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Abstract

This thesis presents a comprehensive study on the modeling and numerical simulation of
Fluid-Structure Interaction (FSI) using the Smoothed Particle Hydrodynamics (SPH) method.
The main focus of the dissertation is on the interaction between a fluid and granular material,
where the granular material is described using different non-Newtonian rheological models,
such as the Bingham and Casson constitutive laws. This work presents a thorough literature
review of the current state of the art in FSI modeling and simulation, with a focus on the
SPH method and its applications in granular material modeling. The various rheological
models used to describe the behavior of granular materials are also discussed in detail.
One of the key contributions of this research is the generalization of these non-Newtonian
rheological models to avoid numerical discontinuities inherited from the original laws. This
is achieved by introducing a new approach for the implementation of these laws into the
SPH governing equations, which significantly improves the accuracy and robustness of the
simulation results. The implementation process is described in detail, including the equations
used and the numerical methods employed. The validity of the implemented models is
then tested through a series of numerical simulations involving the interaction between a
fluid and granular material. The simulation results are compared to experimental data and
results from other numerical methods. The thesis presents a detailed discussion of the results,
identifying the advantages and limitations of the SPH method for modeling fluid-granular
material interaction. The dissertation also includes a sensitivity analysis of the numerical
parameters used in the SPH method, to understand the effect of these parameters on the
simulation results. The research demonstrates that the SPH method can be successfully used
to model the interaction between a fluid and granular material, and that the generalization of
non-Newtonian rheological models, such as the Bingham and Casson laws, can improve the
accuracy and robustness of the simulation results. The thesis provides a valuable contribution
to the field of fluid-structure interaction modeling and simulation, and is expected to have a
significant impact on future research in this area.

Keywords: Fluid-Structure Interaction, Granular materials, Bingham Model, Casson
Model, Modeling and numerical simulation, Rheology, Smoothed Particle Hydrodynamics,
Validation and Applications.



Résumé

Cette these présente une étude détaillée sur la modélisation et la simula-
tion numérique de I’Interaction Fluide-Structure (IFS) en utilisant la méthode
Smoothed Particle Hydrodynamics (SPH). L’accent principal de la dissertation
est mis sur I’interaction entre un fluide et un matériau granulaire, ol le matériau
granulaire est décrit en utilisant différents modeles rhéologiques non-newtoniens,
tels que les lois constitutives de Bingham et de Casson. Ce travail présente une
revue approfondie de I’état actuel de 1’art dans la modélisation et la simulation
de I’'IFS, en mettant I’accent sur la méthode SPH et ses applications dans la
modélisation des matériaux granulaires. Les différents modeles rhéologiques
utilisés pour décrire le comportement des matériaux granulaires sont également
discutés en détail. Une des contributions clés de cette recherche est la généralisa-
tion de ces modeles rhéologiques non-newtoniens pour éviter les discontinuités
numériques héritées des lois originales. Cela est réalisé en introduisant une nou-
velle approche pour I’'implémentation de ces lois dans les équations gouvernant
la méthode SPH, ce qui améliore considérablement la précision et la robustesse
des résultats de simulation. Le processus d’implémentation est décrit en détail,
y compris les équations utilisées et les méthodes numériques employées. La
validité des modeles implémentés est ensuite testée par une série de simulations
numériques impliquant I’interaction entre un fluide et un matériau granulaire.
Les résultats de la simulation sont comparés aux données expérimentales et aux
résultats d’autres méthodes numériques. La theése présente une discussion détail-
1ée des résultats, identifiant les avantages et les limites de la méthode SPH pour
la modélisation de I’interaction fluide-matériau granulaire. La dissertation com-
prend également une analyse de sensibilité des parametres numériques utilisés
dans la méthode SPH, afin de comprendre 1’effet de ces parametres sur les résul-
tats de simulation. La recherche démontre que la méthode SPH peut étre utilisée
avec succes pour modéliser I’interaction entre un fluide et un matériau granulaire,
et que la généralisation des modeles rhéologiques non-newtoniens, tels que les
lois de Bingham et de Casson, peut améliorer la précision et la robustesse des
résultats de simulation. La thése apporte une contribution précieuse au domaine
de la modélisation et de la simulation de I’interaction fluide-structure, et devrait
avoir un impact significatif sur les futures recherches dans ce domaine.

Mots clés: Interaction Fluide-Structure, matériaux granulaire, Modele de
Bingham, Modele de Casson, Modélisation et la simulation numérique, Rhéolo-
gie, Smoothed Particle Hydrodynamics, Validation et Applications.
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Introduction

Fluid-structure interaction (FSI) is a complex and multi-disciplinary field that is of great
importance in various engineering and scientific applications [1-5]. Understanding the
dynamics of fluid-structure interaction is essential for the design and optimization of various
systems, such as offshore structures, aircraft, and industrial processes [6]. One of the most
significant examples of (FSI) is the interaction between fluids and granular materials, which
is of great importance in many natural and industrial processes [7-9].

One example of fluid-granular material interaction is submarine landslides, which occur
when a mass of sediment slides down the slope of the seafloor and into the ocean [10-14].
These landslides can have a significant impact on the ocean environment, as they can generate
tsunamis, disrupt shipping lanes, and damage offshore structures. For example, The 2015
Taan Fjord submarine landslide, which occurred in Alaska, caused a tsunami that damaged
a nearby fishing village [15]. Another example is subaerial landslides, which occur when
a mass of rock, soil, or debris slides down a slope of a mountain, hill, or other upland
area and into a valley or other low-lying water area [16—19, 10]. Subaerial landslides can
have a devastating impact on human settlements and infrastructure. For example, the 2019
Mindanao subaerial landslide, which happened in the Philippines, killed at least 82 people
and caused widespread damage to homes and other structures [20]. In addition, a significant
illustration of fluid-granular interaction relates to the behavior of granular materials in
industrial processes, such as mining, oil and gas production, and soil treatment [21-23]. The
granular materials in these processes exhibit a wide range of mechanical and rheological
behavior, and the accurate representation of granular materials is crucial for simulating
fluid-structure interaction problems [24].

The main objective of this thesis is to model and simulate the interaction between fluids
and structures, with a specific focus on fluid-granular material interaction [10]. The meshless
Smoothed Particle Hydrodynamics (SPH) approach will be used to model individual physical
particles in the fluid and granular material, where their interactions are governed using
various rheological models [25, 26]. This approach allows for a better understanding of

granular media as non-Newtonian fluids, where constitutive laws such as the Bingham and
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Casson models are examined to characterize the behavior of granular materials [27]. Due to
the capability of these models in capturing the yield stress and viscosity of granular materials,
a range of applications can be simulated to serve various research and engineering fields
[28]. By incorporating these modeling and simulation techniques, the present research makes
significant contributions to the field of smoothed particle hydrodynamics (SPH) and its
application in modeling complex fluid-structure interaction (FSI), specifically focusing on
the interaction between fluids and granular materials. These contributions can be summarized

as follows:

* Advances in SPH Method Improvement Algorithms: This work presents an overview
of both historical and recent advancements in SPH method improvement algorithms,

providing valuable insights into the evolution of this numerical technique.

* Variety of SPH Algorithms for Governing Equation Discretization: The thesis
discusses various SPH algorithms employed for discretizing the governing equations,

offering a comprehensive understanding of the options available for SPH simulations.

* Development of Weakly Compressible SPH Code: A dedicated weakly compress-
ible smoothed particle hydrodynamics (WCSPH) numerical code has been developed.
This code is tailored for modeling complex scenarios involving water-granular material

interactions, enhancing the capability to address real-world problems.

* New Constitutive Laws for Coupled Dynamics: The thesis introduces novel con-
stitutive laws designed to concurrently address the behavior of landslides and water
dynamics. These laws establish a robust and natural coupling between both physical

phases, enabling more accurate simulations.

* Incorporation of Multiphase Diffusive Term: The implementation of a multiphase
diffusive term 2% MSPH a5 proposed in [29], is discussed. This addition is instrumen-
tal in reducing pressure oscillations within the context of the weakly compressible
SPH approach.

* Generalized Wall Boundary Conditions: The thesis presents the implementation of
generalized wall boundary conditions, as outlined in [21]. These conditions enable
the simulation of fluid-granular material coupled flows, expanding the applicability of

SPH simulations.

* Comprehensive Rheological Model Comparison: A thorough comparison is con-

ducted between the generalization and incorporation of Bingham and Casson rheologi-
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cal models into SPH. The utilization of the pressure-dependent Mohr-Coulomb yield

criterion is explored, providing valuable insights into the behavior of these models.

* Validation and Verification: The proposed SPH model is rigorously validated through
its application to a variety of challenging test cases involving fluids, granular flows,
and their interactions. Experimental and numerical verification studies are presented to
demonstrate the applicability and accuracy of the developed SPH model.

The significance of this research is underscored by its contribution to the scientific
community through publications and conference presentations. Specifically, this work has
been published and presented as follows:

— Abderrahmane Mahallem, Mohamed Roudane, Abdelkader Krimi, and Sid Ahmed
Gouri. Smoothed Particle Hydrodynamics for modelling landslide—water interaction
problems. Landslides 19, 12491263 (2022). https://doi.org/10.1007/s10346-021-01807-1

— Abderrahmane Mahallem, Mohamed Roudane, Abdelkader Krimi, Sid Ahmed Gouri,
and Abderrazak Allali. Smoothed Particle Hydrodynamics Approach for Modeling
Submerged Granular Flows and the Induced Water Wave Propagation. Submitted to
Geophysical and Astrophysical Fluid Dynamics

— Abderrahmane Mahallem, Mohamed Roudane, Abdelkader Krimi, Sofiane Khelladi,
Sid Ahmed Gouri, and Abderrazak Allali. Advancing Granular Material Behavior
Simulations: Comparative Analysis of Bingham and Casson Models in WCSPH.
Submitted to Acta Mechanica Sinica

— Mohamed Roudane, Sid Ahmed Gouri, Abdelkader Krimi, and Abderrahmane Ma-
hallem. Evolution of Free Surface of 3-D shematic Dam Break using Smoothed
Particle Hydromechanics. 17th PORTUGAL International Conference on Innovations
in “Engineering and Technology” (PIET-19) Oct. 16-18 2019 Lisbon (Portugal).
https://doi.org/10.17758/EIRAI7.F1019104

This thesis is organized into five main parts. The first part serves as the introduction,
offering background information on fluid-structure interaction, granular materials, and the
specific case of fluid-granular material interaction. It also provides an overview of the
main objectives and research questions of the thesis. In the subsequent first chapter, a
comprehensive literature review is presented, focusing on the current state of the art in fluid-
structure interaction modeling and simulation, with an emphasis on the Smoothed Particle
Hydrodynamics (SPH) method and its applications. The second chapter is dedicated to the


https://doi.org/10.1007/s10346-021-01807-1
https://doi.org/10.17758/EIRAI7.F1019104
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development of the SPH approach and the numerical techniques employed for modeling.
The third chapter specifically addresses the implementation of the Bingham and Casson
constitutive laws into the SPH governing equations, providing a detailed account of the
process, including the equations used and the numerical methods applied. Moving to the
fourth chapter, it examines the validity of the implemented models, subjecting them to
a series of numerical simulations involving fluid-granular material interactions. These
simulation results are then meticulously compared to experimental data and findings from
other numerical methods, facilitating a thorough discussion of the advantages and limitations
of the SPH method for modeling fluid-granular material interaction. Finally, the thesis
concludes with a summary of the key findings and a discussion of potential avenues for future

research in this field.



Chapter 1
State of the art overview

This chapter will provide an overview of the current state of the art in modeling and simu-
lating fluid-structure interaction (FSI) using the Smoothed Particle Hydrodynamics (SPH)
method. We will cover the fundamental principles of SPH, its strengths and weaknesses,
and its applications in various fields. By the end of this chapter, readers will have a solid
understanding of the current state of FSI modeling using SPH and the opportunities for future

research in this field.

1.1 Background on Fluid-Structure Interaction (FSI)

1.1.1 Definition, description, and Importance of FSI

Fluid-structure interaction (FSI) is a multidisciplinary field that studies the interactions
between fluid flows and solid structures [30]. The fluid can be either a gas or a liquid, and
the structure can be either a solid object or a flexible body [6]. The interactions between the
fluid and the structure can occur in a variety of ways, such as the flow of air or water over a
solid object [31], or the movement of a structure through a fluid [32] . In FSI, the motion
of the fluid is governed by the laws of fluid dynamics, while the motion of the structure is
governed by the laws of solid mechanics [33]. The interactions between the fluid and the
structure are determined by the boundary conditions at the fluid-structure interface. These
boundary conditions can include the transfer of momentum, energy, and mass between the
fluid and the structure [34].

The study of FSI is important in a variety of fields, including engineering, physics,
biology, geophysics, and many other domains [33, 35]. In engineering, FSI is used to study
the behavior of fluid-structure systems, such as aircraft [36, 37], ships [38], and offshore

structures [39]. In physics, FSI is used to study the behavior of natural systems, such as the
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flow of water over a riverbed or the movement of a bird through the air [40]. In biology,
FSI is used to study the behavior of living organisms, such as fish and whales, as they move
through water [41]. In geophysics, FSI is used to study the behavior of fluid-structure systems
and understand the interactions between fluids and solid structures in geophysical systems.
For example, it is used to study geo-disasters, such as tsunamis occurred after subaerial and
submarine landslides [42, 43].

1.1.2 Overview of different modeling and simulation methods for FSI

Modeling and simulation methods for fluid-structure interaction (FSI) can be broadly classi-
fied into two categories: mesh-based methods and mesh-free methods [44—46].

Mesh-based Methods

Mesh-based methods involve the discretization of the fluid and structural domains through
the use of a mesh. The most widely used mesh-based methods for FSI are the finite element
method (FEM) and the finite volume method (FVM) [34, 47].

FEM is a robust technique for simulating FSI, offering versatility in handling diverse
geometries and boundary conditions. It finds extensive application in the analysis of solid
structures like bridges, buildings, and aircraft components [48]. The method revolves around
subdividing the structure into small elements and subsequently solving the equations of
motion for each element.

In contrast, FVM excels in simulating fluid flows, demonstrating proficiency across a
broad spectrum of fluid dynamics and geometries. It is commonly employed in the analysis
of phenomena such as water flow in rivers, airflow over aircraft, and oil flow in pipelines [49].
This method is based on partitioning the fluid domain into small control volumes, followed
by solving the equations of motion for each control volume.

When simulating FSI using FEM and FVM, the equations of motion for the fluid and
structure are coupled using either a two-way coupling approach or a monolithic approach
[50]. The two-way coupling approach entails solving the equations of motion for the fluid
and structure separately, and then exchanging information between the two solutions at each
time step [51]. On the other hand, the monolithic approach involves solving the equations of
motion for the fluid and structure simultaneously [52].

The main drawback of these methods lies in their substantial computational requirements
and the need for expertise in specialized software usage [53]. Additionally, grid-based
approaches exhibit limitations when applied to simulations involving large deformations,

moving material interfaces, significant inhomogeneities, deformable boundaries, or free
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surfaces [54, 55]. These methods may struggle to accurately represent such complex scenar-
i0s. In Fig. 1.1, we provide a schematic illustration of discretization using FEM and FVM

mesh-based methods.

a b
Mesh Contro
Element Cell Center Volume (CV)

N

NN

Element
Nodes

Fig. 1.1 Schematic representation of mesh-based methods (a) the finite element method
(FEM), and (b) the finite volume method (FVM). (image from [56])

Mesh-free Methods

In order to circumvent issues arising from node connectivity, a distinct class of numerical
techniques, known as Meshfree (or meshless) methods, was developed [46, 57]. These
methods revolutionize the traditional discretization process by allowing the continuum
to be represented as a set of independent particles without interconnecting nodes. This
feature significantly simplifies the handling of large deformation problems and facilitates
precise representation of free-moving interfaces, all while maintaining a reasonable level of
computational efficiency [46, 58].

When these nodes are conceived as substantial elements, effectively simulating particles
within the material domain and bearing its physical properties, the approach is aptly termed
"meshfree particle methods (MPMs)" [59]. This paradigm generally adopts a Lagrangian
framework [60].

The Meshfree Particle Methods (MPMs) encompass a range of techniques, including Re-
producing Kernel Particle Method (RKPM) [62, 63], Marker-and-Cell (MAC) [64], Element-
Free Galerkin (EFG) method [65, 66], Dissipative Particle Dynamics (DPD) [67, 68], Local
Maximum Entropy (LME) method [69, 70], Particle-Mesh (PM) [71], Radial Point Inter-
polation Method (RPIM) [72, 73], lattice gas Cellular Automata (CA) [74, 75], Moving

Least Squares (MLS) method [76, 77], Natural Element Method (NEM) [78, 79], Finite
Pointset Method (FPM) [80, 81], Particle-in-Cell (PIC) [82, 64], Fluid-In-Cell (FLIC) [83],
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Fig. 1.2 Schematic representation of the SPH method: 2D sketch of the fluid and solid
computational domains. (image from [61])

Particle-Particle-Mesh (P"M), Moving Particle Semi-implicit (MPS) [84], Smoothed Particle
Hydrodynamics (SPH) [85, 86], and various other meshfree particle methods. Each of these
methods has its own strengths and weaknesses, and the choice of method depends on the
specific problem being studied, as well as the available computational resources.

1.2 The Smoothed Particle Hydrodynamics (SPH) Method

1.2.1 Description of the SPH method

In this thesis, we place a prominent emphasis on the Smoothed Particle Hydrodynamics
(SPH) method, a meshfree, Lagrangian approach renowned for its efficiency and robustness.
This technique represents the continuum through discrete particles, with their movements
tracked over time. SPH employs interpolation and kernel functions to estimate physical
properties throughout space, facilitating a smooth distribution of fluid properties [85, 87].

Within the SPH framework, properties like density, velocity, and pressure are computed
for each particle. Interactions between particles are determined using smoothing kernels,
which approximate local fluid properties, ensuring a more accurate representation. These in-
teractions are computed by aggregating contributions from all particles within the smoothing
kernel [88].
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The versatility of the SPH method extends to simulating a wide array of scenarios,
including liquid and gas flows, as well as fluid-structure interactions. Its applicability spans
intricate geometries, like those found in porous media and multiphase flows. Beyond,
SPH finds valuable utility in astrophysical, oceanographic, and meteorological studies.
Furthermore, it can be coupled with other physical models to simulate a diverse range of
phenomena, including combustion, explosions, and solid-fluid interactions [55, 89-91].

