (5] ox (13

The first term vanished when the initial and finale position of the string are taken

fixed. The equations of motion are given by:

0 0L 0 0L

AT oxr | 200X E 0 (1.4)
With the boundary conditions:
X’H oo ns (1.5)
We define:
PH(o, T) = — 6.L __1 ’(XX')X’M—(X’)ZX“ e
aXHE  2ma

JGxy* =)y
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Which is the conjugate moment X (o, T) describing the dynamics of the system
and verifying the canonical Poisson brackets:

X*(o,T), X', T)}={P*(0,T), P’(c’", T)}=0 (1.7)

{X#(o,T), P(c', T)} =—g"*6(c—0d') (1.8)

XH*(o, T)and P#(o, T)are considered as independent dynamic variables.

And:
oL _ 1 (Xx"Nxu-(X)°x'u
oX'u Zna,\/(XX’)Z—(X)Z(X’)Z

( o denotes the points of the string).

4, T) = — (1.9)

The invariance of the action under the Lorentz transformations (6Xu = §Auv X'?)
with the relations (1.4) and (1.5) leads to the energy and angular momentum of the
string. We can demonstrate, in particular, which the flow of energy momentum
and moment angle inside the string, which is specified by:

PH(1) = fg do PH*(o, T)Total energy moment of the string
MM (1) = fg do (PH*X?V — PVX ")Total angular momentum of the string

The parameterization symmetry of the action results in the existence of equations
of Constraints between P#(o, T) et X*(o, T) given by the identities:

12
2 _
Pr+—5=0 (1.10)
P+ X'u=0

Now the Equations of motion (1.4) are nonlinear, a particular choice of gauge
orthogonal makes it possible to reduce them to the following Dalembert
equations:

X;i(a, T)—X"u(e, T)=0 (1.11)
And the relations (1.10) reduce to the equations

7 2 12 _
{X +X° =0 (1.12)
XX’ = 0

11



Which describe a system of orthonormal coordinates on the world-sheet. So the
equations (1.6) and (1.9) become:

PH(o, T) = ana,Xﬂ (1.13)
4(c, T) = —ﬁx’ﬂ (1.14)

1.1.2. Solutions to the Equations of Motion

The general solution of the equation of motion (1.10) is given by:
Xi(o, T) = =2 (f*(T + o) + g*(T — o)) (1.15)

In the case of the open string, where the coordinate o varies between 0 and i,
the fields X #(o, T ) Satisfy boundary conditions. There are two types of ends for
open strings:

1- Those which obey the Neumann boundary condition when the two
extremities of the string are free

0, X" (T,o=0,m)=0 (1.16)

2- Those which remain fixed in a hyper plane satisfy the boundary condition of
Dirichlet when both ends of a moving string are fixed

X*(T,oc=0,m)=0 (1.17)

Note here that the Neumann condition respects the Poincare invariance and
therefore the conservation of the energy-momentum tensor. That of Dirichlet
breaks this invariance and there is a possibility of momentum loss for directions
parallel to the edge of the surface. This is the indication of the presence of an
extended object on which the string rests. This is also the origin of the name Dp-
brane, the D refers to the Dirichlet conditions. When both ends of the string are
free, the Neumann boundary conditions allow equation (1.15) to be written in the
following form.

XH*(o,T)=x*+2a p*T +V2a’ Z{aZ(O) exp(—mT) — al," (0) exp(inT)} cosno

n=1

(1.18)

12



Where 2a’is an arbitrary constant with length dimension. X" and p" are two
integration constants that correspond to the coordinate of the centre of mass and
the momentum total length of the string respectively, a4 represent the modes of
vibration of the string. If we define:

al = al(0) exp(—mnT) , a!"(0)exp(inT) (1.19)

ay = 2a' p* (1.20)

all = /Zna’afl‘ , at,=a" n=0 (1.21)

We can write the equation (1.18) in the form:

XH*(o,T)= x(’f + /Za’agT + iv2a' Y%, —al exp(—inT) cosno (1.22)
especially:
X# (o, T) 2 X"*(o, T) =V2a' Y5 ah exp(—n(T + 0)) (1.23)

The Virasoro generators are given by:

bo=gme [ d r+0)(p2+ &
n=5ma B o exp in o T
— 1 v+
- E m=—o0 An—mAam (1-24)

The open string Hamiltonian is given by

s
H= j do(PX*—1L)
0

m 1
— N P2 _ yI2
J do (PMX yw— (2ra'P)? — X )>

0

=1 fg do (a’P2 + X2 ) (1.25)

4m2a’

The special case H = Lo and the condition Lo = 0 allows the mass of the string
to be written as follows

13



The equation:

+00

M2=—p2=i2a a (1.26)

a/ n-m*»m .
n=1

Which is the relativistic equivalent of the energy expression of a vibrating violin
string, and the angular momentum can be written:

S
MH* = xHp? — xUpH — i z E(aﬁn ay — al_’naﬁ) (1.27)
n=1

1.2. Quantification

When X*(o,T) and PH(o,T) are treated as independent, the Virasoro
constraints are incompatible with Poisson brackets and hence canonical
quantization is not more direct, which leads us to use two methods of
quantification:

Covariant quantization:

This method treats coordinates and conjugate moments as independent and the
constraints (Virasoro conditions) will be considered as initial conditions on the
wave functions.

Quantization in the transverse gauge:

Before quantifying the system, we solve the constraint equations within the
framework of a specific choice of a parameterization and, this will lead us to keep
only the variables effectively independent dynamics.

1.2.1. Covariant gauge

Recall that X#(o, T) is the space-time string coordinate and P#(o, T)is the
moment associated with the string.

14



Commutations relations

We postulate the following commutations relations:
[X#(o,T), P(c', T)] = in*6(c—0a') (1.28)
[X#(o,T), X"(@',T)]= [P* (o, T),P'(0c',T)]=0 (1.29)

In terms of the dynamic variables x,, ,p, and a7 they become :

[x#, p”] = in* (1.30)
[a# ) 05,1,}1] = NOmin,on™” (1.31)

Where x and p are the center of mass variables and the n can be perceived
(analogy to the quantum case of the harmonic oscillator) as creation or
annihilation operators for negative or positive n respectively.

