CRC Mathematical Modelling Series

Mathematical
Modelling

of Solids with
Nonregular
Boundaries

/ ]
X1

A.B. Movc!
. Movcl




Contents

Preface

1 Introduction
1.1 Equations of linear elasticity
1.1.1 The Lamé system. Hooke’s law
1.1.2 Formulation of static boundary value problems . .
1.1.3 Compatibility conditions
1.1.4 Two-dimensional models
1.2 Cracks and inclusions
1.2.1 Singularity of stress at the crack front
1.2.2 Interface conditions for elastic inclusions
1.3 The Pélya-Szego matrix. Anti-plane shear
1.3.1 Anti-plane shear of a finite elastic region with a
small inclusion
1.3.2 Auxiliary boundary value problems in an infinite
region
1.3.3 Definition of the Pélya—Szego matrix
1.3.4 The energy evaluation
1.4 The concept of the asymptotic expansions
1.5 Exercises

Modelling of Cracks and Thin
Inclusions in Elastic Media
2.1 Cracks with smoothly closed edges
2.1.1 Two-dimensional cracks
2.1.2 Asymptotic representation of the stress-intensity
factors
2.1.3 Potential energy
2.1.4 Examples
91.5 Three-dimensional crack with smoothly closed




Studies in Advanced Mathematics

Thin rectangular holes

2.2.1 Formulation of the problem

2.2.2 Asymptotic approximation of the solution

2.2.3 Ciritical stress. Fracture

2.2.4 Longitudinal load of a plane with a rectangular
cavity

Formation of a Griffith’s crack in a nonuniform

stress field

2.3.1 Elastic plane with a crack in a nonhomogeneous
stress field

2.3.2 Analysis of the crack formation in an elastic
domain

Generalization of the Novozhilov problem

for stationary propagating cracks

2.4.1 Novozhilov’s criterion of fracture

2.4.2 A crack propagating with a constant speed

State of stress in a plane with a thin elastic

inclusion

2.5.1 Specification of the problem

2.5.2 Leading order terms of the asymptotic expansion . 92

2.5.3 Second-order approximation of the matrix

displacement field
2.5.4 Asymptotic representation of v(1) near the
ends of the inclusion
2.5.5 Boundary layer
2.5.6 Justification of the asymptotic expansion
2.5.7 Physical interpretation of the solution
2.6 Exercises

Domains with Conical and
Cylindrical Boundaries
3.1 Stress-strain state in a neighbourhood
of conical inclusions and cavities
3.1.1 Spectral problem
3.1.2 Boundary layer
3.1.3 Second-order term A,
3.1.4 Examples
3.1.5 Conical cavity in an elastic half-space
3.1.6 Half-space with a cylindrical cavity
3.1.7 Asymptotic approximation of the stress-strain
state in 2,
Asymptotics of singularity exponents at the tip of
an angular crack 2




3.2.1 Limit cases a — 0 and a — 27

3.2.2 Variation of the eigenvalues for a € (0, 27)

3.2.3 Numerical results

Equations of linear elasticity in thin domains

3.3.1 Anti-plane shear of a thin rectangular region
with mixed boundary conditions

3.3.2 Plane strain state within a “thin” region

3.3.3 The homogeneous Neumann problem in
an infinite strip

Asymptotic analysis of the longitudinal jump in

adhesively bonded joints

3.4.1 Formulation of boundary value problems

3.4.2 Splitting up procedure

3.4.3 Leading part of the displacement in the case of
anti-plane shear

3.4.4 The case of plane strain

3.4.5 Nonsymmetric layered structure. Bending

Lekhnitskii’s problems

3.5.1 Particular solutions of the Lekhnitskii problem

3.5.2 Polynomial solution of the homogeneous
equations in a half-space

3.5.3 Auxiliary two—dimensional problems

3.5.4 Solutions of the homogeneous boundary value
problem in a half-space with the vertical
cylindrical cavity

3.5.5 Correct formulations of the Lekhnitskii problem

3.5.6 Vertical half-space with a cylindrical cavity

3.5.7 Remarks on a different orientation of the gravity
field

3.5.8 Corollaries
Asymptotic interpretation of solutions to
Lekhnitskii’s problem
3.6.1 Gravitating ball with a shaft
3.6.2 Circular layer with a shaft

3.7 Exercises

Stress—Strain State in the

Vicinity of Sharp Inclusions

4.1 Asymptotic behaviour of the stress-strain state
in the vicinity of sharp defects in an elastic body
4.1.1 Two-dimensional cusp-shaped elastic inclusions . .
4.1.2 Two-dimensional logarithmic narrow inclusions . .




Studies in Advanced Mathematics

4.1.3 Asymptotics of elastic fields near narrow
wedge-shaped inclusion

4.1.4 The state of stress and strain in the vicinity of
a three-dimensional cusp-shaped elastic inclusion .

4.1.5 The stress-strain state near the tip of an
absolutely rigid three-dimensional
inclusion inserted into an elastic body

On the stress concentration near soft and

rigid cusp-shaped inclusions

4.2.1 Motivation and numerical experiment

4.2.2 Governing equations

4.2.3 The limit boundary value problems

4924 Asymptotics near the cusp

4.2.5 Scaled coordinates near the tip of the cusp

4.2.6 Boundary layer in a neighbourhood of the
soft inclusion

4.2.7 Special solutions of the homogeneous Neumann
problem in an infinite strip of variable thickness

49.8 Boundary layer for the bending mode

4.2.9 Second boundary layer in the vicinity of
the relatively rigid cusp-shaped inclusion

4.2.10 Uniform asymptotic approximation

4.3 Exercises

5 Integral Characteristics in Elasticity Problems for
Nonhomogeneous Bodies
5.1 Integral characteristics of elastic inclusions and
cavities in two-dimensional theory of elasticity
5.1.1 Governing equations
5.1.2 The Pdlya-Szegd matrix of an elliptical cavity . .
5.1.3 Illustrative examples
Vibration of elastic solids with small holes
52.1 An eigenvalue problem in a two-dimensional
domain with a small hole
5.2.2 Vibration of an elastic plate with a small hole . . .
5.9.3 Flexural vibration of a plate
Quasistatic interaction of a crack with small
defects
5.3.1 A semi-infinite crack in a plane with a
small defect

5.3.2 Interaction of a semi-infinite crack with
a composite strip . . . . . e e e W Bk ow o




5.3.3 Semi-infinite crack with the tip located within
the composite strip
5.3.4 Boundary layer near the crack tip
5.4 Exercises

Appendix

References

Index