One notable advantage of the SPH method lies in its capacity to handle topological
changes and moving boundaries without necessitating laborious remeshing or re-gridding,
which can pose a substantial computational burden in grid-based methods. Additionally,
the SPH method lends itself well to parallel computing, enabling large-scale simulations on
supercomputers [92-95]. However, it is important to note that the SPH method can incur
computational expenses, warranting judicious consideration of resources in its application
[96, 97].

1.2.2 Fundamentals of SPH Method

In 1977, the Smoothed Particle Hydrodynamics (SPH) method emerged, initially devised by
researchers [85] and [87] for simulating astrophysical phenomena. Over time, its applications
expanded into the domains of solid and fluid mechanics, finding utility in a diverse array
of scenarios. This is owed to its capacity to effectively address the intricacies inherent in
various physical problems (discussed in section 1.2.5).

Fundamentally, this Lagrangian technique involves discretizing the continuous domain
into a finite assembly of particles. These particles assume the relevant physical attributes
through weighted interpolations of neighboring particles. It’s important to note that only
those particles falling within the domain of influence (bounded by a maximum distance
of (kh) from the focal particle under consideration) exert an influence on the behavior of
physical properties within said focal particle.

SPH relies on a mathematical identity that holds true for a well-defined and continuous

function f, as elucidated in the equation below:
£l = [ 80— (r)ar] (1
Q

Here, dr’; represents the elemental volume located at position r;, and 6(r; — ;) stands
for the Dirac or delta function. However, due to the lack of continuity and differentiability of
the delta function, Substituting the Dirac delta function with a kernel or smoothing function

W, we derive an approximation for the function f at position r; leading to:
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Fig. 1.3 Physical domain description using smothing kernel function in the SPH method
framework

f)~ [ W= rh) ), (12)
Q(kh)

Here, h denotes the smoothing length, commonly defined as a constant relative to the
initial inter-particle distance Axg [98]. It is important to highlight that /4 can be customized
for individual particles, thereby augmenting the precision of the SPH method [92, 99].

The kernel function operates within a compact support of radius kh, where a particle at
position r; interacts solely with neighboring particles r;. This confines the global domain
Q to the compact support domain Q(kh), subsequently reducing computation time. The
constant k is contingent on the choice of the smoothing kernel function. Figure 1.3 provides
a visual depiction of the Lagrangian particles positioned within the domain of influence,
delineated by a circumference with a smoothing length equivalent to (/).

1.2.3 Smoothing kernel functions

In the Smooth Particle Hydrodynamics (SPH) method, a smoothing kernel function is used
to calculate the spatial derivatives of continuum properties, such as density and velocity [88].
The smoothing kernel is a function that is used to smooth the properties of the fluid over a
small region around each particle. There are several different smoothing kernel functions
that can be used in the SPH method, each with their own advantages and disadvantages [94].

The smoothing kernel function can be represented in a general form as :

Wi ) = W(rh) = 0 (2) = 0(g) (1.3)
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Where 7 is the number of space dimension, Q is function of dimensionless distance g = %
and 1), is constant depends of the choice of kernel function and the space dimension n. The
letter r denotes the variable distance between two points (r = r;; = ||r; —rj|| ).

One of the most commonly used smoothing kernel functions is the cubic spline kernel
[100]. The mathematical form of the cubic spline kernel is given by:

1-342+3¢4 0<g<1

0lg)=1{ Leo-¢® 1<¢<2 (1.4)
0 q>2
Where the constants 1 = %, iy m 9 and 13 = 19 are used for 1, 2 and 3 dimensions,

respectively.
Another popular smoothing kernel is the quintic spline kernel [101, 102], which is a
more complex kernel that is able to accurately approximate spatial derivatives. This kernel

function is defined as:

(3-9)°-6(2-q)°+15(1-¢)° 0<g<1
3—g)—6(2—¢q)° 1<g<?2
0(g) = (3—¢g)"—6(2—q) <q 15)
(3—q)° 2<g<3
0 q>3

\

Where 11 = ﬁ, nm = ﬁ and 3 = ﬁ are used for 1, 2 and 3 dimensions, respectively.
Other examples of smoothing kernel functions include the Gaussian kernel [87], which is
defined as:

Oq) =1 (1.6)

Where the constants 1) = \/LE’ N = and n; = f are used for 1, 2 and 3 dimensions,

respectively.
We find also the Wendland kernel [103], which is defined as:

e Wendland C2:

0(g) = (1-9)*q+1) )

Where 1, = and n; = 1 6ﬂ are used for 2 and 3 dimensions, respectively.
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e Wendland C4:

35
0(q) = (1= D)°(554 +3q+1) (1.8)
27 12
Where 1 = % and 13 = % are used for 2 and 3 dimensions, respectively.
* Wendland C6:
25
0(q) = (1= (g’ + T4 +4q+ 1) (19)
Where 1, = % and 3 = % are used for 2 and 3 dimensions, respectively.

The choice of smoothing kernel function depends on the specific application and can
affect the accuracy and stability of the SPH method [104]. For example, the cubic spline
kernel is a good choice for many SPH simulations due to its simplicity, while the quintic
spline kernel is often used for high-resolution simulations [105]. Moreover in the context of
the SPH method, the smoothing kernel function W guarantees a more substantial influence
from the closest neighboring particles on the value of the physical property in the reference
particle. The kernel should fulfill some specific properties to ensure accurate and stable

simulations [106]. These properties include:

Smoothness: The function should be smooth, meaning that it should have continuous
derivatives of all orders. This is important for ensuring that the interpolation of particle

data is accurate and does not introduce any unwanted artifacts or noise.

Spherical symmetry: The function should be radially symmetric, meaning that it should
only depend on the distance between two particles and not on their relative positions.
This ensures that the interpolation of particle data is isotropic. Mathematically, it
means that: W(r; —r;,h) = W (rj —r;,h) = W(rij,h), where r;; signifies the distance

between position vectors r; and r; (r;; = ||ri — 1))

Normalization: The function should have a total integral of 1 over the smoothing length, h.
This ensures that the interpolated values are in the same scale as the original values.
Mathematically, it means that: [ W(r;—r;,h)dr; =1

Q(kh)

Compact support: The function should have compact support Q(k%), meaning that its value
should be non-zero only within a finite range W (r,h) = 0 for r > kh. This ensures that
the interpolation of particle data is localized and does not affect particles far away
from the point being interpolated. Mathematically, it means that: W (r; —r;,h) > 0O for
r <kh
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Continuity: The function should be continuous, meaning that the function and its derivatives
should be continuous over the support of the kernel. Mathematically, it means that:
dw(r;)

W (r;) and —ar, are continuous in the range of support.

W should monotonically decrease from position ;.
The gradient of kernel W is given by:

Efficiency: The kernel function W should accurately approximate the Dirac delta function &
as h — 0. Additionally, W should monotonically decrease from position r;. Moreover,
the gradient of kernel (W) is given by: V,, W (r; —rj,h) = % Ll o =V W(rj—

7
ri,h)

Any function that adheres to the aforementioned properties is suitable for use as a
smoothing function in the SPH method [44, 107].

Smoothing kernel approximation of a function

The smoothing kernel function is used to approximate a function in Smoothed Particle
Hydrodynamics by interpolating the values of the function at the neighboring particles. The
basic idea is to use the kernel function to weight the contribution of each neighboring particle
to the value of the function at a given point [108, 59, 109]. The interpolation of a function at

a point i can be written as:

flri) = ) f(rj)WisV (1.10)
J

Where, ny, is the number of particles j in the neighborhood of the particle 7, the volume
V; of particle j is defined as V; = %’f, with m; and p; the mass and the density of the particle
J respectively. The notation W;; denotes W;; = W (r;j,h) =W (r; —r;j,h).

Smoothing kernel approximation of a function first deravatives

In SPH Smoothed Particle Hydrodynamics, the smoothing kernel function is also used to
approximate the derivatives of a function. The basic idea is to use the kernel function to
weight the contribution of each neighboring particle to the value of the function derivative at
a given point [92].

The gradient of a function f at a point i can be written as:

VF(ri) = ) f(rj) VWiV (1.11)
J
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Where f(r;) is the value of the function at point i, f(r;) is the value of the function at the
neighboring point j, m; is the mass of the neighboring point j, r;; is the vector pointing from
point i to j, i is the smoothing length and W (r;;, k) is the smoothing kernel function.

Similarly, the divergence of a vector function at a point i can be written as:

V.F;,= jzvlmju-rijW(r,-j,h) (1.12)
= Ml

Where F; is the vector function at point i, F; is the vector function at the neighboring
point j, m; is the mass of the neighboring point j, r;; is the vector pointing from point i to j,
h is the smoothing length and W (r;;, k) is the smoothing kernel function.

As discussed above, the choice of the smoothing kernel function affects the accuracy of
the approximation. As with the function approximation, kernel functions like the cubic spline
kernel and the Gaussian kernel are commonly used, but the Gaussian kernel is typically more
accurate for approximating derivatives due to its infinite differentiability.

It is important to note that the accuracy of the derivative approximations also depends on
the choice of the smoothing length / and the number of particles in the simulation. As the
number of particles increases and & decreases, the accuracy of the derivative approximations
improves [110].

Smoothing kernel approximation of a function second deravatives

The smoothing kernel approximation of function second derivatives involves approximating
the Laplacian of a function, denoted as V2 f(ri), at a point i in a continuous space using
a set of discrete points [111, 112]. The Laplacian is a measure of the rate of change of
the function’s curvature, and is defined as the divergence of the gradient of the function,

mathematically represented as:

1p
Af(ri) = V2f(ri) = V-V f(ri) = ) f(r)) VWiV, (1.13)
J

Where V is the gradient operator, and the dot represents the dot product.

The kernel approximation approach is based on a convolution of the function with a
smoothing kernel, W (r;;), where r;; is the distance between the point of interest j and the
point where the value is known i. The kernel is used as a weighting factor to estimate the
Laplacian function.

Alternative expression for approximating a function second derivatives was proposed in

[113] and it is expressed as:
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L (ri—r}) - VWiV, (1.14)

The equation 1.14 allows for the efficient approximation of the Laplacian of a function in
a continuous space using a set of discrete points, providing a balance between computational

efficiency and accuracy [112, 114, 115].

1.2.4 Software Packages Utilizing Smoothed Particle Hydrodynamics

There are various software packages available that implement the SPH method for differ-
ent applications. These software packages provide tools and algorithms to simulate and
analyze fluid dynamics, including fluid-structure interactions, multiphase flows, and even

astrophysical phenomena. Some popular software packages that use the SPH method include:

DualSPHysics: It is an open-source software package that focuses on simulating free-
surface flows, such as water waves and coastal engineering problems. It provides a
user-friendly interface and supports parallel computing for efficient simulations [116].

SPHysics: This is another open-source software package that is designed to simulate a
wide range of fluid flow problems, including multiphase flows, compressible flows,
and fluid-structure interactions. It offers various numerical algorithms and boundary

conditions to handle complex fluid dynamics scenarios [117].

SPH-flow: Developed by FlowKit Ltd., this commercial software package specializes in
simulating complex fluid flows, including turbulent flows and multiphase flows. It
provides advanced features like particle clustering and adaptive resolution to enhance

the accuracy and efficiency of simulations [89].

LS-DYNA: Although primarily known as a general-purpose finite element analysis software,
LS-DYNA also includes an SPH module for simulating fluid flows. It can handle
various fluid-structure interaction problems and supports parallel computing for large-

scale simulations [118].

These software packages typically provide pre-processing tools to create the initial particle
distribution, define boundary conditions, and specify physical properties. They also offer
post-processing capabilities to visualize and analyze simulation results, including generating
animations, extracting flow statistics [119]. While these software packages provide a conve-
nient way to simulate fluid flows using the SPH method, it is important to note that proper

validation and calibration against experimental data are crucial for accurate and reliable
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results. Additionally, understanding the underlying numerical algorithms and limitations of
the SPH method is essential to ensure appropriate use and interpretation of the simulations
[120].

1.2.5 Applications of the SPH Method

Smoothed Particle Hydrodynamics (SPH) is a versatile and powerful numerical method that
has a wide range of applications in simulating fluid, solid, and fluid-structure interactions
[121]. Tt is particularly useful in modeling complex and multi-physics problems that involve
free-surface flows, moving boundaries, and non-linear dynamics. The method represents
computational domains as a set of discrete particles, which are smoothed over a certain
region to calculate the fluid properties [95]. This approach allows for a high degree of
flexibility and adaptability, making it ideal for simulating a wide range of problems in various
fields, such as computational mechanics, computer graphics, astrophysics, and geophysics
[122]. In the field of computational mechanics, SPH is a powerful tool for simulating a wide
range of problems involving fluid-structure interactions, such as simulating the behavior of
liquid-filled structures, and simulating the impact of fluid flow on solid structures, as well as
simulating natural hazards like tsunamis, landslides and other geohazards. In the following,
some of the applications of Smoothed Particle Hydrodynamics (SPH) are examined and
discussed.

Applications for fluids

Many examples of the applications of SPH in fluid dynamics can be found in the literature,
such as simulation of dam-break flows with free surface and large deformation[123]. The
SPH method ability to handle these complexities is one of the reasons why it is so effective
in simulating fluid flows. As depicted in Figure 1.4, Yang et al. [123] have illustrated a
simulation of a dam-break flow on a wet bed using the SPH method with an adaptive spatial
resolution (ASR) method, particle shifting, and variable smoothing length. Their work has
shown the ability of the method to model such complex flow scenarios effectively.

Additionally, the SPH has been used for modeling the behavior of liquids, such as droplet
collisions , splashing and spray formation. For instance, we show via Fig. 1.5 snapshots of
the pressure field obtained by Blank et Al. [124] to simulate the coalescence of spherical
droplets introducing a surface tension model for the SPH method using a Young-Laplace
pressure boundary condition. Furthermore, Cleary and Serizawa [125] have described a
combined DEM-SPH model for simulating spray impingement into a pool of water as it is
shown in Fig. 1.6.
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Fig. 1.5 SPH snapshots of the coalescence of two spheres colored by pressure at increasing
time instants (Blank et al. [124]).

The SPH method has also been applied to study the dynamics of multiphase flows,
including flows containing bubbles and particle-laden flows. We present in Fig. 1.7 the
lid-driven cavity problem studied by Antuono et al. [126] through a proposed § ALE-SPH
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Fig. 1.6 DEM-SPH simulation of flow generated in a pool of water by spray impingement:
Photograph of the experimental flow (left) and the simulation results colored by the fluid
speed (right) (Cleary et al. [125]).

model. In particular, the pressure field and streamlines (left) and the vorticity field (right)
are depicted at two different Reynolds number Re = 100 (top panels) and Re = 1000 (bottom
panels).

Krimi et al. [29] conducted a study on the interaction of two rising bubbles through a
fluid column using a modified version of the Continuum Stress Surface formulation (CSS) in
the Smoothed Particle Hydrodynamics (SPH) method. The purpose of this modification was
to improve stability near the fluid interface. The results of their study are depicted in Figure
1.8 at three different times: ¢ = 0,0.25,0.5 [s]. In the figure, the left and middle columns
show the pressure and velocity magnitude, respectively. The right column illustrates the
velocity magnitude along with the particle direction vector of an isolated bubble.

In aerodynamics, Zhang et al. [127] have simulated the airflow past a circular cylinder
based on free-stream boundary conditions in a purely Lagrangian Weakly-Compressible
Smoothed Particle Hydrodynamics (WCSPH). Fig. 1.9 presents their achieved results
exhibiting the velocity contours at different Reynolds numbers.

Other applications can be quoted, such as in cryogenics. Tsuzuki et al. [128] have
discussed the equivalence of a fully classical mechanical approximation of the two-fluid
model of superfluid helium-4 based on the SPH method to solving a many-body quantum

mechanical equation under specific conditions, as depicted in Fig. 1.11.

Applications for solids and structures

In addition to its application in fluid dynamics, The versatility of the Smoothed Particle
Hydrodynamics (SPH) method extends to structure dynamics and solid mechanics. In the
following, some of these applications will be explored and discussed. For instance, Wu et

al. [129] have successfully modeled oscillating plates. The elastic deformation with Von
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Fig. 1.7 Comparison of lid-driven cavity for Reynolds Re = 100 (top panels) and Re = 1000
(bottom panels). The snapshots are colored by pressure field and streamlines (left) and by
vorticity field (right) (Antuono et al. [126]).

Mises stress & of the particle configuration obtained by total Lagrangian-Smoothed Particle
Hydrodynamics (TL-SPH) model is presented in Fig. 1.12. The period and amplitude of
oscillations convergence with enhanced resolution are exhibited by Figure 1.13, depicting the
vertical position y of the end-of-strip midpoint against time ¢ and initial particle spacing dp.

Moreover, Kincl et al. [130] have integrated the Symmetric Hyperbolic Thermodynami-
cally Compatible equations (SHTC) with the SPH method to investigate structure dynamical
problems. Their proposed SHTC-SPH method was tested on a benchmark of a twisting
column, and Fig. 1.14 presents a color plot of pressure. The obtained results indicate that
the SPH method is capable of accurately simulating large elastic deformations in three
dimensions. Rahimi et al. [131] have proposed an SPH model for simulating dynamic of
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Fig. 1.8 SPH simulation snapshots of the interaction between two rising bubbles through a
fluid column. representation of the pressure (right column), the magnitude velocity (mid-
dle column), and the magnitude velocity with particle direction vector of isolated bubble,
respectively (Krimi et al [29]).
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Fig. 1.9 SPH simulation of the airflow around a circular cylinder for different Reynolds
number Re= 20, 50, 100, and 200. The snapshots are colored by the magnitude vilocity field
(Zhang et al. [127]).

brittle fracture and solid mechanics. The convergence of the SPH model can be shown in
Fig. 1.15, which presents their results obtained from modeling the interaction of cracks
with other structural defects in a porous plate with an eccentric hole. The SPH method
has been also applied in to simulate machining procedure in the manufacture of industrial
components. For instance, Nawaz et al. [132] have used the SPH method to model the
orthogonal dry machining of aluminum alloy Al6061-T6 using the SPH method. Fig. 1.16
compared the SPH simulated chip thickness with the experimental work and Lagrangian
(LAG) finite element method at cutting speed of 250 m/min. Furthermore, Fabbro et al. [133]
conducted a single diamond grain scratch test experiment and used the SPH method to model
grains scratching a rebar base material. Fig. 1.17 shows the top view of deformations and
equivalent plastic strain distribution simulated with SPH at different penetration depths and
grain orientations.