Now, it is fundamental to note that the Fock space generated by the application at
+
the ground state of the a,, *is not positive, because the temporal components

have anﬂ minus sign, unusual in their commutation relation:
[a?, af°]= —1 (1.32)

And therefore a state of the form a,;™° |0) has a negative norm. It is must therefore

be taken to eliminate these Ghost states.

You can now match classic Virasoro generators with operators

In = Z at G (1.33)

m=—0oo

The definition of the operator [, poses a problem of order ambiguity, an arbitrary
constant could then be added to eliminate this problem: lo — lo — a(0)the
Hamiltonian becomes:

- a(0
H=ap?+ Z a_,a, — C(l') (1.34)
n=1

Contrary to the above, the angular momentum remains the same:

15



o 1
M"Y = xHp? — xUpH — iz E(aﬁna;{ — al_’naﬁ) (1.35)
n=1

The annulation condition of [, which gave the condition on the mass m of the
string written as:

(lo — a(0))(0) (1.36)
And the physical states|¥) hsatisfy the following constraints:
p
1, |¥) =0,n=0 (1.37)
ph
(lo — a(0))|¥) = 0 (1.38)
P

Because the metric n#Vis not a positive, we cannot say that there are no ghosts
among these physical states. The no-ghost-theorem allows building a Set of so-
called transverse operators verifying some fundamental properties which ensure
that the transverse operators transform a physical state into other physical states

and in particular, when applied to vacum|0) they describe a subspace F of physical
states with a positive norm. The theory is then free of ghosts only if (a(0) <
1, D <25) or (a(0) <1, D <26)D is the space-time dimension. And this is
precisely the necessary condition for a consistent string theory.

Virasoro algebra :

Virasoroa algebra provides an extremely powerful frame work for uniting the
concepts of Symmetry and locality, where the solution of the equations of motion
of an open bosonic string leads the appearance of some constraints which are
expressed in terms of an infinite set of Initial condition.

Virasoro operators are defined by:

1
=5 ) dhpty, (1.39)

pEZ

And the commutator between two operators is given by [1]

L, bl =(m—m)p, m+n+0 (1.40)

16



This commutator is called Virasoro’s algebra but with a possible quantum
correction in the case where m + n# 0. Such a correction has, in the most general
case, the form of function of m we therefore obtain:

[In,Im] = (n—m)L 1y, + A(M) Sy (1.41)

The algebra obtained is called the central extension of the Virasoro algebra and
— A (m) the anomaly of this algebra. We have trivially A (m) = A (— m) and

A (0) = 0, and it is therefore we determine A (m) for m > 0 Using the Jacobi
identity

|1, [in, tm]] = 0 (1.42)
We obtain:
[(m —n)A(k) + (n — k)A(m) + (k — m)A(M)]6pimer =0
Which is equivalent to:

n—-m)An+m)+ 2n+m)A(m) — 2m+n)A(n) =0

Form =1
m-1DANn+1)+2+n)A1) - (2 +n)A(n) =0
and so
A+ 1) = 2+ n)A(a: (12) +n)A(n) (1.43)
The general form of the solution of this recurrence relation is
A(n) = czn® + ¢qn (1.44)

The determination of the constants is done by calculating the following mean

values (0][l{,;]]0) and (O|[l2, l_2]|0> [1]
Virasoro’s algebra then takes the following form:

D
[ln ) lm] = (Tl - m)ln+m + En(nz - 1)511+1r1,0 (1-4‘5)

17



1.2.2. The transverse gauge

Here, on the other hand, we first solve the constraint equations, by making a
specific choice for the parameterizationt and o what leads us to the dynamic
variables effectively independent X'(7;0),P/(7;0'),x{ , p', x5, pTThis is the
transverse gauge, and in this gauge, instead of considering directions
x% x1,...,xP~1, we use the directions x*,x~ and x‘of the cone of light where
i=2,..,D—2and

+:1 0 1
X _Z(x +x")
__1 0_ 1
x—ﬁ(x x*)

Commutation relations

We postulate the following commutation relations:

|Xi(z,0), Pi(r,0")] = inY6(c — ") (1.46)
|Xi(z,0), X(z,0")] = [PT, o), P/(T—0")] =0 (1.47)

And
[xg, p*] =—i (1.48)

Other commentators are zero

x5, p*] =0 (1.49)
[x5 , X!(z,0)] = [x5 ,P'(x,0)] =0 (1.50)
[p* . X! (z,0)] = [p*,Pi(z,0)] =0 (1.51)
The commentator between the modes is given by
[al, @] =nn"8mm0 (1.52)

Note that the mode aé Commutes with all oscillators, so it is proportional to the
moment of the string according to the formula

18



Mass operator

The mass operator is defined by :

MZ — 2p+p— _ pipi

(1.54)

Where p~ is the canonical conjugate in the direction x* and p* is the canonical

conjugate in the directionx™ . These are connected by the generator [, through the

relation:

1l—2 -
P pp

The operator [, can be decomposed in the following form:

And to order the last term we write:

I~ IO,
> dhal, =5 (alyah+[ah, aly])
p=1

p=1
0%}

i i, L N ii
a_p ap + P (7”7 p—p.O)
p=1 p=1

N =

1w (D—2)
15

p:

The expression of the quantum [, becomes:

LR N i i (D_Z)Oo
lo = > %o + Z al, ap + > p (1.55)

19



This expression contains a divergent term, this term plays the role of the additive
constant mentioned before and which will be denoted a:

_ 0=

By introducing the zeta é(s) function:

= 1
)= ) —
2.5
If s=-1

E(-1) =142+

1
12

The equation (1.55) becomes:

- - (D=2
l——aoa(l, Z o L 4) (1.57)

So substituting (1.57) into (1.54) leads to the mass operator formula which we
write in terms of operators of creations and annihilations:

1 D -2
M2=E ( ) Zpap a (1.58)

Spectrum

Consider Equations (1.58) and determine the mass spectrum of bosonic string
states.