In the same framework, Li et al. [134] have proposed for the first time an SPH model
for simulating Shear Assisted Processing and Extrusion (ShAPE) of Aluminum alloy 7075
tubes. Fig. 1.18 shows a comparison between experimental samples and SPH numerical

material flow patterns of extruded tubes with various processing parameters. The results were
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Fig. 1.10 Airflow around a circular cylinder: convergence of drag and lift coefficients CD
and CL at different spatial resolutions at Re=100 and 200, respectively (Zhang et al. [127]).

very similar, which demonstrates the strength of the SPH model in predicting this kind of
material flows. In geomaterials engineering fields, the SPH method demonstrates its validity
for the simulation of the fracture process of brittle solids and the flow behavior of granular
materials. For instance, Xia et al. [135] have developed Kernel Broken Smoothed Particle
Hydrodynamics (KBSPH) method for modeling the crack propagation and deformation of
layered rock cells. Fig. 1.19 exhibits a comparison between experimental and numerical
results of an unconfined compression tests on layered sandstone samples. The brittle behavior
of these specimens at different dip angles and crack distributions were accurately predicted
using the SPH method. Another important application of the SPH method is in the simulation
of gravitational flows of granular materials. This type of simulation is particularly useful in
geotechnical engineering, where the behavior of soil and rocks under different gravitational
forces needs to be understood. For example, Nguyen al. [136] have used the SPH method
to investigate the dynamics of granular column collapse. Fig. 1.20 shows a simulation of
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Fig. 1.11 Different simulation results in the context of bridging classical and quantum
mechanics for the dynamics of cryogenic liquid helium-4 using SPH model (Tsuzuki et al.
[128]).

Aluminum granular bars flow using the SPH method, where the color map represents the
flow velocity. The results of this simulation provide valuable insights into the behavior of
granular materials flows. Zhu et al. [137] used the SPH method to simulate the collapse of a
granular column with asymmetric walls, where the column is confined by two vertical walls.
Fig. 1.21 shows snapshots of the simulation at different times, demonstrating the ability of
the SPH method to accurately capture the dynamics of granular collapse and the formation
of characteristic features such as the failure velocity and the final deposit shape.

Applications for fluid-structure interactions

Since it is capable of modeling both fluids and structures, the SPH method can also be applied
to problems involving fluid-structure interaction (FSI). The ability of the SPH method to
handle large deformations and complex geometries makes it a powerful tool for simulating
FSI problems in a wide range of applications. Several examples of the application of the
SPH method for modeling fluid-structure interaction problems have been reported in the
literature. For instance, Fuchs et al. [138] have used an SPH model to simulate flow-induced

oscillations of a flexible beam attached to a rigid cylinder. In this application, the SPH
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Fig. 1.12 SPH simulation of an oscillating plate: the deformed configuration is colored by
Von Mises stress & at different time instants (Wu et al. [129]).
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Fig. 1.13 Time history of the vertical position y observed at the midpoint of the oscillating
plate using different particle resolutions (Wu et al. [129]).

method was used to model both the fluid flow and the flexible structure, allowing for accurate
prediction of the dynamic response of the system. The magnitude of the fluid velocity field
and the deformation of the structure are depicted in Fig. 1.22.

In other examples, Zhang et al. [139, 140] employed an SPH model to simulate a dam-
break flow through an elastic gate. The elastic gate and the fluid were both modeled using the

SPH method. The Fluid-elastic structure interaction was taken into account through a multi-
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Fig. 1.14 SPH 3D simulation of a twisting column: the large elastic deformations is colored
by pressure at different time instants (Kincl et al. [130]).
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Fig. 1.15 Notched plate with hole: Snapshots of the final crack pattern under different
prescribed velocity loading using the SPH method compared to the experimental results
(Rahimi et al. [131]).

resolution coupling between the fluid and the structure, allowing for accurate prediction of the
gate’s deformation and the fluid flow pattern. The simulation results were validated against
experimental data, as shown in Fig. 1.23 and 1.24, demonstrating the effectiveness of the SPH
method in modeling FSI problems involving complex geometries and large deformations.

Similarly, the SPH method has been applied to model fluid-structure interaction in sloshing
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Fig. 1.16 Chip thickness Comparison during a machining procedure of aluminum alloy
Al6061-T6: experimental snapshot (left), simulation results using LAG method (middle),
and simulation results using SPH method (Nawaz et al. [132]).
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Fig. 1.17 SPH simulation of synthetic diamond grit scratching on steel: the snapshots are
colored by plastic strain distribution at different penetration depths and grain orientations
(Fabbro et al. [133]).

tanks. For example, Zhang et al. [141] developed an SPH model to simulate the sloshing
motion of a liquid with a hanging elastic baffle. The baffle is modeled as a thin, flexible
structure that is attached to the top of the tank, and the SPH method is used to model both the
fluid flow and the deformation of the baffle. The results of the simulation are shown in Fig.
1.25, where the deformation of the baffle and the fluid flow pattern are clearly visible. The
accuracy of the SPH model in predicting the behavior of the liquid and the baffle demonstrates
its potential for simulating a wide range of fluid-structure interaction problems.

In addition to the applications mentioned above, the SPH method has also been applied
to model FSI in biomedical engineering. For instance, Topalovic et al. [142] have used an
SPH model to investigate the flow through complex geometry blood vessels. The results
are illustrated in Fig. 1.26 comparing FEM and SPH simulation and showing that the SPH
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Fig. 1.18 Comparison of experimental and numerical SPH results of material flow patterns
during an operation of Shear Assisted Processing and Extrusion (ShAPE) (Li et al. [134]).

(a)

(b)

Fig. 1.19 Comparison between SPH failure results and the experimental results of the
sandstone with different dip angles. Snapshots are colored by: tensile (green) and shear
cracks (brown), respectively (Xia et al. [135]).

method can accurately predict this kind of complex flow patterns. Another application of
the SPH method is in the field of brain biomechanics, where it has been used to model the
cerebrospinal fluid and its interaction with the brain tissue. For example, Duckworth et al.
[143] have proposed an SPH model to simulate the dynamics of the cerebrospinal fluid in the
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Fig. 1.20 Comparison between SPH and experimental results of the progressive failure of a
granular column. SPH results are colored by the velocity filed (Nguyen et al. [136]).

brain ventricles. The model has been validated against MRI scan data and has shown good
agreement in terms of flow patterns and pressure distribution as it is shown in Fig. 1.27.
Furthermore, the SPH method has been applied to the simulation of fluid-structure inter-
action (FSI) problems in the context of aircraft ditching scenarios. For example, Woodgate
et al. [144] have used an SPH model for predicting the complex fluid-structure interactions
that occur during helicopter ditching, including the interaction between the water and the
helicopter structure. Fig. 1.28 shows the dynamic response of a regional jet during a ditching
event at different instances. The SPH method has been also applied to simulate the water
entry of a rigid bodies. For example, Peng et al. [145] provided detailed information about
the complex free surface flows, as well as the hydrodynamic forces acting on the cylin-
der during the water entry of a vertical cylinder, and the numerical results showed good
agreement with experimental data. The deformation of the free surface and the pressure
distribution on the water are shown in Fig. 1.29. In a similar manner, the SPH method
has been successfully used to model the interaction between fluids and floating bodies. For
example, Cui et al. [146] have utilized an SPH method to simulate the interaction between
fluids and a floating box then they have proposed new designed breakwaters that have better
performance than fixed breakwaters in deep water conditions (see Fig. 1.30). The SPH model
was also able to capture the behavior of the fluid flow around complex floating structure, and
the dynamic response of the structure due to the fluid-structure interaction [147]. Figure 1.31

shows an example of a simulation of the interaction between fluids and a floating complex



1.2 The Smoothed Particle Hydrodynamics (SPH) Method 29

[ie] m/s
t=1.53T | | |°-4
= 0.3

= 0.2

[ 0.1
—_ | E—

1=2.09T

t=293T

Fig. 1.21 Comparison between SPH and experimental results of the progressive failure of
column of glass beads constrained by two parallel gate sheets. SPH results are colored by the
velocity filed (Zhu et al. [137]).

structure using SPH. Such simulations can provide valuable insights into the behavior of
floating structures in different flow conditions, which is important in a variety of engineering
applications such as ship design and offshore structures.

The smoothed particle hydrodynamics (SPH) method has also been widely used to
simulate various natural phenomena, including landslides. In recent studies, the SPH method
has been employed to simulate both subaerial and submarine landslides, considering both
sliding deformable and rigid masses [148, 16, 149, 150, 10]. For subaerial landslides, the
SPH method can be used to simulate the movement of a sliding mass along a slope, taking
into account the effects of gravity, friction, and other external forces (see Fig. 1.32). The
SPH method is particularly useful for simulating the complex behavior of landslides, such as
the formation of tsunamis and the interaction between the sliding mass and the surrounding
water (see Fig. 1.33). In the case of submarine landslides, the SPH method can be used
to simulate the movement of a sliding mass underwater, taking into account the effects of
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Fig. 1.22 SPH simulation of the magnitude of the fluid velocity field and the deformation of
a flexible beam attached to a rigid cylinder for a periodic cycle at four equidistant points in
time (Fuchs et al. [138]).

buoyancy, hydrodynamic forces, and sediment transport (see Fig. 1.34). The SPH method is
particularly useful for simulating the complex behavior of submarine landslides, such as the
formation of turbidity currents and the interaction between the sliding mass and the seafloor
(see Fig. 1.35).
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Fig. 1.23 Comparison between SPH simulation and experimental results of dam-break flow
through an elastic gate at different time instants. The fluid particles in the SPH snapshots are
colored by the velocity field in the x flow direction v, (Zhang et al. [139]).
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Fig. 1.24 Comparison between SPH simulation and experimental results of dam-break flow
impacting an elastic gate at different time instants. The structure particles in the SPH
snapshots are colored by the Von Mises stress contour (Zhang et al [140]).
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Fig. 1.25 Comparison between SPH simulation and experimental results of sloshing with an
elastic baffle hanging from the top tank wall at different time instants. The fluid particles in
the SPH snapshots are colored by the pressure field (Zhang et al [141]).
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Fig. 1.26 Comparison between SPH (right) and FEM (left) simulation results of flow through
complex geometry blood vessels sloshing with an elastic baffle hanging from the top tank
wall at different time instants. The fluid particles in the SPH snapshots are colored by the
velocity field (Topalovic et al. [142]).
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Fig. 1.27 Comparison between SPH (left) and FE method (right) simulation results of Ogden
rubber material and its surrounding fluid in the brain. The snapshots are colored by the strain
(Duckworth et al. [143]).
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Fig. 1.28 SPH 3D simulation of a vertical ditching of a helicopter into sea surface at different
time instants with the fuselage hitting the crest of the water wave (Woodgate et al. [144]).
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Fig. 1.29 Comparison between SPH simulation (right) and experimental results of the water
entry of a cylindrical shell at different time instants. The snapshots are colored by the pressure
field (Peng et al [145]).
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Fig. 1.30 SPH simulation of the interaction between floating breakwaters and water waves.
The snapshots are colored by the velocity field (Cui et al. [146]).
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Fig. 1.31 SPH simulation of the hydrodynamic evolution of a complex floating body upon
immersion within a reservoir of water. The snapshots are colored by the initial vertical
position of particles (Bouscasse et al. [147]).
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Fig. 1.32 Comparison between SPH simulation and experimental results of rigid subaerial
landslide generated impulse water waves at different time instants. The snapshots are colored

by the pressure field (Zhang et al. [148]).

Xy (em)

Fig. 1.33 SPH simulation of deformable subaerial landslide generated impulse water waves
at different time instants. The snapshots shows the simulated velocity of the water flow and

the deformation of the sand sliding along the slope (Lee et al. [16]).
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Fig. 1.34 SPH simulation of the hydrodynamic evolution of water free surface due to the
motion of rigid submarine landslide at different time instants (Dai et al. [149]).
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Fig. 1.35 SPH simulation of deformable submarine landslide generating impulse water waves
at different time instants. The snapshots are colored by the velocity field (left) and the
vorticity (right) (Shi et al. [150]).

In conclusion, this chapter has presented an overview of the state-of-the-art in modeling
and simulating fluid-structure interaction (FSI) using the Smooth Particle Hydrodynamics
(SPH) method. The chapter has highlighted the utility of SPH in simulating FSI problems,
as it can effectively handle large deformations and complex geometries. The wide range of
applications in which SPH can be applied, including simulating the interaction between fluids
and granular materials. The advantages of using SPH for FSI problems, such as its ability
to handle large deformations, ease of handling complex geometries, and ability to simulate
problems with high dynamic range, have been outlined. However, it has also been noted that
there are some challenges and limitations when using SPH for FSI problems, such as the
need for a large number of particles and the quality of the interpolation kernel function. It
has been acknowledged that the state-of-the-art in FSI using SPH is still developing and there
are many opportunities for future research in this field. As the method continues to evolve
and improve, it is expected that it will become an increasingly powerful tool for solving FSI
problems in a wide range of applications. Overall, the SPH method is a promising approach
for simulating FSI problems and continues to receive attention from researchers in various

fields and industries.



Chapter 2

Numerical Techniques for Modeling with
Smoothed Particle Hydrodynamics
method

In this chapter, we will delve into the world of numerical techniques for modeling complex
problems using Smooth Particle Hydrodynamics (SPH). SPH is a powerful method for simu-
lating a wide range of problems, particularly those involving fluid-structure interaction (FSI).
The method is known for its ability to handle large deformations and complex geometries
easily, making it an attractive option for a variety of applications. However, to effectively
use SPH for FSI, it is crucial to understand the numerical techniques and methods used
to model these problems. We will explore the various numerical techniques used in SPH,
including the governing equations and their discretized forms, the different multiphysics
coupling strategies between fluids and structures, the use of interpolation smoothing kernels,
the treatment of boundary conditions, the SPH accuracy and stability improving methods

and time integration schemes.

2.1 Principle governing equations

Herein, we will focus on the application of the SPH method in the study of fluid-structure
interactions. When the fluid and solid are in isothermal conditions, the evolution of the
system can be fully described by the continuity, momentum conservation, and displacement
equations. These equations are represented in the Lagrangian form and will be discussed in
detail.
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2.1.1 The continuity equation

The continuity equation is a fundamental equation in fluid dynamics that describes the
conservation of mass in a fluid system. It states that the rate of change of mass in a fixed
volume is equal to the rate of flow of mass into and out of that volume. Mathematically, it is
represented as:

G =PV 2.1)

Where p is the density, ¢ is time, V is the gradient operator, and v is the velocity vector.
The left-hand side of the equation represents the rate of change of mass within the volume,
while the right-hand side represents the net rate of mass flow into and out of the volume.
This equation is known as a continuity equation, since it expresses the conservation of mass
over time [151-153].

2.1.2 The momentum conservation equation

The momentum conservation equation, also known as the Navier-Stokes equation, describes
how the momentum of a fluid changes over time. It is a fundamental equation in fluid
dynamics and is used to predict the motion of fluids, such as liquids and gases [154, 155].
The equation is typically written in the form:

dv 1

E:EV-G-l—f (2.2)

where p is the density of the fluid, v is the velocity vector, fluid forces f = F* + F b with
F* and F? represent surface force vector and volumetric body force vector respectively, and
o is the stress tensor. This equation forms the basis for simulating fluid dynamics using the
SPH method.

The Cauchy stress tensor ¢ is a measure of the internal forces within the fluid and
includes both the pressure forces and the viscous forces. The pressure forces are isotropic
and depend only on the pressure, while the viscous forces are anisotropic and depend on the

gradient of velocity.

The viscous forces are modeled by the constitutive law, such as the Newton’s law of
viscosity, which relates the shear stress to the velocity gradient. The constitutive law is

written as

o=—pl+71 (2.3)
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where 7 is the deviatoric part of the Cauchy stress tensor. For the flow of a Newtonian
fluid, it is essential to consider the stress tensor, which exhibits a direct proportionality to the
rate of strain tensor, characterized by the constant coefficient known as dynamic viscosity (u)
[156, 157]. Consequently, the viscous stress tensor (often referred to as the deviatoric tensor)

for Newtonian fluid flow can be mathematically represented in term of the strain tensor as
T=uD 2.4)

Here, D stands for the rate of strain tensor, defined as D = Vv + (Vv)T, where Vv denotes

the velocity gradient tensor. u is the dynamic viscosity of the fluid. This leads to
o =—pl+u(Vv+(Vv)T) (2.5)

where p is the pressure, / is the identity tensor, and the superscript T represents the tensor
transpose operation. For an incompressible Newtonian fluid, as V - v = 0, the divergence of
the viscous stress tensor V - T simplifies to:

T=nuVv? (2.6)
By including this constitutive law into the momentum conservation equation, the second
Navier-Stokes equation can be rewritten as:
dv \% V-t
dv_ Vp Vot
dr p p

This equation describes the motion of a fluid and the forces f = F* + F” acting upon it,

+f 2.7)

including the effects of viscosity and pressure.

In the context of SPH method, the use of constitutive laws, which describe the relationship
between stress and strain in a material, is important in simulations to accurately model the

behavior of both fluid and solid materials.

2.1.3 Pressure determination in SPH method

Pressure determination is an essential aspect in various fields, including computational fluid
dynamics, engineering, and physics. In the context of Smoothed Particle Hydrodynamics
(SPH) simulations, pressure determination is crucial for accurately modeling fluid behavior.
There are several methods for determining pressure in SPH simulations, including Weakly
Compressible SPH (WCSPH), Incompressible SPH (ISPH), Explicit Incompressible SPH
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(EISPH), and others. In this section, we will discuss in detail the various methods of pressure
determination in SPH simulations, including their mathematical formulations, algorithms,

and applications.

Incompressible SPH approach

The technique so-called Incompressible SPH (ISPH) is an SPH method that is used for
pressure determination in fluid simulations where the fluid is considered incompressible.
Unlike WCSPH, ISPH does not make use of an equation of state to determine pressure,
but rather solves for the pressure directly from the Navier-Stokes equations. This approach
involves solving Poisson’s equation through the utilization of the projection method. This
method was initially formulated within the framework of grid-based techniques by Chorin
[158, 159] and later adapted by Cummins and Rudman [160] to address incompressible
Smoothed Particle Hydrodynamics flow problems. In the ISPH method, the continuity
equation is streamlined to yield a divergence-free velocity field, considering the constant

nature of density. This can be expressed as:

V.ov=0 (2.8)

In the context of the ISPH method, a variant known as the ISPH divergence-free velocity
field (ISPH_DF method) is often used [161]. In this method, the density and mass of particles
remain constant, and their positions, denoted as r}', are advected to intermediate positions r;

using the following equation:

ri=rt40t v} (2.9)

At these intermediate positions r;, an intermediate velocity v; is calculated based on
various forces governing the movement of particle i at time n, except for pressure-related

forces:

V.
V=V 4 Bt (TT +FS+F”> 2.10)

Pressure at time n + 1 is determined by solving a pressure Poisson equation (PPE) given
by:

1 1

V. (Evp"“ ) = Ev-v;.* (2.11)
i

n+1

The final velocity v/ at the time step n + 1 results from the projection of v; as follows:
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ot
Vil = yr va;l“ (2.12)
The particle positions at the final time step are then calculated using:
n+1 n
1 vty
P =+ 6t (’T’> (2.13)

The ISPH_DF method is known for providing accurate and smooth pressure fields but
can lead to particle arrangement instabilities [162]. To address this issue, particle shifting
algorithms, as proposed by Xu et al. [163] and improved by Lind et al. [162], or the one
proposed by Fatehi and Manzari [164], can be employed.

To enhance the accuracy and stability of the ISPH_DF method, two alternative methods
have been developed. The first method, known as ISPH_DI (Incompressible Smoothed
Particle Hydrodynamics based on keeping density invariance) [165], is similar to ISPH_DF
in most steps, except for the solving of the Poisson equation. In ISPH_DI, the right-hand
side of the Pressure Poisson Equation is expressed in terms of relative density difference,
rather than the velocity divergence as in ISPH_DF, resulting in a Pressure Poisson Equation

given by:

1 n+1 pO_p*
V.(Evar ): s (2.14)

Here, p* represents the intermediate particle density approximated through the continuity

equation.

According to Xu et al. [163], the ISPH_DI scheme offers more stable simulations
than ISPH_DF but may suffer from reduced accuracy. To combine the advantages of both
ISPH_DF and ISPH_DI, Hu and Adams [166] proposed a combined scheme known as
ISPH_DFDI. This scheme requires solving two pressure Poisson equations, leading to higher

computational costs.

In ISPH, the fluid is considered truly incompressible, meaning that the density of the
fluid is constant and the pressure is only used to balance the forces acting on the fluid. This
approach results in more accurate simulations of incompressible fluids compared to the use
of an equation of state as in WCSPH. However, it is computationally more expensive as the

pressure must be computed directly from the Navier-Stokes equations.
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Weakly Compressible SPH approach

In the context of pressure determination using Weakly Compressible SPH (WCSPH), the
pressure is calculated using an explicit equation of state (EOS) based on the density of fluid
particles and the reference speed of sound, cg [10]. The reference pressure, p,, is calculated
as follows:

2
by = pO_;O (2.15)

where pg is the reference density and ¥ is the ratio of specific heats. The pressure, p, is

then calculated using the equation of state called also MacDonald equation as[167]:

o\
p=pr{<—) —1}+pb (2.16)
Po

In this equation, p is the current density of fluid particles and p,, is the atmospheric
pressure. This method is suitable for fluid simulations where the fluid density changes
slightly and the speed of sound remains constant.

For instance, the reference speed of sound, ¢, in fluid flow simulations can be calculated
based on the reference velocity Up, reference length Ly, and effective dynamic viscosity U, rs
[168, 169]. It is typically determined based on the density variations relative to the initial
density, set at 1% (6p = 0.01 ) [170]. The equation can be written as follows:

U HgHLO H 7
2 0 effLO
{5[)7 5[) ,POL()Sp} ( )

where p is the current density. The reference velocity, length, and viscosity can be set
based on the specific requirements of the simulation and the properties of the fluid being
modeled.

In the context of simulating solid deformation, it is customary to utilize the linear equation
of state (Equation (2.16)) with ¥ = 1. The artificial speed of sound is typically computed
using the following equation [171-173]:

(2.18)

Here, K represents the bulk modulus which is a material property that characterizes its
response to uniform compression. It measures the material’s resistance to changes in volume
when subjected to an external pressure. For solids, a higher bulk modulus indicates greater

stifftness and less compressibility.
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In numerical scenarios involving single-phase free surface fluid flows and solid dynamics,
it is a common practice to set the background pressure to zero (p, = 0). Moreover, in
simulations of single or multiphase confined fluid flows, the pressure is selected to be a
positive value that ensures the positivity of the calculated pressure field according to the
equation of state, thus preventing tensile instability [174]. Various formulations for the
background pressure have been employed in the literature. For instance, Marrone et al. [174]
use pp = 3poU§ for confined single fluid flow, while Krimi et al. [21] use p;, o< 0.05p, for
simulating confined multiphase flow. To enhance the numerical stability of multiphase fluid
flow simulations, Colagrossi and Landrini [175] recommend employing a common reference

pressure for all fluid phases.

Explicit Incompressible SPH approach

The Explicit Incompressible SPH (EISPH) method is a variation of the Incompressible
SPH (ISPH) method used for pressure determination in fluid simulations where the fluid is
considered incompressible. Unlike the traditional ISPH method, EISPH uses an explicit time
integration scheme to update the pressure field, rather than a pressure-correction method.
The reader is advised to refer to [176—180] for more details. Thus, in the EISPH method, the

pressure is updated explicitly using the following equation:

pn+1 :pn_i(d_do)vn‘Fl (219)
where n is the iteration number, At is the time step, d is the SPH smoothing length, d is

the initial smoothing length, and v**! is the updated velocity field.

In the EISPH method, the fluid is considered truly incompressible, meaning that the
density of the fluid is constant and the pressure is only used to balance the forces acting
on the fluid. This approach results in more accurate simulations of incompressible fluids
compared to the use of an equation of state, such as in WCSPH. The EISPH method is
computationally efficient compared to traditional ISPH, as it does not require the solution of
a Poisson equation.

2.1.4 Stress determination and rheological models for describing con-

stitutive laws

Rheological models are mathematical descriptions of the deformation and flow of materials.
They are used to model the behavior of a wide range of materials, including liquids, gases,

and solids. In the context of the momentum equation in the Lagrangian form, rheological
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models are used to describe the constitutive laws that govern the deformation of a material.

These laws describe how the material deforms in response to an applied stress or force.

There are many different types of rheological models, each of which is suited to a specific
class of materials. In particular, they are used to describe constitutive laws for both Newtonian

and non-Newtonian fluids.

A Newtonian fluid is a fluid whose viscosity is constant and independent of the applied
stress. The constitutive equation for a Newtonian fluid is given by the equation 3.7. This
equation states that the ratio of stress to strain rate is constant and independent of the
magnitude of the stress, which is the defining characteristic of a Newtonian fluid [156, 157,
181].

On the other hand, a non-Newtonian fluid is a fluid whose viscosity changes depending
on the applied stress. There are several different types of rheological models that can be used
to describe the behavior of non-Newtonian fluids, including power-law, Bingham plastic,
Casson, and Herschel-Bulkley models [172, 176, 182].

Bingham plastic model

The Bingham plastic model, also known as the viscoplastic model and discussed in [183]
and [184], stands out as one of the simplest and most frequently employed representations
within the category of viscous time-dependent fluids. Within this model, materials exhibit a
unique behavior: they behave as a Newtonian fluid only when the applied stress surpasses
a specified yield stress limit (7,); otherwise, they act as rigid bodies. The Bingham plastic
model is given by the equation:

S D >
K {HDHF “‘} Iellr = 7
D=0 ItllF <7y

(2.20)

where 7, is the yield stress and u is the plastic viscosity.The symbol ||.||r denotes the
Frobenius norm, as detailed in equations (3.9) and (3.10). Equation (3.8) introduces the
yield criterion for soil materials, utilizing the Von Mises criterion [185]. The expression
in equation (3.8) can be reformulated into a continuous form to mitigate the numerical
challenges associated with its discontinuous representation. For instance, the exponential
model [186] and the Bercovier and Engelman (BE) model [187] are often employed for this
purpose.

This model is often used to describe fluids that exhibit a yield stress, such as toothpaste

or drilling mud.



2.1 Principle governing equations 49

1

ID||F = (51) : D) 2.21)
Y

It||F = <§r : 1) (2.22)

Casson model

The Casson equation is a rheological model that is often used to describe the behavior of
non-Newtonian fluids, specifically those that exhibit yield stress [188, 189]. The equation is
given by:

1 ryc% 3 Ut
T2 = r+uc p D2 ||t)|F > Ty, (2.23)

D=0 H’L’HF<TyC

where 7 is the stress, D is the strain rate, 7y is the yield stress, and u is the plastic

viscosity.

The Casson model is often used to describe the flow behavior of certain types of non-
Newtonian fluids, especially those that exhibit both yield stress and shear-thinning properties.
One of the typical applications of the Casson model is in describing the flow behavior of
blood [190].

Herschel-Bulkley model

The Herschel-Bulkley model [191] is given by the equation:

T =T, +kD" (2.24)

where 7, is the yield stress, k is the consistency index, and n is the flow behavior index.
This model is often used to describe fluids that exhibit both a yield stress and shear-thinning

behavior, such as some types of food products [192].

It is important to note that there are many other models out there, like the Power Law
Model, the Cross Model, the Carreau Model, the Power-law+Yield stress Model, the Cross-
power Law Model, etc [193—-195] . each of these models have their own specific characteris-
tics, advantages and disadvantages. The selection of a specific model depends on the specific

properties of the fluid being studied and the type of deformation it is undergoing.
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In general, it is important to note that these rheological models are based on empirical data
and may not always accurately predict the behavior of a fluid in all situations. Additionally, it
is important to keep in mind that these models are only valid for certain ranges of deformation,
and their predictions may become less accurate outside of these ranges.

Time-dependent fluids exhibit a hysteresis loop that is contingent upon the rate of
shear stress application. In this category, two models, the pseudoplastic time-dependent
fluid (thixotropic) [196] and the dilatant time-dependent fluid (rheopectic), are noteworthy.
Thixotropic fluids include examples like waxy crude oil [197], while rheopectic fluids are
exemplified by Bentonite clay suspensions [198].

Viscoelastic fluids [199], as the name implies, possess a combination of both viscous
and elastic properties. Examples of viscoelastic fluids include egg whites and polymer melts
[200].

2.1.5 The displacement equation

In the context of smoothed particle hydrodynamics (SPH), the displacement equation is a
mathematical representation of the movement of fluid or solid particles in a computational
domain over time [201, 152, 153]. The equation can be expressed as follows:

dr_

— = 2.25
=" (2.25)

Where % is the derivative of the position vector, r, with respect to time, #, and v is the

velocity vector of the particle.

In SPH, the fluid or solid is represented by a set of discrete particles, and the motion of
each particle is described by its position and velocity. The displacement equation is used to

calculate the change in position of a particle over time, based on its velocity.

The displacement equation is an important component of SPH simulations, as it provides
the information necessary to update the position of each particle and maintain a continuous
representation of the fluid or solid. It is also a key factor in ensuring the accuracy and stability
of the simulation, as the calculation of the displacement must take into account the various

physical and computational constraints that are present in the system.

In this study, a weakly compressible SPH approach is adopted since it is well suited to
water-granular material interaction scenarios involving significant deformations and multi-
phase flows including different densities and viscosities [202]. With this fully explicit method,

including an equation of state, the governing equations can be summarized as follows:
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dp =—pV.w

N
o (2.26)
ar 1%

2.2 Approximation of Governing Equations through SPH

Discretization

In the SPH method, the discrete governing equations are approximated by evaluating the
properties of the fluid or solid body at the locations of the particles. The particle properties
are used to calculate the local values of physical quantities such as velocity, density, and
pressure, which are then used to solve the governing equations. The aim of this section is to
provide a detailed explanation of the process of approximating the governing equations in
SPH, including the use of SPH discretization, and the mathematical equations involved.

2.2.1 Formulations for SPH continuity equation Approximation

In the SPH discrete form, the continuity equation can be approximated in different ways, each
with its own advantages and disadvantages.Typically, the non-symmetric variant of the SPH
first derivative is used to formulate the terms on the right-hand side of the continuity equation.
The following are some of the most commonly used formulations for SPH continuity equation
approximation. The standard SPH formulation is given as follows [92].
dp; B N
E:pi;E(vi—vj)~V1Wl](r,-—rj,h) (2.27)
Where, nb is the number of particles j in the neighborhood of the particle i. This is the
most commonly used formulation of the continuity equation in SPH, which is based on the
density interpolation between particles. The gradient of the smoothing kernel is used to
approximate the fluid velocity, and the mass of each particle is used to weight the contribution
of each particle to the density change.
in the other hand, the volume-preserving SPH formulation stands as follows [92]:

dp; &
’_Zm] vi—v;)-ViWij(ri—rjh) (2.28)
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This formulation of the continuity equation is based on the volume-conserving property of
the smoothing kernel. It is similar to the standard SPH formulation, but without the density of
each particle in the calculation. This formulation is less accurate than the density-conserving
SPH formulation, but it is computationally more efficient.

It exists another approaches to approximating the continuity equation in the SPH discrete
form. For instance, some formulations involve modifying the smoothing length estimation.
This approach is more complex and involves iteratively solving for the smoothing length to
ensure that the continuity equation is satisfied.

The choice of which formulation to use will depend on the specific application and
the desired properties of the simulation. For example, the volume-preserving SPH density
estimation is often preferred for simulating incompressible flows, while the standard SPH

density estimation is preferred for simulating compressible flows.

2.2.2 Formulations for SPH Density Approximation

In Smoothed Particle Hydrodynamics (SPH), the density of fluid particles is a crucial quantity
that needs to be estimated in order to calculate various fluid properties such as pressure,
velocity, and acceleration. There are several different formulations that can be used to
approximate the density in SPH, each with its own strengths and weaknesses.

The standard density summation formulation is one of the simplest and most widely used
methods for density approximation in SPH [203]. In this method, the density of particle i is
directly approximated via the basic SPH interpolation applied on the density p at the particle

i. This summation form is expressed as as follows:

np
pi= Y mW(ri—rjh) (2.29)
=1

Where m; is the mass of particle j, W;; is a smoothing kernel function, and 4; is the
smoothing length for particle i. The smoothing kernel function is used to interpolate the

density of particle i based on the densities of its neighboring particles.

The density summation formulation (2.29) offers a distinct advantage over formulations
(2.27) in that it precisely conserves mass [92]. An alternative version of the density sum-
mation formulation, as presented by Hu and Adams [203] (equation (2.30)), also conserves
mass accurately, as in (2.29). Additionally, it allows for density discontinuities when particle
i interacts with neighboring particles j exhibiting significant differences in particle mass.
This property makes it well-suited for simulating multiphase fluid flows with substantial

density variations.
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1p
pi =m; ) Wi (2.30)
j

However, the density summation formulations (2.29) and (2.30) are less suitable for
scenarios involving free surface flows. They struggle to reproduce a zero pressure at free
surface particles. In contrast, using density divergence equation (2.28) naturally reproduces
zero pressure at free surface particles. The formulation (2.29) is particularly recommended
over equation (2.28) when dealing with multiphase fluid flows characterized by high density
ratios (> 2) [204, 88]. This preference arises because in the summation on the right-hand
side of equation (2.28), neighboring particle mass directly influences the calculation, whereas
in the formulation (2.27), it is the volumes that have the primary impact. The choice of the
appropriate formulation depends on the particular requirements of a simulation and the type
of physical problem being modeled.

2.2.3 Pressure approximation

The pressure gradient is an important component in the simulation, as it drives the fluid
motion. There are several formulations for calculating the pressure gradient in SPH sim-
ulations [92, 205, 206]. These formulations are based on different physical concepts and

mathematical models, and each has its own advantages and disadvantages.

In the standard SPH formulation, the pressure gradient using this model is given in a
discrete form by [92, 205, 206]:

1 & Pi  Dj
V==Y [ B Pl vw, 2.31)
o= (Bt o

This equation calculates the pressure gradient of particle i based on the pressure of all
its neighboring particles j and their contributions to the gradient of the smoothing kernel

between particles i and j. The pressure force between particles i and j is proportional to

the pressure difference between them, which is taken into account by the term l% + l% .
i j
The formulation is based on the ideal gas law, which states that the pressure of a gas is

proportional to its density.

In addition to the standard SPH formulation given by Eq. (2.31), two other commonly
used formulations are [92, 205, 206]:
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The pressure balance formulation:

1 &

mj
— Vpi= +pj) VW;; (2.32)
pz Pi = ZP;PJ (pi pj)
The pressure continuity formulation:
1 ™o
—— Vpi=—) —(pj—pi) VWi (2.33)

For multiphase fluid flow scenarios, Hu and Adams [203, 207] introduced a novel
approach that approximates spatial derivatives using particle-averaged quantities. In this
method, neighboring particles j of particle i contribute to the summation based on their
specific volumes rather than their masses. This technique ensures exact mass conservation
and naturally accommodates density discontinuities across phase interfaces. Consequently,

the pressure gradient can be expressed as follows:

1
_Evpl___z Zpi+V7ip;) VWi (2.34)
1

This expression closely resembles the pressure gradient form favored by Monaghan [92].
Importantly, this formulation conserves linear momentum precisely because the exchange of
particle positions i and j within the summation results in opposing pressure forces. Another

formulation for the pressure gradient is as follows [208, 209]:

1 1 &
- Evpi = ——Z V2 +V2) PijVWij (2.35)

Here, p;; represents the density-weighted inter-particle averaged pressure and is defined

as:

—  Pipjt+pPjpi
Pij =
pi+p;

This form, p;;, ensures that I%V p remains continuous even when a density discontinuity

(2.36)

is present within the fluid field.