Ground state

—-1(D - 2)
2 _
M |P pr) = pr 24

|p rpT>

When |p*, p7’) is vacuum state with impulse p7

20



_-1(D-2)
a 24

2

Here, [p™, p7) Represent a tachyonic state.
1% level excited

After using the relation (1.52) which allows us to write the annihilation operators
right of the creation operators we find:

(D -2)
4

. 1 .
M?(a’ Ip*, p7)) = g[— 7+ 1] (a)’Ip*, 7))

For the bosonic string D = 26
m?=0

atfjlp+ , b7 ) Represents a vector state with spin equal to 1 and mass equal to 0
(photon state)

2"Excited level

The two excited levels are represented by two types of states:

(a7 af*|p, p7)).(atkIp*, p7))

(D -2)
4

M?(al at®|p*, p7)) = ;[— 7t 2] (ay’af*p*, p7))

1 .
=~ (a’ai*Ip*, p))

m? = —

al
(a+ja+k| + _’))re resents a state tensoriel with mass
1 @171p . Pr p

(D —2)
24

. 1 :
M2(a af*p*, p7)) = ;[— + 2] (a’at*Ip*, p7))

1 .
=~ (a’ai*Ip*, )

(a}k Ip*, p;’)) Represents a vector state with mass

21



3" excited level

The states are defined as follows:

(aai*

2( 1) o+
M?(a;” af

1
“aft|p* ,pr>)—;(a1“

atllpt, p7)), (a3’ at*Ip*, p).(ad Ip*, 7))

afllp*, p7))

. 1. ..
M?(a)’ af*|p*, p7)) = ;(a?ai’klpJ" pr))

+j 1
Mz(agjlp JpT>)_a_(a3]|p p ))

The three states represent states with mass.

Degeneracy

The degeneracy of each type of state regrouped in table below:

Level Type d'état Degeneracy
° p*. p7) 1
: a’Ip*, p7) (D-2)
’ a;’Ip*, pr) (D-2)
aHatkpt, pry | (D —2) #2222
’ ay’Ip*, p7) (D —2)
(D —2)*(D-2)

az a1k|P pr)

+
allat*aftp*, p7)

+(D—2)(D —3)
L O-D@ -3 -4

6

Table 1.1: Degeneracy of four first levels in open bosonic string in D-branes

22



Partition function

The study of the spectrum is based on the construction of the generative function
of the system. The degeneracy of states for each level of mass increases
exponentially, this degeneracy is obtained from a generating function called the
partition function, which is given by:

Flx) = z d(n) x™ = TrxV
N=0

Where d(n) is the degeneracy at excited level n.

For bosonic strings, the function is defined by:

FG) = ) dy(W)x
N=0

With

d (N) : Number of states for each level

(0]

N =aM?= Z nalal, i=2,(D-2)
n=1
This leads us to write:
flx) = Trxz na',al
n—1

We have:
TrA = Z(nlAln)
n
It is easily shown that:

xZn 121 1 na—nan

")

23



D-2

(0.e] (0.e]
!
n=1 =0

i=1n'=

m —_—
1 D-2

:1_[<1—x”>

n=1

The expansion limited to the close proximity of x = 0 gives:

fx)=1+(D —2)x+%(D —2)(D + 1)x?

© -3 -] ,
6

+(D—2)[2+(D—2)+(D—3)+ + o

The coefficients of this polynomial effectively represent the degeneracy of the
states for each mass level that were represented in (Table 1.1)

24



Chapter 2

Quantizing of open bosonic string on D-branes
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The annulations of the variations of the boundary term and the two-dimensional
integral term is required by the equations of motion for the universe's surface in
order to produce both the equations of motion and the boundary conditions,
which specify the points in space-time where the ends of the open strings are
connected. These spots collectively make up what is known as a Dirichlet
membrane, or D-brane. A D-brane of dimension p, also known as a Dp-brane,
propagates in the temporal direction and creates a volume of the universe of
dimensionp + 1.

By extension, we assume that we are dealing with a D25-brane that completely fills
space-time when we have Neumann boundary conditions on all of the coordinates.

2.1. Description of Model

The bosonic coordinates verify boundary conditions of the Neumann type for the
indices i = 2,....,p and Dirichlet type for the d-p transverse coordinates
X2=P*L..d-The coordinates of the string X!=%--P. called tangential, satisfy the
Neumann conditions at the two free ends of the string (type NN )

X'(x, 0)|g=0 = X'(x, gz =0,i=2,...,0 , (2.1)

The coordinatesX? satisfying Dirichlet conditions at the two extremities of the
string (known as of type DD) break down as follows

1
X%(t,0) =x*++2d z - «? exp(—int) sinno, (2.2)

n+0
These so-called normal coordinates satisfy the Dirichlet boundary conditions

X(1,0)|gz0 = X%(1,0)|ger = X%, a=p+1,..,d (2.3)

Notice that in equation (2.2) the moment has disappeared and therefore the zero

modes x§ = V2 « 'p% and the commutation relations are given by
[xe(z,0), % (1,0')| = 21 ' 8950 - o), (2.4)
Which will be equivalent to

[, bl = mEP S ynomn+#=0,mn=0, (2.5)

26



2.1. Mass operator:

In the calculation of [, we have two directions tangential and normal. Therefore,

we have two types of vibration modes.

= a a [ AL
Lo ocooc0+ Z Ly, + z«_pocp Zoc ot

+ E Xzl , (2.6)
p=1
Let's introduce the expression's usual order. For NN-type modes, we obtain
1 o
Ez tp = 5 Z(“—p p o, o))
=z Lp%p T+ an”6p -p,0
p=
1w . . -1
== ) o' o — , 2.7
2 Z 2 V) 27)
p=1
And for DD type modes
1 N a a — 1 N a a a a
E %p%-p = 35 (o0 + [ocp, 2, [)
— 1 N a a 1 N aa 6
=5/, %p%pt5 ) PN Opppo
p=1 p=1
RN (d-1)
- xd — 2.8
= 3 Z o -, (28)
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(d—-1)
l, = ocooco + z Lo, Z oc‘_‘pocg—T, (2.9)

Here D indicates the dimension of space where D =d + 1and D = 26
So

lp == ocooc0 + z Loy, Z x?,og — 1 (2.10)