Each formulation has its own advantages and disadvantages and the choice of the ap-
propriate formulation depends on the specific problem being simulated. For example, the
standard SPH formulation is widely used for simulating ideal gases, while the pressure

continuity formulation may be more suitable for simulating high-density liquids.
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2.2.4 Cauchy stress tensor approximation

To ensure the conservation of momentum, one can choose from several symmetric expressions

for calculating the divergence operator of the Cauchy stress tensor o [92]:

1 & o, O
—Veoi=Y [m;| =+ | VW, (2.37)
5 Z(J(pz pz) )

i J
In cases of significant density variation, Monaghan [167] recommends using another

discrete symmetric form for Cauchy stress divergence [205]:

1 2 ( m;
—V.0;= L (0;+0;) VW, ) (2.38)
570 =X (ave) W,

Here, o; is expressed as 6; = —p;l + 7.

An asymmetric expression for discretizing the divergence of the Cauchy stress tensor is

used in some cases [210, 206]:

1 p nm;
—V. O; = Z ( / (Gj — Gl') VVVU) (239)
i F pip;

Typically, these three formulations of the Cauchy stress tensor divergence V - ¢; are
used in solid mechanics to model elastic behavior, where the deviatoric part 7 is determined
by Hooke laws, as discussed in [211]. For fluid dynamics applications, the momentum
equation form (2.7) is preferred, with pressure gradient and viscous tensor divergence 7
being discretized differently [44].

2.2.5 Viscous stress tensor approximation

In SPH simulations, the calculation of the viscous stress tensor is an important component
in modeling fluid flow and capturing the effects of viscosity on the fluid motion. There are

several different formulations that can be used to calculate the viscous stress tensor, including:

Morris formulation which is based on the idea of representing the viscous stress tensor as
the product of the viscosity and the velocity gradient tensor. The Morris formulation [112] is
expressed as:

a 5 “vij (2.40)
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where 7; 18 the viscous stress tensor, U is the viscosity, m; is the mass of particle j, p; and
p; are the densities of particles i and j, respectively, r;; is the vector pointing from particle j
to particle i, v;; is the relative velocity between particles i and j, and W;; is the smoothing
kernel. The formulation given by Equation (2.40) precisely conserves linear momentum,

although it approximately preserves angular momentum [212].

The artificial Viscosity Formulation which uses an artificial viscosity term to introduce

the viscous effects in the simulation. The viscous stress tensor is calculated as:

ij ' Vij"’ij)"ljvvij (241)
l
where p;; is the artificial viscosity term calculated using a specific formula such as
the Monaghan’s artificial viscosity formula [213]. For instance, the approximation of the
divergence of the viscous stress tensor has been derived from the artificial viscosity term
used in the work of Monaghan and Gingold [213] by Violeau and Issa [96] as follows:

(&Jr&) URURUS (2.42)
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Another approach to calculating the divergence of the viscous stress tensor was intro-
duced by Cleary in [214]. This formulation provides an alternative method for accurately

determining the amount of viscous force in a fluid simulation.

—v o= m; 5 il rzu Vuz VW, (2.43)
The formulation developed by Cleary [214] offers a unique solution that combines
elements from traditional finite difference methods with the smoothed particle hydrodynamics

(SPH) framework, which has become widely adopted in fluid simulation.

In order to accurately approximate the viscous stress tensor divergence, a suitable value
must be chosen for the parameter £. In a study by Basa et al [212], it was determined that
the previously established value of & = 4.96333, which was calibrated through comparison
to known solutions in a Couette flow, resulted in highly inaccurate velocity predictions for
simulations of Poiseuille flow. Instead, the authors found that setting & = 4.24 produced
much better results. Additionally, the parameter 12 is usually set to a small value, such as
(0.1h)?, to avoid potential singularities (or division by zero) that could occur if two particles

were to get too close to each other.

In the context of simulating multiphase flows, the expression for the divergence of the

viscous tensor in the pressure approximation equation (2.34) is given by:
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Here, 11;; is the inter-particle-averaged shear viscosity:
— 2
= (2.45)
Hii Hi+

This form of the viscous force conserves linear momentum. Angular momentum con-
servation can be achieved using other formulations, such as the one used by Hu and Adams

[215] and extended for multiphase flow applications by Krimi et al [21]:

Ly o= 5% w2 v2) i v, 2.46
—Vemi=2) (Vi + V) i 5 VWi (2.46)
i m; = r:
j ij
Here, { = n+ 2, where n is the space dimension number.
It’s important to note that the volume is calculated as V; = ’;if, with mass m; held constant

during the simulation, and density p; computed using the summation formulation (2.30).

Various SPH discretization principles for multiphase flow can be found in the literature.
For example, Grenier et al [216] derived governing equations using a Lagrangian variational
principle, leading to a Hamiltonian system of particles, which is suitable for modeling flows
with interfaces and free surfaces. Detailed formulations can be found in [216-219].

When modeling non-Newtonian fluids using the Generalized Newtonian Fluids (GNL)
technique [183, 220], alternative formulations for the divergence of the viscous stress tensor
(deviatoric tensor 2.47) are commonly used in the literature [221, 222]. Krimi et al [21]
extended this formulation for use in the context of non-Newtonian multiphase fluids and
fluid-like mass frameworks 2.48:

1 omj i+
37 R VW) W) D

r7; pi+pj

PRI { o i (g VW) g (v VW) b (248)
Each of these formulations has its own advantages and disadvantages, and the choice of

the appropriate formulation depends on the specific problem being simulated and the desired
level of accuracy. The main criteria is to find a formulation that accurately captures the

continuum behavior and reduces computational errors.
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2.3 Recent advancements in the SPH method

The conventional SPH method has been widely used for simulation of various physical
phenomena, however, there are several limitations and challenges that need to be addressed
to improve its accuracy and efficiency . Some of the key challenges faced by the traditional
SPH method are the following:

* One of the major limitations of the traditional SPH method is the conservation of
volume [223]. The particle distribution in SPH method may lead to some irregular
shapes and variations in the particle density, which can result in inaccuracies in the

calculation of physical properties.

* Another major challenge of the SPH method is its numerical instability, especially
in cases involving high velocity gradients, complex geometries, and high particle
concentrations [ 168, 224]. This can lead to oscillations, convergence problems, and

divergence of the simulation.

» Regarding the lack of accuracy in certain applications [117, 225], the SPH method
may not provide accurate results in certain applications, such as in simulating sharp
interfaces, high Reynolds number flows, or multi-phase flows with strong inter-particle

interactions.

To overcome these challenges and limitations, several advancements have been proposed
and developed in recent years , including improved particle distributions, new formulations
for gradient approximation, and adaptive time stepping methods. The enhancement of the
accuracy, stability, and consistency of the SPH method can be approached through two
fundamental avenues [55]: Firstly, by refining the approximation of the kernel function
and its derivatives, and secondly, by reestablishing the SPH particle representation of the
governing equations. These advancements aim to improve the accuracy and stability of the
SPH method in various applications.

2.3.1 Shepard Correction

The Shepard correction formulation [226] in the SPH method involves approximating a
continuous function, f(r;), at the i’ particle position, ;, using a weighted sum of values

from neighboring particles j in the set n, also called Shepard filter:

f(ri) = YL frp)WiV; (2.49)
J
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Where V; is the volume of particle j, and the Shepard kernel, w3

;}» 1s given by:

ws = - Wi

Y WiV
J

(2.50)

The Shepard kernel, Wlf

the sum of the weighted values over all neighboring particles is equal to the value of f(r;) at

is a normalization of the standard SPH kernel, W;;, that ensures

that particle’s position. The Shepard correction allows for improved smoothing of the particle
distribution, reducing the noise present in the traditional SPH method [227, 106, 228, 21].

2.3.2 The Damping Method for Reducing Oscillations in SPH Simula-

tions.

The smoothed particle hydrodynamics (SPH) method can sometimes produce high-frequency
oscillations due to artificial sound waves in the simulation domain, which can be a result
of the imposition of initial conditions. To address this issue, Monaghan et al. proposed a
damping technique that can be applied during a predefined time period to reduce such artifacts.

The technique involves smoothing the particle distribution and accelerating particles.

The duration of the damping period is defined by the damping time 7p [229]. During this
time, the acceleration due to the body force is mitigated by the damping factor &p(¢), which
is defined as[209]:

e (sin (% -0.5)x+1) 1<Tp o)

1 t>1Tp
According to this equation, the damping factor starts at zero, increases to a maximum of
2 during the first half of the damping time period, and then decreases back to zero during
the second half. The damping factor remains equal to 1 once the damping time period has
ended. This approach allows for a smooth transition from the damping period to the normal

simulation, which reduces the impact of the damping on the overall results.

2.3.3 Enhancement of the Gradient Calculation in the Kernel Function

In SPH, a smoothed approximation of a physical field is obtained by interpolating the field
values of a set of particles. The smoothed field value at a particle position, r;, is estimated
by considering the contribution of all other neighboring particles within a smoothing length,

h. The smoothing kernel, W;;, is a weighting function that determines the contribution of
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each neighboring particle to the field value at r;. The gradient of the smoothed field is then
estimated using the gradient of the kernel function, VW;;. However, the standard gradient
estimate using VW;; can result in unphysical behavior, such as artificial over-diffusion or
undershoot of gradients, due to the discrete and non-uniform distribution of particles. To
address this issue, Monaghan [230] introduced the concept of gradient correction, where
the gradient of the kernel function is multiplied by a correction term, L(r;), to improve the
gradient estimate.

The correction term is a function of the particle position and is designed to correct for the
non-uniform distribution of particles. The equation for the gradient correction of the kernel

function is given by:

VWS =L(r;) V- Wi (2.52)

where VWS is the corrected gradient of the kernel function and L(r;) is the correction
term. The specific form of the correction term can vary depending on the choice of kernel
function and the desired level of accuracy.

2.3.4 Enhancement of the Laplacian operator in the Kernel Function

The Laplacian approximation in Smoothed Particle Hydrodynamics is only of zero-order
consistency. While attempting to improve its consistency through correction of the kernel
function is challenging, a more consistent method was proposed by Schwaiger in [231] that
provides an approximation of second-order consistency. Fatehi and Manzari [232] later
presented an even more improved formulation that guarantees a second-order consistency,
albeit with the cost of a more complex computation. This formulation, as expressed by
Equation (2.53), involves the calculation of a fourth-order tensor, B;, which is dependent on
the first-order consistent gradient formulation given by Equation (2.54).

V-Vf(ri) ~B;i:[2) Vjrij® VWi (f—lzj - %-Vf(ri)) ] (2.53)
J ij ij

With V f(r;) is the first order consistent gradient formulation given through the equation
(2.52), and B; = B(r;) is a fourth-order symmetric that can be determined from the following

equation:
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2.3.5 SPH enhancing by particle approximation in governing equations

Artificial viscosity terms

The implementation of artificial viscosity in the context of Smoothed Particle Hydrodynamics
(SPH) is a crucial step in achieving stability in numerical simulations. The SPH method
is a popular approach in the field of computational fluid dynamics, where the fluid is
represented by a large number of particles, each with its own physical properties. However,
this method can be prone to numerical instabilities when dealing with high-speed flow and
strong shockwaves. To tackle this issue, an additional term, referred to as the artificial

viscosity, was introduced to the SPH momentum equation.

The artificial viscosity term was first proposed by Lucy [85] and later improved by Mon-
aghan and Gingold [233], who emphasized the importance of linear and angular momentum
conservation in numerical simulations. The viscous term, denoted by I1;;, is added to the

pressure terms in the SPH momentum equation, which can be written as:

dv; & Pi  Dj
E:_;mj <7+I)_j2+nij VWi; (2.55)

Alternatively, it can also be added to the stress terms and it can be written as:

dvl- b O; O;
— = i\ —+—= —II;;l | VW;; 2.56
dr ;mi <plz +sz ij ij (2.56)
where the artificial viscosity term IT;; is defined as follows:
My = —a— [ 20T (2.57)
Pij \ri;+n

Here, ° = (0. lh)2 is used to ensure a non-zero denominator, p;; represents the average
density of particles i and J, h_lj denotes the average smoothing length, and ¢p; represents the

average speed of sound of the two particles. The identity matrix / is also used in the equation.
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The implementation of this artificial viscosity in Smoothed Particle Hydrodynamics
(SPH) has been widely used and studied, and it is established that the formulation of the
artificial viscosity term I1;; works effectively for moderate strength shocks (Monaghan, 1983).
However, when the Mach number becomes very high, the standard formulation is found
to be insufficient (Monaghan, 2005). To address this issue, Monaghan (1992) proposed an
additional term to the artificial viscosity, as given by Equation (2.58).

—acy, @i+ BPY
# sz . rl] < 0
I;; = Pij (2.58)
0 vij . r,'j Z 0

This expression is derived from the dissipative term in shock solutions based on Riemann

solvers, where ®;; is defined as in Equation (2.59).

hij vij - i

D;; =
15} ri2j+n2

(2.59)

The free parameters a and 8 are chosen based on the specific problem to be simulated,
with good results obtained with the choice of o = 1 and B = 2 (Monaghan, 2005).

In terms of the dissipative term, Equation (2.60) describes the contribution of ®;; as a

product of the signal velocity, vy, and a factor K = 0.5.

Vij - Ti
q)ij =—-K Vsig J J (260)

The signal velocity, defined in Equation (2.61), accounts for the sum of the individual
sound speeds ¢, and co;, and is modulated by the relative velocity of the particle pair, v;j,
with a coefficient § = 4.

Vsig = €0, +Co, — PVij - €ij (2.61)

In summary, the use artificial viscosity term helps to keep particles from getting too close

to each other, ensuring the stability of the simulation and the accuracy of the results.

XSPH correction

XSPH, or Extended Smoothed Particle Hydrodynamics, is a modification of the classical
Smoothed Particle Hydrodynamics (SPH) method for simulating fluid dynamics[234]. The
main difference between XSPH and SPH is that XSPH takes into account the relative
movement of particles in order to improve the accuracy of the simulation. This correction

is applied to the equation of motion in the simulation, and it has two primary objectives.
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Firstly, the XSPH correction helps to order the movement of particles, thereby stabilizing
the free surface of liquids in the simulation. Secondly, the XSPH correction helps to prevent
unphysical penetration of particles through each other, which can be a major issue in classical
SPH simulations. By incorporating the XSPH correction into the simulation, the results
produced by the simulation are more accurate and physically realistic. The XSPH method

adjusts the governing equation as following:

n
% = Vi"‘gXSPHmejgvVij (2.62)
! j Pij

More accurately, The XSPH method involves the modification of the displacement
equation in the governing equations system by the addition of a correction term. The constant
exspH, Which governs the magnitude of the correction, is typically taken to be within the
range of 0 to 1. A commonly used value for € is 0.5, as noted in previous studies such as
[235, 173]. However, when simulating incompressible flows, a value of € = 0.3 has been
found to be effective, as stated by Liu and Liu in [59]. The average density between particles

i and j, denoted as p;;, is calculated as p;; = Pty ”;pj .

Diffusive terms correction

The addition of numerical diffusive terms in the continuity equation is a common technique in
SPH simulations, especially for weakly-compressible fluids, with the purpose of minimizing
the noise in the density and pressure fields.In this context, several diffusive terms have been
introduced.For instance, Ferrari et al.[236] utilized the Riemann solver theory to construct
a numerical diffusive term based on a Rusanov flux, which was added to the continuity
equation to minimize numerical noise in the density field. This diffusive term is described as
following:

S max{co,,co;}
Df :ij <p—jj(Pj_Pi)) eij- VWi; (2.63)
J

Where ¢;; is the inter-particles unite vector that is expressed as e;; = #
1

The inclusion of the diffusive term Df " into weakly-compressible schemes leads to a
smoother pressure field due to the calculation of the pressure field from the density field
through an equation of state. A smoother density field results in a smoother pressure field.

Similarly, Fatehi and Manzari [164] introduced a new term through a numerical investi-

gation of pressure evolution for a checker-board problem [237]. This model, which is based
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on the Laplacian of the pressure field instead of the density field, was the first of its kind.
This diffusive term is written as:

\v \Y
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Where,

B; refers to the normalization matrix defined from solving the Eq. (2.54) and <
the first order consistent gradient formulation of the quantity (%).

In a parallel way, Molteni and Colagrossi [238] have proposed another diffusive term
into the conservation of mass equation. Unfortunately, this term was incompatible with a
hydrostatic equilibrium problem. To fix this shortcoming, Antuono et al [239] have improved
this term by including a correction term designed to deal better with problems involving free

surface flows, calling it §-SPH. This diffusive term is written as:

)
D?—SPH =6 h COZ\PUV{/VUVJ. (2.67)
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The vector '¥;; is written as

Fis
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ij
The symbol <Vp>l-L denotes renormalized density gradient calculated through the Lapla-
cian operator equation. For more details about these diffusive terms, readers can refer to
[doi.org/10.1016/j.apm.2016.05.016].

To summarize, the Smoothed Particle Hydrodynamics (SPH) method has undergone a
significant improvement over the years. Advances in numerical methods and computing
power have allowed for more accurate simulations and the ability to handle increasingly
complex problems. Additionally, the development of new kernel functions, better treatment
of governing equations, and improved diffusive terms have further enhanced the robustness
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and accuracy of the SPH method. As a result, SPH is now widely used in a variety of fields

and continues to be a subject of active research and development.

2.4 Neighboring particles search in SPH simulations

In Smoothed Particle Hydrodynamics (SPH) simulations, determining the neighboring
particles of a target particle i is crucial for accurately calculating fluid dynamics interactions.
To do this, it is necessary to find all the particles j that are within a specified smoothing length
h from the target particle. This information is then used to perform calculations such as
density estimation and pressure forces. There are several methods to search for neighboring

particles, including:

2.4.1 Brute Force Method

In this method, the distance between each pair of particles i and j is calculated using a
distance metric such as Euclidean distance or Manhattan distance [59, 240]. If the distance
between two particles is less than or equal to /4, they are considered neighbors. This method
is simple but computationally expensive as the number of calculations grows quadratically

with the number of particles.

2.4.2 Linked-list Method

The main idea behind this method is to divide the simulation space into cells, and then use
a linked-list data structure to store the particles in each cell [241, 71]. When searching for
the neighbors of a target particle i, only the particles in the same cell and surrounding cells
need to be considered. This reduces the number of particles that need to be compared to the
target particle, making the search more efficient than the Brute Force method [242]. This
method can also handle dynamic changes in the particle positions, as particles can be added
or removed from the linked-list as needed. This makes the linked-list method well-suited for
simulations that involve fluid-structure interaction dynamics, where particles are constantly

moving and changing position and physical properties.

2.4.3 Tree-based Method

This method involves the use of a tree data structure, such as a K-D Tree or an Octree,
to organize the particles [243—-246]. The tree is constructed by recursively dividing the

simulation space into smaller regions until each region contains only a few particles. During
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the neighbor search, the tree is traversed to find particles j within a distance of 4 from particle
i. This method is more efficient than the Brute Force method, but can be more complex to

implement and may require more memory to store the tree structure.

2.4.4 Adaptive Kernel Method

In this method, the smoothing length 4 is allowed to vary depending on the local particle
density [213, 247]. This reduces the number of particles considered as neighbors in low-
density regions, leading to more efficient neighbor search. This method can also prevent
particle clustering and ensure an even distribution of particles. However, the determination

of h and the calculation of the density can be computationally expensive.

It’s worth noting that the choice of method depends on the specific requirements of the
simulation, such as the number of particles, the size of the simulation space, and the desired
accuracy. Some methods may be more suitable for certain applications, while others may be

more efficient in others.

2.5 Boundary conditions in SPH simulations

Boundary conditions play a crucial role in the accuracy and validity of any numerical
simulation, including Smoothed Particle Hydrodynamics (SPH) simulations. In SPH, the
governing equations are discretized into a set of particles, and the solution of the equations is
obtained by considering the interactions between these particles. The presence of boundaries
in a simulation introduces a set of unique challenges as the behavior of the particles near these
boundaries can have a significant impact on the overall solution. As a result, it is of utmost
importance to impose appropriate boundary conditions that accurately capture the physical
behavior of the system being modeled. There are several techniques for implementing
boundary conditions in SPH and the choice of which to be used among them depends on the

problem being solved and the type of simulation being performed.

2.5.1 Immovable boundary conditions

Immovable boundary conditions in SPH simulations refer to a scenario where the properties or
characteristics of the particles near the boundaries are static to a known value. This approach
is often used when the boundaries represent solid objects, such as walls or containers, where

the flow or movement of particles is restricted. In such cases, it is important to ensure that
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the boundary conditions are properly implemented to avoid unrealistic results or errors in the

simulation.

There are different approaches used to enforce immovable boundary conditions in SPH
simulations. One of the most widely used methods is the ghost particle technique, which
involves introducing additional particles near the boundary that act as a "ghost" to prevent
the fluid from flowing through the boundary. These ghost particles are usually given a
mass, velocity and density that is equal to that of the fluid particles, but their positions
are adjusted so that they are positioned exactly at the boundary. The concept of the Ghost
Particles technique was initially introduced by Libersky et al. [248] as a means to enforce
symmetrical conditions by imparting opposing velocities to reflected particle images. The
Fixed Ghost Particles technique, proposed by Marrone et al. [249, 250], utilizes fixed layers
of ghost particles placed around solid boundaries. These particles are used to interpolate
fluid properties with a high-order accuracy kernel function.

Another approach is the reflective boundary condition, where the particles near the
boundary are reflected back into the fluid domain, mimicking the behavior of a solid wall.
Colagrossi and Landrini [175] expanded upon the technique of ghost particle to accommodate
rigid boundaries, incorporating density, pressure, and velocity reflections into the ghost
particles.

A third approach is the no-slip boundary condition, introduced by J.P. Morris [112],
involving the introduction of virtual velocities within the ghost particles. This approach
ensures robust support near boundaries and allows SPH simulations to better capture fluid
behavior. However, challenges arise when dealing with complex boundary geometries,

particularly in scenarios involving corners.

The Coupled Dynamic Solid Boundary Treatment technique, introduced by Liu et al.
[251], involves the use of two types of virtual particles: repulsive particles and fixed particles
to represent solid boundaries. Repulsive particles are placed directly on the solid boundary,

while fixed particles are positioned outside the solid boundary area.

The repulsive force method, initially introduced by Monaghan [170], relies on the
application of Lennard-Jones forces between fluid particles and solid walls. While this
technique is straightforward to implement, it can lead to significant numerical oscillations
near solid boundaries, as observed in studies such as those by Liu et al. [95] and [252].
Subsequently, a milder variant of the repulsive force approach was developed by Rogers and
Dalrymple [253] for the purpose of simulating tsunami waves using the SPH method.

The Dummy Particles method, initially introduced by Takeda et al. [254], involves the

placement of fixed layers of particles to represent solid boundaries and ensure a compact
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support region near them. This technique offers an advantage over the Ghost Particle method
by being capable of handling complex geometric boundary shapes. Issa et al. [255] extended
this approach to investigate turbulence modeling within the SPH framework. Adami et
al. [209] further improved the Dummy Particle technique by introducing a generalized
formulation that provides accurate pressure approximations on the boundary particles based
on local force balance. Krimi et al. [21] expanded this technique, based on Adami et al.’s
work [209], to be applicable in the context of multiphase fluid flow with varying densities

and viscosities.

A semi-analytical wall boundary condition was developed in 2D by Ferrand et al. [256],
building upon the works of Kulasegaram et al. [257] and De Leffe et al. [258]. This method
discretizes wall boundaries using boundary elements such as segments and vertices. It
overcomes the limitations of kernel support near boundaries by computing surface integrals
and using renormalization factors in the weakly compressible SPH (WCSPH) discrete
interpolation. Macia et al. [259] and Leroy et al. [260] applied this method in the context of
incompressible SPH (ISPH), while Mayrhofer et al. [261, 262] extended it to 3D applications.
Although this method yields reasonable results, it is known to be challenging to implement

and can significantly increase simulation time, as noted by Valizadeh and Monaghan [263].

An innovative approach was proposed by Fatehi and Manzari [164] for modeling wall
boundary conditions using a single layer of solid particles. This method ensures accurate
pressure calculations at the wall, effectively preventing particle penetration. It demonstrates
strong performance, especially in scenarios involving complex geometries. Hashemi et
al. [264] successfully applied this technique to simulate the motion of rigid bodies within

Newtonian fluid flows.

2.5.2 Free boundary conditions

In Smoothed Particle Hydrodynamics (SPH) simulations, Free boundary conditions are used
to model physical systems with boundaries that allow fluid or solid particles to move freely
in and out of the computational domain [265, 209, 266].The width of the buffer zones for
inflow and outflow, depending on the flow direction, is set to be equal to or greater than the
kernel function’s support radius (> kh). This is done to ensure that the kernel’s support is
fully encompassed. This type of boundary condition is particularly important in simulations
of problems such as flow over porous media, filtration, and flow in porous pipes, among

others.

The main challenge in modeling free boundary conditions in SPH is to ensure that the

continuity of the fluid or solid phase is maintained, while avoiding any artificial mass or
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momentum transport across the boundary. This is achieved by using specific boundary

conditions that mimic the physics of the physical system being modeled.

One common approach to modeling free boundary conditions in SPH is the use of ghost
particles. This method involves placing additional particles outside the computational domain,
with properties that match those of the fluid or solid particles inside the domain. These ghost
particles are then used to maintain the continuity of the fluid or solid phase and to avoid any

artificial mass or momentum transport across the boundary.

Another approach to modeling free boundary conditions in SPH is the use of a pressure-
velocity coupling scheme. In this method, the velocity of the fluid or solid phase is explicitly
set to zero at the boundary, while the pressure is calculated using a boundary condition that
mimics the physics of the physical system. This method is particularly useful in simulations
of problems such as flow over porous media, where the fluid or solid phase is expected to be
stagnant at the boundary.

The unified semi-analytical wall boundary condition method introduced by Ferrand et al.
[256] has been extended by Leroy et al [267] and Ferrand et al. [268] to be applicable to open
boundary conditions (inflow/outflow boundaries) within the context of incompressible and
weakly compressible Smoothed Particle Hydrodynamics (ISPH and WCSPH). This extended
method eliminates the need for buffer zones when modeling inflow and outflow conditions.

For a more comprehensive understanding of this technique, readers are encouraged to refer
to [269, 268, 270].

2.5.3 Moving boundary conditions

In SPH simulations, moving boundary conditions refer to the situation where the boundary of
the fluid or solid system is in motion. Modeling these types of boundary conditions requires
the ability to accurately track the movement of the boundary and to make adjustments to the

simulation accordingly [271].

One approach for dealing with moving boundary conditions is to use a marker particle
method, where a separate set of particles is used to represent the boundary. These marker
particles can be used to track the movement of the boundary and to communicate the boundary
position to the fluid or solid particles in the simulation. The movement of the marker particles
can be determined through the use of an external solver or through the integration of their
motion within the SPH simulation itself.

Another approach for dealing with moving boundary conditions is to use an interface-

capturing technique, where the fluid and solid are treated as separate phases and the interface
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between the two is captured using an additional set of variables. This approach can be used
to handle both free and immovable boundaries, and can be used to model more complex

fluid-structure interaction scenarios.

2.5.4 Treatment of Free Surface boundary Conditions

Dealing with a free surface boundary necessitates the application of both kinetic and dynamic
boundary conditions. The kinetic condition ensures that the initial free surface particles
remain on the boundary. This condition is inherently satisfied in both WCSPH and ISPH

schemes, as particles follow their Lagrangian velocities [266].

The dynamic condition involves enforcing a null-pressure condition (p = 0) at the free
surface. For WCSPH, this condition is implicitly met due to the use of the equation of state
[272-274]. In contrast, for the ISPH scheme, correctly detecting the free surface particles is
essential for imposing the null-pressure condition. Various methods have been employed in

the literature for identifying these particles.

The conventional technique involves evaluating the intermediate densities p* of particles.
If (p; < 0.99py), particle i is considered to be at the free surface [165, 275-279]. A similar
volume-based approach was introduced in [231].

An alternative free surface detection method was proposed in [280], which relies on
calculating the divergence of particle positions and comparing it to a threshold value adjusted

according to the number of space dimensions n.

A straightforward geometric-based technique was suggested by [281]. A more advanced
and accurate algorithm for free surface detection, based on SPH interpolations, was developed
by Marrone [282]. Implementing this algorithm does not require intricate geometrical

procedures.

2.5.5 Reflecting boundary conditions

Reflecting boundary conditions in SPH simulations refer to a type of boundary treatment in
which fluid particles that encounter the boundary are reflected back into the fluid domain.
This type of boundary condition is used to model flows in which the fluid cannot penetrate
the boundary and instead bounces back into the fluid domain [283, 284].

Unlike immovable boundary conditions, where the boundary is treated as a solid and the
fluid particles are prevented from crossing it, reflecting boundary conditions allow the fluid
to interact with the boundary and change its velocity, density and pressure. This makes it a

more realistic boundary condition for many fluid flow problems.
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The implementation of reflecting boundary conditions in SPH simulations is relatively
straightforward [285, 286]. When a fluid particle crosses the boundary, it is reflected back
into the fluid domain by reflecting its velocity vector. The particle’s velocity is flipped
about the normal to the boundary, which allows it to continue its motion in the fluid domain.
Additionally, the pressure and density of the particle are updated to account for the change in

velocity.

In comparison to other types of boundary conditions, such as free or moving boundary
conditions, reflecting boundary conditions are relatively simple to implement. However,
they can lead to unphysical behaviour if not used carefully. For example, if the fluid is
approaching the boundary with a high velocity, it may bounce back into the fluid domain
and create an unrealistic high-pressure region. To prevent this, a damping term is often
added to the velocity update equation, which gradually reduces the velocity of the fluid as it
approaches the boundary.

2.5.6 Periodic Boundary Conditions

Periodic boundary conditions are a well-established concept in fluid mechanics and find
extensive use in SPH simulations, as demonstrated in works such as [112, 209]. In this condi-
tion, particles near a periodic boundary interact with particles situated near the corresponding
open periodic boundary on the opposite side of the computational domain. This bidirectional

interaction facilitates the exchange of information.

Additionally, when a particle crosses the computational fluid domain through a periodic
boundary, the same particle re-enters the domain via the complementary boundary. If
a particle’s kernel function support is truncated by an open periodic boundary, the SPH
interpolation for this particle is completed using the remaining portion of its clipped support,
which is applied at the complementary open periodic boundary [287].

Another approach for SPH interpolation near open periodic boundaries is to employ
buffer zones with a width equal to or greater than the radius of the kernel support (> kh).
These buffer zones contain mirrored computational fluid particles near the complementary
boundaries

2.5.7 Combination of boundary conditions

In many simulations, a combination of different boundary conditions can be used to more
accurately represent the real scenario being modeled [288—-290]. When a combination of
boundary conditions is required, it is important to carefully consider the implications of
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each type of boundary condition on the overall simulation. For example, the presence of a
immovable boundary may restrict the movement of fluid particles, while a reflecting boundary

may cause the fluid particles to bounce back into the simulation domain.

2.6 Solid-Fluid Interaction in SPH

Solid-Fluid Interaction in Smoothed Particle Hydrodynamics (SPH) is a crucial aspect of

simulating scenarios where solid objects interact with surrounding fluids.

2.6.1 Rigid bodies

In cases involving rigid bodies, the motion of the rigid body’s center of mass and its an-
gular velocity are determined by the forces and torques acting on it. These forces include
hydrodynamic forces exerted by the surrounding fluid. In this section, we examine a scenario
involving a fluid system containing a floating rigid body with a center of mass represented as
R and a velocity at R denoted as V. The equation of motion governing the center of mass of
the discretized rigid body is given by [291, 292, 291]:

v &
Md— =Y mfi (2.69)
r %

Here, k refers to the k' rigid particle constituting the entire rigid body. The term f;
represents the hydrodynamics force per unit mass acting on the boundary particle k, my
represents the mass of rigid particle k, and ny, is the total number of rigid body particles. The
force f; can be expressed as:

nFps

=Y fu (2.70)
[

In this equation, f; is the force per unit mass exerted by the fluid particle / on the
boundary particle k. In other hand, the rotational motion of the rigid body is described by the

equation:

dQ X
Id— =Y m(re—R) X fi (2.71)
r%
Here, Q represents the angular velocity, / is the moment of inertia, and ry is the position

of the rigid particle k. The x symbol denotes the cross product.
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The values of V and Q are determined through the integration of equations (2.69) and
(2.71). As the rigid body boundary particles move as part of the rigid body, the position of
boundary particle k can be expressed as:

dl’k
E:szv—f—Q.X(l’k—R) (2.72)

It is worth noting that this technique conserves both linear and angular momentum
[293, 88]. Additionally, Hashemi et al [264] have explored an alternative approach for
modeling body motion by employing surface integration on pressure and viscosity forces
applied to the body elements.

2.6.2 Fluid-Structure Interaction (FSI) Approaches

Fluid-Structure Interaction (FSI), deals with the mutual interaction between solid bodies
(like rigid or deformable objects) and the surrounding fluid. This interaction is prevalent in
various real-world scenarios, such as ship hulls moving through water, debris in a river, or
objects submerged in a fluid. Within the Smoothed Particle Hydrodynamics (SPH) method,
two distinct approaches are employed for coupling fluid and structure interactions: Weak
coupling (partitioned) and Strong coupling (monolithic) strategies (refer to [294, 295] for

more details).

In the case of weak coupling, the behavior of one material is independent of the other,
allowing separate analysis. Typically, one material is solved first, followed by the other. For
example, in the work of Shi et al. [296], the fluid dynamics are resolved initially using a
Navier-Stokes solver, treating the structure as a rigid moving wall. Subsequently, the structure
is addressed using its designated constitutive equation, accounting for the forces exerted on
it by the fluid. An issue with this approach is that it can lead to particle interpenetration
between both materials, necessitating very small time steps for accurate simulations. Weak
coupling strategies are commonly employed for fluid-rigid body interactions [297, 293, 88].
In these scenarios, the fluid treats the rigid body as a dynamic wall boundary, while the
motion of the rigid bodies is determined by the forces imparted by the fluid using equations
described in Section 2.6.1. Coupling algorithms in fluid-structure interactions that explicitly
enforce continuity conditions at the fluid-structure interface (continuity of normal stress and
velocity) may fall under the category of weak coupling, as observed in [298].

In strong coupling, both the fluid and structure are solved simultaneously. The Lagrangian
nature of the SPH method makes this approach straightforward and robust. It involves
considering the contribution of all particles to the summation in the SPH discretized equations,

regardless of their nature. In this approach, coupling conditions at the interface are naturally
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satisfied [172, 178, 299]. Several works have successfully implemented strong coupling in
various contexts [300-307, 299].

The described fluid-structure coupling strategies primarily pertain to SPH-SPH appli-
cations, where both the fluid and structure are modeled using the SPH method. However,
in the broader framework of fluid-structure interactions, other numerical methods can also
be coupled, such as SPH-FEM (SPH for fluid and Finite Elements Method for structure)
[308-311]. These couplings are typically categorized as weak (partitioned) due to the distinct
natures of the methods and solvers involved.

2.7 Advanced time integration algorithms in SPH Simula-

tions

In Smoothed Particle Hydrodynamics (SPH) simulations, time integration algorithms play a
crucial role in determining the accuracy and stability of the simulation. The time integration
algorithm updates the particle positions and velocities and other variables at successive
time steps. There are several time integration algorithms used in SPH, each with its own
advantages and disadvantages. Some of the commonly used time integration algorithms

include:

2.7.1 Verlet Algorithm

This is a simple and efficient algorithm that uses particle positions and velocities at two
consecutive time steps to calculate the position at the next time step. It is often used in
molecular dynamics simulations and is suitable for systems with simple boundary conditions
[312, 209].

2.7.2 Leapfrog Algorithm

This algorithm uses particle positions and velocities at two consecutive time steps to calculate
the velocity at the next time step and the position at the following time step [313, 314]. It is

a popular choice for SPH simulations due to its stability and efficiency.

2.7.3 Predictor-Corrector Algorithms

These algorithms involve a prediction step, where the particle positions and velocities are

estimated, followed by a correction step, where the values are refined based on the estimated
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values. Predictor-corrector algorithms [234] can be more accurate than Verlet or Leapfrog

algorithms but are also more computationally expensive.