The mass operator is given by

= =y ta)
o P
—1+ z zna,“{ian + z Z mat® a%, (2.11)
n=11i=2 m=1a=p+1
2.2. Spectrum
Ground state
1 oo D (%) d
MEp*pr) = —1+ ) ) naflah+ > > maiag |Ip*57)
n=1i=2 m=1a=p+1

= — —Ip*.pr) - tachyonic state ,

1°* excited level

This level contains two types of states

a:]|p+’ﬁ> 'j = 2""’p
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alpt,pr) . b=p+1,...d

We have
[a%,a’*] =0, [da}al*]=0 (2.13)
So
M2(a|p*,pr)) = 0 (2.13)
And
MZ(a*Ip*,p7r)) = 0, (2.14)

Both states are zero mass, except that, afi|p+,ﬁ) is a photonic state that will be
associated with the Maxwell field on the Brane while, ai%|p*, pr)is a scalar in
normal direction.

d .
2" excited level

States of this level are
@ lp*, ), (a2 lp*, 50, (aial’ |p*, 57)),
(afbaiclp*, o)), (a7 at*|p*, p7))

Y MZ(a) Ip*, o)) =
1 o0 :
= (-1 20, nait ah + S0 2h_,_ 1 mai® ad)(ay Ip*, pr))

1 - .
< (a;]|P+:PT>)+za1 a1a2]|p PT)"‘Zzaz a2a2]|p , D7)
+za1 a1a2]|p PT)+za2 a2a2]|p , D7)
p—

p
1 o i
== [(—az” p*.pr)) + z 2ai" (n + a;’aé)lp+,pT>]
i=2
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p b
1 . o i e e
== l(—az“lp*»m)) + Z 2a3" " |p*,pr) + Z 2a3'a;’ az“lp*.pr)]
i=2 i=2

1 - — ' ——
= o 1(=a’Ip*.pr)) + 20, Ip*. )]

1

= —al' o, (2.15)
—_— 1 —

2) Mi(az”Ip*, 1)) = = (a3, pr)), (2.16)
j — 1 j —

3)ME(afPay’ Ip*,pr)) = = (afal’ Ip*, p1)), (2.17)
—_— 1 —_—

4) M{ (afPaf Ip*,pr)) = - (ar’af®Ip*, b)), (2.18)

j — 1 j —
5)M*(a;’, af*|p*, p7)) = = (a)”, af*Ip*, 1)) (2.19)

3" excited level

1) M?(ay’Ip*.p7)) = = (243 Ip*, p7)), (2.21)
2) M2(a3®|p*, p7))=—(2a3*Ip*, p7)) (2.22)
3) M2(a$®a}’ p*,p7)) = = (2a8%a” Ip*. 77)), (2.23)
4) M*(ay” at)lp*,p7) = = (2a;” af<Ip*. b7)) (2.24)
5) M2(a;” af*)|p*,p7) = — (20,7 ai*)Ip*, 27), (2.25)
6) M?(a3® af®)lp*, b7} = - (2a3® af Ip*, p7)) (2.26)
7) M2(af' a;” at*Ip*,p7)) = = (2af'ay” at*[p*, p7)), (2.27)
8) M*(af® af® at?)|p*,p7) = = (2af® ai® af4|p*, p7)) (2.28)
9) M*(ai' a;” af®lp*,p7)) =  (2af* &’ af®|p*, P7)) (2.29)
10) M2(a}? a3 af?)|p*, p7) = = (2a3? a3 af'|p*, 7)) (2.30)

In ordinary case, there are only the vector fields, but here there are scalar fields
and vector fields.
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2.3. degeneracy

Let us now calculate the degeneration of each level.
Ground state

The fundamental state has no degeneration, so the number of states is equal to 1.

1% excited level
TIp*,pr) = <= (d—p),
af'lp*,pr) >y = (p—1),

nd .
2  excited level

d—p)(d—p—1
(atoat? Yt 7) — fo = (@d-p)+ PP g

{at'ai®}lp*.Pr) » Bv= p-D+{d-p)(p-1),

3rd excited level

az* d-p+@-pP+@d-p+d-p)d-p-1)
a3 af® tlptpr) - vs = L@d-pd-p-Dd-p-2) ,

a;—aarba+c 6
a3’
ajait d-p)d—p—-1)

gt lp*or) > vw=@-D+3d-p@-D+@-1 > ,

ka;-ia+aa+b}

+i ]
{ " }lp P2 v =@ -DP A -pp -1+ (d-p)

p—D@-2)
5 ,

-DE-2)pP-3)
6

ai a1 a1k|p P2y =@-D+@-DpE-2)+

For the first three excited levels total degeneration is grouped in the following
table
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1 1 7 1
1 Xpor=d —1 Btot = §d+§d2—1 Yeor = _gd+gd3+d2

Table 2.2: Degeneracy of first three excited levels in open bosonic string on a D-

branes
With
Kot =KXg+Xy
Btot = Bs + By + ﬁTz
Ytot =Vs T Yv + VY1, T V1,
And

S : Scalar, V : Vector , T,, T3 : Tensors

2.4. Partition function

! /
f(x) et x(ni,n(lllNi'i'Nalni,nla)
ning
00 o0
§ § I
= [x(n{,nélz;’?:lz na;‘;lahln.,na)x(n MNa Zn 1Za p+1nan an|n na)]
n;=0,ng=0

-{[1713: ““HH [ 5

n=1 i= n=1a= p+1n =0
—11 (1 - x”) 1 (1 - x”) (2:31)
n=1 n=1

The development of f(x) extended to x = 0 given

1 1 7 1
f(x):1+(d—1)x+(§d+§d2—1>x2+<_gd+gd3+d2>x3

+ oo (2.32)

The coefficients of this function are identical to those in (Table 2.2), proving the
coherence of model.
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Chapter 3

Open bosonic between two parallel Dp-branes
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3.1. Description of Model

The decomposition of DD type coordinates is written as follows

o 1
X%(t,0) =it + (&g — x1) p + V2 « Z - «? exp(int) sinna,

n+0

These coordinates satisfy the Dirichlet boundary conditions

X(1,0)|g=0 = %, XUT,0)|g2r = X5, a=p+1..d

brane 1 brane 2

Figure 3.1: String between two parallel Dp-branes.

(3.1

(3.2)

The constantsxy and x5 fix only D-branes and the separation X5 — X represents

the distance between the two ends ¢ = 0 ando = [1].

3.2. Mass operator

The mass of a bosonic excited state is given by

X% — %%\
2 _ 2 1 2
M5 = <—2T[0C' ) + M;,

~a

—a_ 2
Or (x—zzn::l) is the gap of the mass operator in the positive direction.

!

3.3. Spectrum

(3.3)

The string state takes the form |p*,pr; [i,j]) or [ij] is the sector of the string on

the two branes so thati,j = 1,2.
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Now and for the continuation we consider only the sector [12]

Ground state

_ RN _
M3 1p*, 7 [12]) = [( L) 4 M%] [p* 7 [12])
— —_a\ 2
_ (X=X L+ —.

If the separation between the two branes disappears, the usual tachyonic state is
obtained. If the two branes are separated by the following particular distance:

g -zl 1
2w <’ v oc!

Then, in this case, one obtains a state which represents a scalar field without mass

- |%¢ — 7% = 2m/o! (3.5)

(elimination of the tachyon). For a large separation, the ground state represents a
scalar field with mass.

st .
1 level excited

The state a;”|p*,pr; [12])

—_a\ 2
_x{l

= ) (a|p*,p7: [12]) (3.6)

21 !

M3 (o’ Ip*,prs [12])) = (

The state (a;'j ™, pr; [12]))represents a vector state with mass.

. 7§ — xf\* _,
M3(ai®|p*,pr; [12]) = ( ;n 001) (afIp*,pr; [12])) (3.7

The state (a{’b ™, pr; [12]))represents a scalar with mass.

2" |evel excited

We characterize five types of states:

X — X1
2m o<’

) Z 9 .
MZ(a;J|p+,ﬁ; [12])) = [( ) +E] (a;]|p+,ﬁ: [12])), (3.8)
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M2(a;b|p+’ﬁ; [12])) = l(
M2(a)’ af®|p*, pr; [12]))=
Mz(afbafclpJ“,ﬁ; [12]))= X

M2(afPaf*|p*, prs [12]))=

rd. .
3 “level excited

M?(a} |p*, b7 [12])) =

M?(a3?|p*,pr; [12]) =
M?(a3bal’ |p*,pr; [12]))=
2( ) L HCpat =
M?*(ay’ ai¢|p™*, pr; [12]))=
M2(a} af*|p*, pr; [12]))=

M?(a3”af|p*, pr; [12]))=

xg — x¢

2
+
21 !’ )

+=| (a af?p*, prs [12]))

M2(at'a}’af*|p*, pr; [12]))

2( +b +C +d
M (a1 a; aq

_ _an 2
Xy — Xy
2w !

Ip*, pr; [12]))

+—|(2at?afcatp, pr; [12]))

1
;] (az®Ip*,pr; [12])),

+=| (afaf<|p*, pr; [12]))

+=| (af’at*|p*, pr; [12])

(a |p*,p7; [12]))

(a®p*, pr; [12]))

(azPal |p*, prs [12]))
(a at|p*, Br; [12]))
(a3’ at®|p*, pr; [12]))

(az®af“Ip*, pr;[12]))

+—|(2af'a)’ at*|p*, pr; [12]))

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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M?%(afia)’af?p*, pr; [12]))

— _ 2
- [(BR) 2 (2afia” at?|p*, pr; [12])) (3.21)
2w ! o’ 1 %1 "1 » P15 .
M?(at’af at!|p*, pr; [12]))
— _ 2
X3 — xf 2 —
- I( 27 o’ ) +§] (2aiafaf'|p*,pr;[12])) (3.22)

Noticed :

In this case, the operator N is same as when a string is considered on a Dp-brane
(last chapter), this lead to the same partition function and degeneracy, except that
here the ground state is defined by |p™, p7; [12]) .

3.4. Virasoro algebra

Let us consider the Virasoro generators decomposed according to the types of
coordinates NN, DD

LEOt = [NN 4 1P (3.23)

Remember that Virasoro operators are defined by:

1 ,
LNN = Ez U ,n#0, (3.24)
pEZ
pp _ 1 a
Ly" = EZ An—pQp.a ,n+ 0, (3.25)
pEZ

The calculation of the Virasoro algebra requires the determination of the following
commentators, [LNN, LNN]and [LEP, LPP](all mixed switches are zero)

[L2°, L] = 0
First, we will calculate the commutation between the Virasoro operators and
the modes a,, [1]

) 1 . ;
[l @l =5 ) [@hopapich]

PEZ
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= Ez:(oc,‘l_p lap, ] + [ah-pai |ap:)
pPEZL

Using the relation (1.31) we find:
J 1 i J ij
[ln' Am ] = Ez(pan—p6p+m,0ni + ap,i(n - p)gn—p+m,0n )
pEZ
= _mar];+m

Now, we are going to calculate the commutation between the Virasoro operators.

1 i
[, L] = Ez [lnr “m—p“p,i]

DEZ

1 . '
- Ez(“;n—p[lw api| + L, a7Jn—P I
PEZ

1 . .
= EZ(_parln—panﬂo,i - (m - p)arll+m—pap,i) (3.26)

pEZ
By replacing (p) by (p — n) in the first term, we obtain:
L, Lyl =(m—m)ly, m4+n#0 (3.27)

This commentator is called Virasoro’s algebra but with a possible quantum
correction in the case where m + n# 0. Such a correction has, in the most general
case, the form of function of m, we therefore obtain:

[In,Im] = (n —m)l,,1,, + A(M) Gpim (3.28)
To determine the constants we calculate the following mean values (0|[l,1,]|0)
And (0|[L;; I_5 ]]|0) (see annex B) wefind:

-1
12

[lrl\llN: lrI\rllN] = (Tl - m)lrl\ll-li-vm + n(nz - 1)611+m,0 (329)

By the same way, we obtain:
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d —
182, 122) = (n — m)igh, + <=0

n(nz - 1)571+m,0

12
This lead to the total algebra:
(d-1)
[lrtht: lrtr(l)t] = (Tl - m)lf{fm + 12 n(nZ - 1)611+7n,0

(3.30)

(3.31)

Compared to the usual Virasoro algebra, and by substitution(d — 1) - (D — 2)

The central term is unchanged and the model rest coherent
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Chapter 4

The open bosonic string between two parallel Dp-Dg-
branes
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4. The open bosonic string between two parallel Dp-Dqg-branes

In this part, we examine open bosonic string between two parallel Dp- and Dg-
branes where pand q are integers satisfying 1 <q < p < 25(Figure 2) [1].