2.7.4 Symplectic Integrators

These are a class of algorithms that are designed to preserve the symplectic structure of
the equations of motion. They are particularly suitable for Hamiltonian systems and are

commonly used in celestial mechanics simulations [88].

2.7.5 Runge-Kutta Algorithms

Runge-Kutta algorithms are a family of time integration methods that are widely used in SPH
simulations [315, 175, 316]. They are very popular due to their ability to handle complex
physical systems and their ability to adapt to changing time steps.

2.7.6 Forward Euler method

The Forward Euler method is the simplest time integration algorithm used in SPH [317, 318].
It updates the particle position and velocity by using the current values and the acceleration
calculated from the forces. However, it is known to be unstable for large time steps and
therefore, not commonly used in SPH simulations.

2.7.7 Multi-Step Algorithms

Multi-step algorithms are used to improve the stability of the simulation [319, 320]. They
work by using information from multiple time steps to update the current state of the system.

A common multi-step algorithm used in SPH is the Adams-Bashforth algorithm.

2.8 Numerical stability criteria

The stability of an SPH simulation is closely related to the time-stepping scheme used to
advance the system in time [110]. To ensure accurate and meaningful results, there are
several stability conditions that must be satisfied. These conditions, which are based on the
physical processes involved in the simulation, are used to determine the maximum allowed

time step for advancing the system. The stability of an SPH simulation is dependent on
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the choice of time integration algorithms, as well as the numerical viscosity and boundary

conditions.

2.8.1 Courant-Friedrichs-Lewy (CFL) condition

One of the key stability constraints for SPH simulations is the CFL condition, which states
that the time step must be smaller than the ratio of the smoothing length to the fluid velocity.
This condition is necessary to prevent numerical instabilities from developing in the solution.
In practice, the time step is often chosen to be a fraction of the CFL time step, depending
on the desired accuracy and stability of the solution. According to [177], the CFL time-step
condition for ISPH and EISPH methods is expressed as follows:

h

81 <0.25— (2.73)
max([|vi})

For WCSPH the CFL condition is expressed as follows:

h
ot <0.25 (2.74)
max (co,) +max (|| vi|)

where 6t is the time step, 4 is the smoothing length, and v; is the velocity of particle i.

The coefficient of 0.25 is a safety factor that is used to ensure stability.

2.8.2 Artificial viscosity condition

Another important time-step criterion is the artificial viscosity condition, which is necessary
when the artificial viscosity is introduced to capture shock waves and prevent inter-particle
penetration. According to Monaghan [234], the time-step criterion for the artificial viscosity

is given by Equation 2.75:

h;

6t < 0.3min
- co; + 1.2((XCQi+ﬁmaX¢ij)

(2.75)

where o and B are the coefficients of the artificial viscosity term, ¢;; is the magnitude of the

relative velocity between particle i and j, and ¢, is the sound speed of particle i.
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2.8.3 Viscous-Diffusion Condition

In simulations involving viscous fluids, it is necessary to ensure that the time step is small
enough to accurately capture the effects of viscosity [321]. This is achieved through the

viscous-diffusion condition, which takes the following form:

2

ot <0.125 (2.76)

max(%)

where 1, is the dynamic viscosity and py, is the reference density of particle i.

2.8.4 Body force condition

In some cases, the fluid flow is subjected to external body forces, such as gravity. The body
force condition ensures that the time step is small enough to resolve the effect of these forces

[209]. This condition can be expressed as:

no\1/2
0r <025 —— (2.77)
1l

where F? is the external body force.

2.8.5 Surface tension condition

In the case of interfacial multiphase SPH fluid flow, it is necessary to take into account the
surface tension between the different fluid phases. The surface tension condition ensures
that the time step is small enough to resolve the effect of surface tension [322, 203]. This

condition can be expressed as:

. 3 ]/2
51 < 0.25  ™in(Pe PR (2.78)
2nok—!

the term o*~/ represents the surface tension coefficient between the two phases.
All these time-step criteria must be satisfied in each iteration to ensure a stable SPH

computation. In practice, the smallest of the above criteria is used as the actual time-step.

In conclusion, this chapter has provided a comprehensive overview of the numerical
techniques essential for utilizing Smooth Particle Hydrodynamics (SPH) in simulating
complex problems, especially those involving fluid-structure interaction (FSI). We have
highlighted SPH’s proficiency in handling intricate geometries and substantial deformations,

rendering it a versatile tool for a wide array of applications. By delving into the governing
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equations, their discretization, multiphysics coupling strategies, interpolation smoothing
kernels, boundary condition treatments, as well as methods for enhancing accuracy, stability,
and time integration, we have laid a solid foundation for the subsequent application of SPH
in diverse scenarios. Armed with this knowledge, we are poised to embark on practical
implementations and simulations in the following chapters, confident in our understanding of

the numerical underpinnings of this powerful method.



Chapter 3

Modelling of fluid-granular material
interaction using Smoothed Particle
Hydrodynamics

In recent decades, modeling of fluid-structure interactions has attracted the attention of many
researchers, scientists, and engineers since these phenomena occur in many realistic natural
and industrial fields (see, e.g., [323, 324]). The interaction between fluids and granular
materials is a prime example of fluid-structure interaction and is crucial in a wide variety
of processes spanning from geophysical hazards to industrial operations. Because of the
numerous ways fluids and granular materials can interact, many numerical studies using both
mesh-based and mesh-less methods for modeling, predicting, and mitigating their expected
damage have been proposed [325, 17, 326, 327, 323, 328-331].

In the context of mesh-based methods, some studies have used single phase models to
track the dynamical behavior of fluids and granular materials as a mixture [332]. However,
these models have been shown to be inadequate in capturing many important behavior aspects
due to the complex and evolving nature of solid-fluid interactions, as discussed by Pudasaini
and Mergili [333]. To overcome the limitations of single-phase models, two-phase mass
flow models were extensively use in the literature for simulating fluid-granular material
interactions within mesh-based methods [334—338]. Furthermore, the two-phase models
have been extended to accommodate multi-phase flows, demonstrating its versatility and
broad applicability [333, 339]. In mesh-based methods, it is often necessary to track the
interface between solid and fluid phases. Common techniques used for this purpose include
volume of fluid [340], the immersed boundary method [337], and level set method [341].

While these techniques are effective, they can be computationally expensive and difficult to
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implement, requiring algorithms or specific treatments that further increase the computational
cost [29].

Alternatively, in the framework of mesh-less methods, smoothed particle hydrodynamics
(SPH) has emerged as a promising approach for modeling fluid-structure interactions, includ-
ing those involving fluid-granular material interactions. To model a physical phenomenon,
the SPH method splits the computational domain into a set of independent particles and then
allocates to each one separately its physical properties (density, mass, pressure, etc.), accord-
ing to the governing equations of motion. Thus, no connected grid topology is required to
compute the physical quantities of nodes or mesh [89]. Mathematically, it relies on numerical
approximations of the integrals and derivatives of continuous functions in terms of their
values reproduced in a discrete form. One of the primary advantages of the SPH approach in
modeling fluid-granular material interaction fields is its inherent ability to naturally track the
interface between phases, without the need for additional algorithms or specific treatments.
This is achieved through the Lagrangian nature of the particles, utilizing the differences
in densities and viscosities between each phase [342]. Consequently, the SPH method has
proved its success in a variety of applications [5, 307, 343, 344, 202].

Regarding the dynamic behavior and the complex nature of water-granular material
interaction, extensive research has been conducted to model this kind of fluid-structure
interaction (FSI) phenomenon as multiphase flow problem using the SPH method [222,
345, 264]. However, most of them are limited within the scope of assuming Newtonian
fluid rheology for both water and granular material (where a high viscosity for granular
material was used). Within such a framework, an inappropriate choice of the viscosity is a
notorious bottleneck that might significantly affect the granular material rheology, modify its
deformation, and thus cause difficulties in accurately reproducing the coupled water-granular
material dynamic behavior. This problem comes from the fact that the complex behavior of
granular materials is modeled as a deformable solid that moves like an extremely viscous
liquid. Non-Newtonian rheology, such as viscoplastic models, provides a suitable approach
to capture the complex behavior of granular materials by incorporating a yield stress criterion
[346]. These models take into account various physical properties of the granular material,
including densities, frictions, viscosities, porosities, and their corresponding mechanical
responses [333]. This kind of rheology requires the implementation of some constitutive
laws, such as, Bingham, Herschel-Bulkley, or Casson models [347]. However, directly
utilizing these models under their original discontinuous mathematical formulations within
the context of SPH method can lead to numerical instabilities when simulating complex
flows [21, 348, 24, 10].
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This work aims to comprehensively investigate the impact of the widely utilized Bingham
model [349-353, 279], along with the less commonly employed Casson model [354, 10], on
simulating the dynamic behavior of water, granular material, and their interaction using the
Weakly Compressible Smoothed Particle Hydrodynamics (WCSPH) method. We generalize
and incorporate the models, while considering the pressure-dependent Mohr-Coulomb yield-
ing criterion. Since the rheological models utilized in this study are sensitive to pressure,
the presence of spurious numerical high-frequency oscillations in the pressure field due
to the weakly compressible flow assumption can significantly affect the simulation results.
To address and mitigate these numerical artifacts, we incorporate an artificial multi-phase
diffusive term (D9 —MSPH) developed in [21] into the WCSPH model. By applying these
models to various materials, we effectively assess their performance in simulating different

material behaviors.

3.1 Mathematical models

3.1.1 Governing equations

In this study, we employ a Weakly Compressible Smoothed Particle Hydrodynamics (WC-
SPH) approach, which is specifically suited for scenarios involving significant deformations
in water-granular material interactions. To effectively model the interaction between the
granular material and water, we consider the granular material as a fluid-like mass within
a multiphase flow problem. The motion of both the granular material and fluid phases is
governed by the continuity, Navier-Stokes, and displacement equations [355]. We assume
the multiphase flow to be a single continuum with multiple densities and viscosities, weakly
compressible, and flowing under isothermal conditions. By incorporating these assumptions,
we can express the governing equations system for each particle i within a Lagrangian

framework as follows:

dp;

d—’; = —in.V,'
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where, p;, pi,vi, ri and g; represent the density, pressure, reference density at rest, velocity
vector, position vector, and the gravitational acceleration vector, respectively. 7; is the
deviatoric part of the Cauchy stress tensor, also known as the viscous tensor for fluids. The
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l’l'l’

subscript "i" in the variables refers to the Lagrangian domain particles, which can belong to
either the fluid or solid (granular material) phases.

To close the above system of equations (Eq. (3.1)), according to a weakly compressible
fluid, the addition of an equation of state that computes the pressure in terms of the density is
required instead of solving the Poisson equation as in the case of ISPH schemes [279, 24]. In

this work, we employ an equation of state which is expressed in the pressure-density domain

[167] in the form:
()}

where pg; and p, are the reference density and the reference pressure, respectively. In
this simulation case, the reference pressure is checked depending on the reference density

and the reference speed of sound c( using the following equation

Pr = Poicoi’ (3.3)

To choose an adequate time step for the simulations, the reference pseudo-sound speed
co must satisfy the following equation:
Us |lgllL U
C%Zmax{_o7 IgliLo Hers 0} 3.4)
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where Uy, 6p, Ly, and U, rr are the reference velocity, the ratio of density variation, the

reference length, and the effective dynamic viscosity, respectively. In this study, 6p = 0.01
is adopted to ensure weakly compressible assumptions.

Maintaining a smooth pressure field at the interface between the fluid and solid phases
(water and granular phases) is crucial for the stability of our system. This requirement arises
from the need for a continuous pressure field to accurately approximate its gradient. The
choice of reference pressure p, plays a critical role in achieving this smoothness. Based on
the findings of Colagrossi and Landrini [175], it is recommended to set the reference pressure
equal for all particle phases. Since the phases have different densities p;, we introduce
different artificial speeds of sound c; to ensure the equality of reference pressure. Then, Eq.
(3.3) is extended to satisfy the conservation of reference pressures for each flow phase as

follows:

Pr = Pry = Pry (3.5)

Pr = Pscs® = pres’. (3.6)
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here, p, is the reference pressure, p, is the reference pressure in the solid phase, p, y is the
reference pressure in the fluid phase, ps is the density of the solid phase, c; is the pseudo-
sound speed in the solid phase, p is the density of the fluid phase, and cy is the pseudo-sound
speed in the fluid phase. The numerical stability of the computations will be significantly
improved by the above conditions (Egs. (3.4) and (3.6)) [175].

3.1.2 Viscoplastic constitutive laws

For modeling water-granular material interactions, it should be noted that the computational
domain consists of two phases, each with its own rheology and thus its specific dynamic
behavior. Under real conditions, the fluid phase (water in our case) can deviate significantly
from an ideal fluid (pure water with negligible viscosity) due to the presence of various
constituents like silt and fine particles [333, 328]. However, for simplicity and to facilitate
the mathematical modeling, we assume that the water in our study behaves as a Newtonian
fluid with constant viscosity, which is a reasonable approximation [25, 94]. In this case, the
shear stress is directly proportional to the shear rate, and the unique parameter that relates to
them is the constant viscosity of the fluid. The granular material, on the other hand, has a
more complex dynamic behavior because it has the physical properties of a solid but flows
like a liquid under certain conditions. The shear stress is related to the shear rate via a
non-constant parameter, which is the apparent viscosity [183] (see Fig. 3.1). Consequently,
non-Newtonian rheologies are practically adopted to model granular material flows.

The shear stress (deviatoric tensor) for Newtonian fluids can be expressed as:

T=uD (3.7)

where D denotes the shear rate and it is defined as D = Vv + (Vv)”, with Vv signifying the
velocity gradient tensor, and the superscript 7 is the transpose tensor symbol. All materials
that do not obey Eq. (3.7) are categorized as non-Newtonian fluids [183]. Several viscoplastic
constitutive laws can be employed in describing the non-Newtonian rheology of granular
materials. Two laws are devoted to this work: the Bingham and Casson models, [354].

The Bingham plastic model [356] is one of the simplest and most extensively used
among viscoplastic constitutive laws. In this two-parameter linear model, the granular
material behaves like a Newtonian fluid above a limit stress value called the yield stress
(7y). Otherwise, it exhibits rigid body behavior. Namely, when 7, is exceeded, the structure
undergoes deformations and behaves as a fluid, otherwise it maintains a stiff body structure
(see Fig. 3.1). Mathematically, it can be represented as:
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Casson model

Bingham model

Newtonian fluids

Fig. 3.1 Shear stress vs. shear rate for Newtonian fluids, Bingham and Casson rheological
models. Figure based on that presented by Mitsoulis [27]
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On the other hand, under the Casson model [357, 358], the material behaves exactly
as with the Bingham plastic model, but after exceeding the yield stress, it follows a non-
linear (power law) viscoplastic model instead of the Newtonian (linear) one (see Fig. 3.1).
Mathematically, it can be represented as:

3 1
T;:{ Tycl +u§}D5 1llF > 1y,

D=0 |M’HF<4CyC

(3.11)

where 7y is the Casson yield stress and U is the Casson plastic viscosity.
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While the formulations (Eqs. 3.8 and 3.11) are commonly employed as constitutive
laws to describe the rheology of granular materials, both models suffer from mathematical
discontinuities, making them impractical for numerical simulations [354]. To address this
issue in our study, we have opted to utilize the Bercovier and Engelman (BE) model [187].
By smoothing out the constitutive laws of both Bingham and Casson, we aim to facilitate
their implementation in our Smoothed Particle Hydrodynamics (SPH) model, enabling us to
accurately predict the non-Newtonian rheological behavior of granular materials.

Herein, both constitutive laws are adjusted to be mathematically continuous by imple-
menting a corrective deformation (&€p > 0) that is infinitesimally small, which makes the
approximation of the discontinuous model possible without influencing any of the other

computations. Hence, Eq. (3.8) is expressed as:

=5 . ulp (3.12)

\ IDIIE + &5

When (ep = 0) in Eq. (3.12) with ||D||r # 0, Eq. ( 3.12) is reverted to the basic Bingham
constitutive law (3.8). Thus, €p must be selected as small as possible to be appropriate in
numerical simulations. Since we ensure a positive value for the infinitesimal deformation
term (€p > 0), Eq. (3.12) can well describe the effective viscosity of the matter even if the
material does not undergo any deformation (null rate of strain tensor D = 0) without any
numerical troublesome or difficulties.

By introducing the effective viscosity (U rr) concept [183], Eq. (3.12) is then written:

T = less(|ID]|lF)D (3.13)

where the Bingham effective viscosity is expressed as:

Ty

T E—. -
\/ D7+ ¢€p

When the steps followed to reproduce the continuous form of the Bingham plastic model

+u (3.14)

are applied to the Casson model, then the shear stress is expressed as:

2
Ty
= —— 4+ 1+ D 3.15
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where the Casson effective viscosity is expressed as:
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2
Ty
¢ D = —}—1—1} 3.16

The effective viscosity is inversely proportional to the rate of strain tensor, so the maxi-
mum value of the effective viscosity U, sy in both Egs. (3.14 and 3.16) is attained when the
shear rate tends to zero (D = 0).

Physically, a very high value of the effective viscosity, corresponds to the rigid part of
the material in terms of structural behaviors (non-sheared region). However, numerically, a
stable simulation time step can greatly be affected by the value of the maximum effective
viscosity. An inappropriate choice of the effective viscosity can significantly increase the
simulation duration as discussed in the Subsection 3.2.2. As a result, using the bi-viscosity
model, the Casson-Papanastasiou model [359], or even both proposed models (Eqgs. 3.12 and
3.15), may enormously affect the rate of accuracy/efficiency of our numerical SPH code.

To address this issue, additional regularization is applied to Eqgs. 3.12 and 3.15, respec-
tively. Therefore, two new constitutive laws based on the continuous forms of the Bingham
and Casson models, respectively, are proposed. Prior selection, control of the simulation

time step, and rheological proprieties are assumed using these new models.