In addition of the NN and DD coordinates, we have a third type of coordinates are
introduced called Neumann-Dirichlet ND, which we will note

X" or r = q+ 1,p knowing that the coordinates NN, the index i = m and for
DD coordinates DD the indexa =p + 1,d

YN

Figure 4.2: String between two parallel Dp-, Dg-branes

The figure above illustrates that the coordinates along the x direction are
tangential coordinates of type NN, the coordinates along the y direction are mixed
coordinates of type ND (N at 0 = 0 because y is tangent to the D2-brane and D at
o = m because y and normal to the D1-brane) and the coordinates following the
direction z are coordinates normal to bothbranes therefore of type DD: Here, the
position of the Dp-brane is specified by the coordinates E and the Dg-brane is
specified by the coordinates x%and x}

In the case of mixed ND coordinates, the boundary conditions are
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oxX"
d|o

(to)| =0, X' (0,0)|o=g =%} (4.1)
o=0

The particularity of the mixed boundary conditions leads to an appropriate mode
expansion given by the relation.

— 2 n n
X"(t,0) = x5 +iv2a’ Z — «n exp(—i =T) cos (—a) , (4.2)
n 3 2 2

NE€Zodd

Where the summation over one only covers the odd integers, which implies half-
integer indices for the vibration modes .

However, the expression of

2 n
X"(t,0)+ X"(1,0) =V2a’ Z - X7 exp(—iE(T + o), (4.3)
NE€Zodd 2
Remains identical to that of the components a or i so that from the commutator
[X"(1,0),X5(1,0")] =i(2n «")8(0,0")8™ (4.4)
We demonstrate the relationship
T S m s
o, & | = = 0" Oman,0 (4.5)
2 2
4.1. Mass operator
The mass operator receives contributions from all  coordinate

types:NN, NDandDD. The expression of the product 2p*p~takes the form:

0o o
1 1 L L
2p"p” = 5| ' PP+ 5 Gog+ Z Xpn + ayy + Z *Lp % + dpp
n=1 n=1

+ z " m i+ aynp |, (4.6)
mez},, 22
Where
(g—1)
= — 4.7
ann » o4 ) (4.7)
—p

= — 4,

App 24 (4.8)
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It remains to calculate the contribution ayp, from the following development

1 0 o0 1 o0
- Z " m Xm = z " m Cm+ = Z [ocfm, ocrm]
2 + 2 2 T 2 2 2 4 2 2
= z o« m ocm+ (p q) z m, (4.9)
mez} mez},,

The summation over the odd integers is calculated as follows

2 zn+z

mez}, mezt,on
(oe]
RO
MEZ544 n=1
(0]
2, :
- n=— ) n=-——
12
mez},, n=1
So
1 (o'e] (o'e]
> Z " m X = z " m m +—(p —q)
2 2 2 + 2 2 48
[e0]
- 2 2
mez},,

Finally we obtain the expression of the mass operator in the following form:

e (B S| N
= (W) o ( ——(d - 1) +—(P Q)> (4.11)
Or
o q p
N=ZZna,ﬁ+a§l+ Z z —a£+ T+z z ma%ta%,, (4.12)
n=1i=2 kez;'ddr:q+1 m=1a=p+1
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n=1
p
k r+ r
2 2

4.2. Spectrum

We propose to determine the nature of the physical states (scalar, vector, and

tensor). These states are represented as follows

Ground state

i = () L L L ns 2ol wae
p.Prr= 24 16 P ~D|(P . Pr -

“I

This scalar is generally massive, but can be tachyonic or massless depending on the
separation between the two branes and the value(p — q).

Level 1
M2 (at*|p*, 7))
2

— ng — fg)z L1 [—%(d -1)+ 1—16(17 —q) + %]} (a%“lpﬂp_r’))

zn “/ “I

(4.15)

Level 2
1) M?(af’|p*.pr) =

e A ! 1 2( 4 +b |t o
( ) +_[_ﬁ(d_1)+1_6(?9—@+1] M?(af®|p*,pr))(4.16)

M,

2) M2 (ai*ai'Ip*,p7)) =
2 2
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{(xZTC_Of’1> [__(d 1)+ —(p qQ + 1”( i agt|p+,ﬁ)> (4.17)

3) M?(a}’|p*,p7)) =

% - %) 1 +j —
{(xzzn 03:1) +§[——(d 1)+—(p q)+1]}(a1’ Ip*,Pr))(4.18)

Level 3
—a_ -ay 2
1) M? (afbafslp+,ﬁ>) = {(—xjn;,l) +$A} (af”afslp+,ﬁ)), (4.19)
2 2
+s _ (B +s
2) M? a1 a1 Ip*. 1)) = Py— +°<A a1 a1 p*, pr) (4.20)
2 (a5t 523 = (BN L 1 A gt51t 5o
3) M*|as”|p*,pr) | = (m,) +5 A\ as”|pT,pr) ), (4.21)
2 2

a_—a 2
4) M? (ai‘sa;'tai-ulp+,ﬁ>) = {(Xzzn;,1) + %A} (aISaItai_ulp-l_,ﬁ ) (4.22)
2 2 2

1 1 3
AndA__Z(d_l)—l'E(p_Q)"'g

Level 4
ca_ zay 2
1) Mz(a;b|p+,ﬁ)) — {(xzzn;c’1) + %B} (a;b|p+,ﬁ)), (4.23)
ca_ zay 2
2) Mz(afbafqp*',ﬁ)) = {(22;51) + %B} (afbafchﬁ,ﬁ)), (4.24)
. _a_ ax 2 .

3) MZ(a;J|p+’ﬁ>) — {(Xzzn::;) + iB} (a2+]|p+,p7)), (4.25)
2 MZ(aI"afﬂptﬁ)) = {(Z2) 4 28} (o ot 1), (4.26)

TN
5) 02 (af*atat ol 7)) = {(5mf) + 58} (ot a1, )
2 2 2 2 2 2 2 2
(4.27)
—a__-as 2
2 (gFsattipt poy) = (2224 1 +s +t), 4 =
6) M (a% ag lp »pT)) —{( me,) +o<’B} (al as |p ,pT)> (4.28)

2 2
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7) M? (afjafsafﬂpﬂﬂ’ ) —
2

2

()
2moc!

8) M? (afbagsa;ﬂpﬂﬂ’ ) —

2 2
1 1
And B——Z(d—1)+1—6(p—q)+2

4.3. Degeneracy

Level 1

fé‘—fi‘)z 1 b
{( 2m! + oc! B} (al

ai’lp*t,pr) > as =P —q)

2

Level 2

+ % B} (afjafsa” Ip*, ;Tf)),

1
2 2

+s _+t. .+
ai:"ai |p*,pr );

2 2

P-9Pp—q-1)

{a{bafsaft} lp*.pr) > Bs=®—q)
2 2

al|p*,pr) - By = (q — 1).

Level 3

+s +t _+u

2

p—-q+

)

(4.29)

(4.30)

P—-pP—q-1)

2

+

{afbafs,al ai‘ai ,afu}|p+.ﬁ)—>ys= (P—Q)(P—q—l)(P—q—2)+

2 2 2 2 2

alaflpt, o) = v = (= D@ - q)

2

Level 4

( aj? )

ajlate

+s _+t_+u _+v
a as a1 ax

<z 2 2 2

. +p—q)+
> p™, D7) > 65 =1

d-p-9+@®—9

(r-q)(p—q-1)

6

( (d_p)+(d_p)w

2

(r-)(p—q-1)(p—q-2)

2

+

+s 4+t + P-9)p-q-1)(p-9-2)(p—q-3)

6

as as

2 2
+b
1

+s _+t
LS R

a a

2 2

\ J

24

+(p — q)?

| +@-p)p - @) + (d — p) LLED

\
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( \

+Jj
a,

' P-D@-q-1
!af’afsaftllpwwav:{<q—1>+(q—1>(p—q>+<q—1)p L }
afjafb (g—1)(d-p)

(q—1(q-2)

ottt Ip* By or, = (g = D+

For large separations, the mass of each level is always positive, and the states are
scalars or vectors according to the different types of indices. in addition, we

haven't a massive gauge fields. The number of states for each level is grouping in
(table 4.3)

0 1 2 3 4
Xr= (0 —q) | Brot Ytot Stot
tor= P 4 gl S SO SR YOO NS SN D S
= >P"—Pq | =3Pp—34-35P = P t5d+5dq
11 1 1 1 83
I N2 A2 a3 _ a2
> +54 +pg-5a+gp 5dq +5,p* —dpg
1 1 1 7 1 5
—g—1 ——p? —pg? _ .3 = 433152
54 SP 4 +5pq S 134 T3P
1
3 1 1
——q°+dp—dgq 4+ g+ _—pt
6 241 T 2P

21, 1
gpq gpq

1 2 2_3 2
+6P q° —zPq
23 77
T+ 54— 13P4
71
12
1. 9
+odp

1,1
+5q° +5d*t Sdp

Table 4.3:Degeneracy of first four excited levels in open bosonic string between
parallel Dp- Dg-branes
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4.4. Partition function

It is now a question of confronting the results of the table above with the function
of partition to check the coherence of this model.

f(x) = TraV = 2 M MG IN Nyt ol nf. ) (4.31)
ninyng

[ © q 0o 1 © q o)
[0S0 I 1T ST 1T 3w

| n=1 i=2 n{=0 | nez qaT=q+1 n,.=0 n=1a=p+1n/=0

=2 1 q-1 . q-p
16T T ) T

n=1 1=an ngz;dd 1—x2 n=1 1=xn

- 1 q—-1 o 1 q-p o 1 q-p

= Hn=1 (1_xn) Hn=1 (3> Hn=1 (1—x”) (4.32)

Where the product over odd integers is reduced to a product over integers after a
few adjustments.

Let's do a development of f (x),by asking X = v/x
fFO=1+@-OX+(d+5p*+3q> —5p+3q-pg—1)X* +
(Gp*-2a® —3a% + —3pPq+—3pa® —3p* +5p —5q +pq — +dp -
dq) x* + (- 1+iq4+ip4—%p +=q3—=pg® —=pPq—p+-d+
~dq? —2dq + 2 p? — dpq +2p*q +5p?q* —2pa* + S q - —pq+—q* +
~d? +2dp +5dp?) X* ... (433)

The coefficients of this polynomial correspond exactly to the degrees of
degeneracy obtained in (Table4.3).

If p = g we obtain
fOO=1+(d- DX+ (Sd+3d2 = 1) X* + - (4.34)
And when d = 25 the partition function is that of an ordinary string

f(X) =1+ 24X? 4+ 324X* + - (4.35)
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General conclusion

The purpose of this memorandum is the study of open bosonic string in presence

of D-branes. Three configurations of D-branes are given:

First is open bosonic string on a D-branes involving coordinates of type NN
and DD where only those of type NN take a Lorentz indices. The study of the
spectrum made it possible to show the consistency of this model, as a result
the tachyonic state is always present, on the other hand there are new types
of states which, that is possibility of both massless and massive scalar states
and massive vector states.

The second is open bosonic string between two Dp-branes in parallel also
implying the same types of coordinates than previously, to be specific the
NN and DD types, as well the study of the spectrum has made it possible to
prove the consistency of this model, except that now for this case, the
distance between the two branes gives a positive contribution to the mass
operator which leads to the possibility(with a particular choice of this
distance) to definitively eliminate the tachyon, in addition the disappearance
of massless vector states. The Virasoro algebra was derived and the central
term is similar to their in ordinary case.

finally The open bosonic string between two Dp-Dg-branes in parallel, now
implying in addition to the coordinates of the NN and DD type new mixed
coordinates ND type which (like the DD case) is not a Lorentz index whereas
the mode indices are now half integers. In addition to the positive
contribution to the mass operator due to the distance between the two
branes a second positive term reliant on the parameters p and ¢ (in
particular on the number of ND type coordinates) gives a second
contribution to the mass.
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Annex A:

Calculation of some masses

2" excited level

co P
1 . i N
Mz(al a1k|P T)) =< -1+ z Zna:{‘ ah + 2 2 may’ any, (afjafklp"',pT))

n=0 i=2 m=0a=p-1

1 —
~ [(a1+1 ™, pT))"'Zz ,ar a1a1 a1k|P ,Pr) +

d +k
a=p- paf® a1a1 a1 Ip* PT)]

:i[(afj ™, ﬁ>)+21 ,ar a1a1 a1k|P ,Pr) +

d +k
a=p- paf® a1a1 a1 Ip* PT)]

By using of (1.52), we get

M?(a} afk |p+,1ﬁ>)
= —[(~a’at*Ip*, 7)) + af'nYai*Ip*, 7)

+af” a1 a1a1k|p PT)]
[(af’af"lp ) + ay’ at¥lp*, 7Y + afial’ (Y + af’al) Ip*, p7)]
(a1 af*|p*, 7)) (4.1)
3" excited level

1) M*(ay’ |p*, 7)) =
_( 1+Zn OZ znan an"'Zm OZa =p— 1ma7-|;1aagn(a;]|p+'ﬂ)))
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d
=—, —a, +Za1+‘aia3 +z:2a2 aba, +z:3a3 a3a3 z a1a3

a=p-1

d d
+ z 2a;%adal’ + Z 3at?atal’)|p*, pr)

a=p-1 a=p-1

= ( ai’|p*, 7)) + 3ai (Y + a}’ ab)Ip*, pr) + 3aal atlp*, pr)

+i t+Jj

= ( a3’ Ip*,pr)) + 3a3inY|p*, pr) + 3atial’ allp*, br)
= ( al’|p*,p7)) + 3ai|p*, b7)

1 .
= ;(ZG;J|P+;P_T)>),

2) M%(af! a}’ af*|p*,p7)) =

(A.2)

_( 1+ X5 12p , Nay an+2¥°i’=122 _1m agy am)(a a1 a1k|p+ ﬁ))

p

:_( ai’ “1 a1k|P PT))"‘ZCH ajai’ a1 a1k|P ,P1)
i=2

d
+a +k
+ Z aj®af aj’ “1 ai*|p*,pr)
a=p-1

p
1L
_ j 4k —s +k
A ital aj |P+»I7T)+za1 ajai’ a1 ai“lp*,pr))
i=2

p

1 L . . _

= = | ati el ai“p*. 1) + ) ati(niatiat) afat*p*,7)
i=0

1
= —(—aj? a1 a;

tlp*
OC’

+i o +i

1 L,
:@(airlafl(ﬂl]‘Fa al)a1k|p pT))

p*,pr) + aj’ al a1k|p ,pr) + aflatlal a1 a,

*lp*.pr))
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1 )
o (e’

1 )
o (e’

1 )
o (e’

+. — - I +. - —_
a1]a1rk Ip*, pr) + aIlaIla1lallaIk Ip*, pT))

+j — i _+j i i —
a1]a1rk|p+:pT) + aIla1]aIk(n1k + airkall)|p+:pT))

+' - - + . . —_ - +' » . N
a;at*|pt, p7)+atial ai'n*|p*, pr) + aia’ alat*al |p*, Pr))

1 _
— (2at'ay’al*1p*, b)), (4.3)
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Annex B

Calculation of mean values
Calculation of(0|[[;,1,]|0)
Note that |0) being a physical state
[,10)=0,n=0 (B.1)

Let's then calculate

<0|[l1 ) l—1]|0> = <0|l1 l—1|0)

= [li_;0)I” (B.2)
1O
L4l0y =5 )" aly ya00)
n=—oo
-1 co
1 i i i
= E Z O 1nln; t+ 0 1Ag; + Z A_1-nln,i |0)
n=—oo n=1
1/
= 2 Z 14 @i |0)
n'=1
1O
= E z A X1 4ni |0)
n'=1
=0

So

(0|[ty,1_4]|0) =0 (B.3)
From the expression (3.28) we have :
[l 1-1] = 21, + A1) (B.4)
And from equation (1.44), we find that :

A1) =0 (B.5)
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Calculation of(0|[l, ; [_, ]|0)
(0[[Lz, 1-2]]0) = (OlL,1_10)

(0]

1 .
Lal0) =5 ) aiynayl0)

n=—oo

-2 0
1 . . . .
== E( Z (xl_z_nan’i + (Xl_la_l’i + al_zao’i + Z al_z_nan‘i> |0>

n=—oo n=0

-2
1 ) .
= E( E Xyt 0(1—105—1,1') |0)

n=—oo

= Eai—1“—1,i|0>

So:

(Ol[L5, 1_5110) = |11_,10)|*

2

L,
= |§0(—1a—1,i|0)|

1 . :
= Z(Olaial,i“iﬂ/{—l,jlo) (B.6)
Using the relation (1.31) to order the modes, we get:
1 S ,
(0l[lz, 1-2110) = - (0]ai (o sy j + )y 50)
1 . , . .
= Z<0|[“i“i1(“1,j“1i +mi;) +nf(a-yjai +1;)]]0)

1 -
=5 {0[n{nj[0)

—1
=(p2 ) (B.7)
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(0[[Ly, 1_,]10) = (0| (4, + A(2))|0)
= A(2)

(-1
2

From the relation (1.41) and the results (B.7) and (B.8) we obtain :
C3 == _C1

(-1
12

(p—-1) (d-p)
b~z

For D

Virasoro’s algebra then takes the following form:

d-1)

404, 1597] = (n = )l + 12 " = Dénimo

(B.8)

(B.9)
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