— For the continuous Bingham model: Let us suppose that max (U.sr) = o i, where
0y, 18 a positive parameter that is proposed to adjust the maximum apparent viscosity
value. Assuming obviously that the maximum apparent viscosity corresponds with
the undeformable part of the material (||D||r — 0), therefore from equation (3.14), the
infinitesimal deformation term &, results in &, = (%Tfyl)“. Hence, the equation (3.12)
becomes:

—1
T= G L +u D (3.17)
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— For the continuous Casson model: by following the above steps that were applied to

Bingham model, we find

2

Ty
T=u +1% D (3.18)
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Both the constitutive models presented by Eqs. (3.17 and 3.18) are well suited to
numerical simulations since both of them avoid singularities and can be applied to

sheared or non-sheared regions. Furthermore, when (7, = 0), both laws are reduced
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to the Newtonian fluid model, and when the parameter is large enough (o, >> 0),
they are reduced to the original constitutive laws of Bingham and Casson, respectively.
So, one can say that Egs. (3.17 and 3.18) are smooth approximations of Bingham and
Casson constitutive laws, respectively.

Yield stress computations

In order to culminate our model, we have to identify the yield stress 7, value, since it
is a crucial rheological criterion to characterize the dynamical behavior of the granular
material which is generally specified by the use of pressure dependent yield criteria. The
Mohr-Coulomb and Drucker-Prager yield criteria are pressure-dependent models that are
commonly adopted for determining the yield stress [360, 361]. It is worth noting that the
Mohr-Coulomb and Drucker-Prager criteria are the same in 2D space [361, 21]. As stated by
Domnik et al. [361], the pressure-dependent Mohr-Coulomb criterion for computing yield
stress is a good rheological model for granular flows since it includes the frictional nature of
the granular material, based on the angle of repose (¢) (also known as the angle of internal
friction), on one hand and ensures adding a constant tensile stress to include the cohesion
(¢) of the material on the other hand. Overall, Mohr-Coulomb criterion uses a linear failure
envelope and the material properties (yield condition) to associate the shear and normal

stresses (7, 0) as follows:

T=c—otan¢ (3.19)

Therefor, the yield stress 7, of a material which yields under the Mohr-Coulomb criterion
can be expressed as:

Ty = psin@ +ccos @ (3.20)

The yield stress of a granular flow is determined by the cohesion (c¢) and the internal friction
angle (¢) between the grains, as described in Eq. (3.20). This equation, which includes
the effect of cohesion, was first proposed by Domnik et al [361] and has since been widely
adopted in numerous studies on granular flows, including those by Krimi et al [29], Si et al
[362], and Han et al [363]. More details about how we use the Mohr-Coulomb criterion for
calculating the The yield stress are available in the Appendix A.

By merging Eqs.3.20 into Egs.(3.17, and 3.18) we find for the Bingham model:

L p(oy —1)(psing +ccos @) ubp (321)

\/(‘u(aﬂ - 1)HD||F)2 + (psing +ccos9)?
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and for the Casson model

S (psing +ccos @) 1 bp (3.22)

H(ID] r + el

When we apply the equation of state (Eq. (3.2)) to identify the pressure value from the
density, a negative pressure can arise if the density value of the weakly compressible flow
is smaller than the reference density for any positive reference pressure. Here, to avoid
this negative pressure which subsequently leads to the tensile instability ((author?) 29), an
alternative positive pressure {p}+ = max{0, p} is employed rather than p. Thus, Eq. (3.21)
and Eq. (3.22), respectively, become:

(0 — 1) ({p}s sing + ccos )

T= +u D (3.23)
v (g = 1)[D]F)> + ({p}s sing +ccos 9)?
2
T=u (phesing+ccosd) 4L, (3.24)
H(ID] -+ HEETH S E))

To sum up, we have provided two regularized constitutive laws, which we call R_B_RCL
(Regularized Bingham Rheological Constitutive Law) and R_C_RCL (Regularized Cas-
son Rheological Constitutive Law), respectively. The main numerical advantages of the
R_B_RCL and R_C_RCL models over the original rheological models may be highlighted

in the following points:

e The shear stress is a continuous function that only depends on the physical properties

of the material, as we have already discussed.

e Numerical singularities are avoided by using the R_B_RCL and R_C_RCL models,

which could be easily implemented for use in existing codes.

e The R_B_RCL and R_C_RCL models can be applied to any fluid-like material where

both sheared and non-sheared regions are easily handled.

The R_B_RCL and R_C_RCL constitutive laws (equations (3.23) and (3.24)) can be
adapted to other rheological models by modifying the following parameters:

¢ For Newtonian fluid (e.g., water), set (c = ¢ = 0) in equations (3.23) and (3.24) use

the dynamic viscosity of the Newtonian fluid as u.
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* For cohesionless or purely frictional materials, set ¢ = 0 in equations (3.23) and (3.24)).

* For Bingham and Casson fluids (non-frictional/purely cohesional materials), use the
yielding stress value 7y as the material cohesion ¢ (7, = ¢) and set the frictional angle
to zero (¢ = 0).

According to Vardis et al. [364] and Xenakis et al. [28], good numerical results can be
achieved when the value of the maximum effective viscosity max(L.ss) at the unyielding
region is 1000 times greater than the value of the plastic viscosity u at the highest shearing
region (max(Urr) = 1000u). Moreover, according to Ionescu et al. [365], using a constant
value of the plastic viscosity is found to not significantly alter the material rheology if it is
estimated correctly.

3.2 SPH approximation forms of governing equations

To calculate the physical properties of a particle i in the SPH framework, a smoothing
kernel function W is defined to approximate the continuous function at this particle and
its derivatives in discrete form. Namely, this kernel function W determines exactly all
neighboring particles j that have an influence on the particle i and evaluates the contribution
of each particle based on the distance r among particle i and other particles j within the
kernel function support domain, depending on a smoothing length 4 [109]. Hence, any
function f(r;), defined in the distance between two particles = r; — r;, is approximated by

the Lagrangian integral interpolation as:
f~ [ W= h) ), (3.25)
Q(kh)

where r; and r; denote the position of particles i and j, respectively, and Q(kh) is the compact
support domain.

The smoothing kernel function used in this study is the quintic spline (Eq. (3.26)) since
it fulfills the normalization condition, spherical symmetry, and compactness of its support
[102]. Also, it is sufficiently smooth and does not allow a high disorder in the particle
distribution [366].
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(-5 =621 +15(1-1)° 0<F<I
3-IY —6(2-1) 1<rf<2
W (r,h) = oy S (5 2 —h (3.26)
(3-1) 2<;<3
\ 0 %23
where o; = Tl()h’ oy = m and a; = ﬁ for 1D, 2D, and 3D cases, respectively. In this

work, we choose the smoothing length /4 as a constant relative to the initial inter-particular
spacing (h = 1.336x) and the constant ¢, for the 2D case is used.

3.2.1 SPH discretization

According to Adami et al. [208], the discretized forms of governing equations in the
framework of the SPH approach are based almost on the approximations of mass conservation

and momentum conservation equations.

Mass conservation (Continuity equation)

The discretized form of the continuity equation is given by:

dp; L om;
@ =L (3.27)

where p; and p; are the densities of particles i and j, respectively. m; is the mass of the
particle j. W;; = W (r; j,h) is the Kernel function and r;; = r; — r; is the distance between
the particle i and its neighbors j. The number of particles in the neighborhood of particle
i is denoted as nj. The term VW;; = %ei ; 1s the gradient of the kernel function, and
Tij _

ri—r j s .. . . . .
—+ = ——~ is the unit inter-particle vector. v;; = v; —v; is the relative velocity between
1 17 "

the particle i and ;.

eij =

For WCSPH formulations, the pressure field generally presents instabilities and spurious
numerical oscillations due to the approximation of density. Especially, these issues can be
critical in the present case due to the use of a Mohr-Coulomb criterion through which the
effective viscosity of the material and pressure are explicitly coupled (Egs. (3.23 and 3.24)).
To deal with this problem, Molteni and Colagrossi [238] have developed the 6-SPH method
where a diffusive term is added to the continuity equation in Eq. (3.27). Unfortunately,
the use of 6-SPH method is only valid for single phase fluid flows. For multiphase flows,
including water-granular material interactions, the §-SPH term can cause important numerical

difficulties, especially at the interface between granular material and water. These issues are
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principally generated by the repulsive forces exerted between the particles of each material
and others due to the difference in densities and vscosities between different phases. In order
to mitigate these problems, [21] have proposed to use the .@iB*MSP H formulation which is
able to deal with both single and multiphase flow applications.

In this work, we propose the implementation of this multiphase diffusive term .@i‘s_M SPH
in Eq. (3.27) instead of 29-SPH to deal with water-granular material interactions as a
multi-phase continuum flows. Applying this implementation on the continuity equation in
Eq. (3.27), we find:

np

d i m; _
d_€ = pi Y, i VW + g2 ~MSPH (3:28)
j Pi

where, the multiphase diffusive term can be written as:

P MSPH =25 Iy COZ Bo. — Bp;) Po, LYW,V (3.29)

l/
0 is a dimensionless parameter defining the magnitude of density diffusion usually taken
as 6 =0.1. By, and ﬁp are the density ratio of particles i and j to their original reference

density, respectively (Bp, = p - and ﬁpj = %),
J

The multiphase numencal diffusive term @i‘s_MSP H described in Eq. (3.29) is added to
the basic continuity equation to enhance the simulation results since it allows the reduction
of tensile instabilities and spurious numerical oscillations due to the enhancement in the
estimation of the density and the pressure values. Moreover, this term is well suited to

water-granular material interaction problems involving multiphase processes [10].

Momentum conservation (Navier-Stokes equations)

The acceleration of particle due to a Cauchy stress tensor is approximated as:

dv; 15 0 oo PiPitPipj

— ==Y (Vv w4

dr mi;( ) pitp; (3.30)
;= Pi j

where m; is the mass of the particle i. V; = ’;i? and V; = % are volumes of particles i

i j
and j, respectively. v; is the velocity vector of the particle i. In this work, the initial particle
volume V) = 5x0d is defined, where d is the number of spatial dimensions. The mass m of
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any particle i is taken as a constant value equal to m = p,, Vj in our numerical simulation,
whether for the granular material or for water.

The gradient of the viscous tensor (V- 7;) in Eq. (3.1) can be expressed using Eq. (3.13) as
follows:

1 & piTi+piTj
V.t =—Y (V2 +VH) LW,
l mz;( ) pi+pj v
1 & Pilleff; + PjMefy -3
=Y (vi4v3) L T gy
R v

The term (D VW, j) can be also simplified as:

D VW;; = (Vv 4 (V)T VW

1 1
= = (vij @ rig) VWi + — (rij @ vij) VW

2 2 (3.32)

1
= = {vij (rij - YWyj) +1ij (vij - VW) }
ij

where ® defines the outer product. Finally, the gradient of the viscous tensor is described as:

pitp; {vij (rij- VWij) +rij (vij- VWij) } - (3.33)

V. r,——Z{

V2 + V7| Pilless; + Pjlless,
u

This attained formulation is analogous to that found by [222] in the framework of ISPH.
Moreover, the effective viscosity is then calculated via Egs. (3.14 and 3.16).
The gradient of the pressure (Vp;) in Eq. (3.1) is approximated according [208] as

1 1
EVp, =— Z(v2+v2) pii VWi (3.34)
1 1
J

The term p;; is defined to ensure the continuity of pressure even for the case of discontin-
uous density between fluid particles (for example, when they belongs to different phases).
Following [166] this term reads as

—~ _ Pjpit+pip;
P = t TR (3.35)
’ pitp;
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Also, from the equation of state The pressure field is approximated as:

p=mt {(2)-1} (336)
Po;

The velocity vector is discritized as:

Displacement equation

dr;
d_tl = (3.37)

In 2D, the velocity vector components are v = [u w]”, thus the Frobenius norm of the shear
rate ||D||F is written:

2 2 2
- GG ) G e

More details about how the form of the Frobenius norm in Eq. (3.38) is found are available

in the Appendix B. To fulfill a first order consistency approximation derivative of the velocity
components [208], we write:

(V) = du du]" XS Vilui—uj) VW 539
Cloxov] T xpvingr '

dw aw]" _ EjVilwi—w;)VW;

X oy Z] V]rljarij

where the symbol <> refers to the first order consistency approximation of the quantity {.}.

3.2.2 Boundary conditions and time integration techniques

In our algorithm, the "three-layers of dummy particles for multi-phase flows" technique
validated by Krimi at al. [29] is implemented as wall boundary conditions. This technique can
be applied to multi-phase flows in general, and it is particularly well suited for water-granular
material interactions under free-slip or no-slip boundary conditions. Readers can also refer
to [21] for more information.

Lastly, the second-order Predictor-Corrector scheme is adopted in our code to integrate the
governing equations over time. According to Monaghan [88], the time step is chosen to

satisfy the following equation:
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1/2 2
ot < {0.25 L) 7CFLL} (3.41)

,0.25
max {co; + [[vill (HgH max{fl,rr}

The Courant number (CF L = (.2) is chosen for this work because it provides a time step
Ot that is twice as large as that used in the previous formulation [367]. In Eq. 3.41, picking
the right maximum effective viscosity max{fi. s} value is still a big challenge because it can

affect the time step 8¢, which is important for numerical stability and efficiency.

In conclusion, this chapter has significantly contributed to our understanding of fluid-
granular material interaction modeling using the SPH approach. By successfully integrating
the Bingham and Casson constitutive laws into the SPH framework, we have enhanced
our capabilities in simulating and analyzing complex phenomena in various fields, from
geophysical processes to industrial applications. The insights gained from this chapter not
only extend our knowledge of SPH as a versatile numerical tool but also open doors to
explore novel research avenues in fluid-structure interaction involving granular materials. As
we move forward, armed with these valuable modeling techniques, we are better equipped to
tackle the challenges posed by fluid-granular interactions and contribute to advancements in

science and engineering.



Chapter 4

Validation of the SPH Model for
Fluid-Granular Material Interaction:
Applications, Results, and Discussion

In this chapter, we rigorously assess the performance and accuracy of our proposed Smoothed
Particle Hydrodynamics (SPH) model in the context of fluid flows, granular material flows,
and their dynamic interaction. The validity of the model is evaluated through a comprehensive
series of simulations that encompass a diverse range of scenarios, allowing us to examine its
capabilities across various physical phenomena.

To establish the robustness of our SPH model, we undertake a meticulous comparison
of our simulation results with both experimental data and outcomes obtained from other
numerical models. This benchmarking process serves as a critical step in the validation
process, ensuring that our SPH model faithfully reproduces real-world observations.

Furthermore, this chapter conducts an in-depth comparative analysis of two pivotal
rheological models integrated within our SPH framework: the generalized Casson model
(R_C_RCL) and the Bingham model (R_B_RCL). Through this meticulous examination, we
seek to discern the strengths and limitations of each model and ascertain their suitability for
accurately simulating fluid-granular material interactions.

The ensuing sections of this chapter will elucidate the specific applications, present the
obtained results, and engage in a comprehensive discussion of the implications and insights
gleaned from our validation efforts. By addressing these key aspects, we aim to provide a
nuanced evaluation of the SPH model’s applicability and efficacy in capturing the intricate

dynamics of fluid-granular material interactions.
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Fig. 4.1 Geometrical details and material descriptions of dam break configuration

4.1 Dam-break benchmark

The famous dam-break benchmark, also known as column water collapse, has been exten-
sively tested in experimental and SPH numerical studies [368—371], among others. Therefore,
this benchmark is adopted in this study to test how well our SPH model deals with such
complex single-phase flows involving significant free surface profile deformations where the
water is considered as a Newtonian fluid. Here, we reproduce the experiment of Lobovsky et
al. [368] because it provides a lot of clear and usable data, including detailed snapshots of
how water behaves over time.

The experimental setup was designed as depicted in Fig. 4.1. To summarize, a water
column collapse was performed using an initial water depth Hy = 600 mm. A movable gate,
initially obstructing the flow of water, was placed 600 mm from the left bottom edge of a
prismatic tank with internal dimensions of 1610 x 600 x 150 mm. Upon removal of the gate,
the water starts to flow downstream under the effect of gravity. The starting time t = 0 was
assigned at the release of the gate. The water level was measured at four specific locations
(300 mm, 865 mm, 1114 mm, and 1362.5 mm from the left side of the tank, respectively),
while the pressure signal was captured using pressure sensors (see Fig. 4.1). The entire scene
was recorded using a digital camera.

The present simulation is performed with an inter-particle distance of dx = 0.005, result-
ing in 1704 SPH boundary particles and 14400 SPH water particles. The pseudo speed of
sound is selected to satisfy ¢y = 10/2gH [342]. Based on the experiment of Lobovsky et al.
[368], our simulation assumes that water is a Newtonian fluid with a density of p,, = 997

kg/m> and a constant dynamic viscosity u,, = 8.9 x 10™4 pa.s. Therefore, the specific values
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Fig. 4.2 Dam-break problem: comparison between our numerical results (left column) and
the experimental results of Lobovsky et al. [368] (right column) at #: (A)=0 s, (B)=0.32 s,
(C)=0.41s, (D)=0.46 s

of cohesion (¢ = 0) and angle of internal friction (¢ = 0) are chosen to align the R_B_RCL
and R_C_RCL rheological models with Newtonian behavior.

In Fig. 4.2, the experimental recording scenes for the initial water depth Hy = 600 mm
(right column) and the simulated ones using our SPH code (left column) are given at four
different times 7 = {0.0,316.7,413.4,463.3} s. After the gate lift-up, the water is advected in
the x direction (the spreading direction) by its kinetic energy, and the free surface is evolved
gradually downward, creating a wive front. After that, the water bumps the inner right side
of the tank wall where large deformations and complex flow occur. The overall behavior of
the dam-break flow in the experiment and that obtained by the current SPH numerical model,
describing water with Newtonian rheology, is qualitatively very similar. Despite this, the
experiment reveals a somewhat slower rate compared to the numerical results.

For a quantitative assessment of this discrepancy, the water wavefront evolution is inves-
tigated in Fig 4.3, where our results are compared with the experimental data obtained by

Lobovsky et al. [368] and the numerical results obtained by Vaucorbeil et al. [372] using the
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Fig. 4.3 Dam-break problem: comparison between the water wave front evolution obtained
by our numerical results (blue points), numerical results of Vaucorbeil et al. [372] (red
dashed circles) and experimental results of Lobovsky et al. [368] (black line)
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Fig. 4.4 Dam break problem: Snapshots of numerical results presenting the pressure (left
side) and velocity (right) fields

Material Point Method (MPM). To achieve the same fit as in previous works, the adimen-
sional parameters X (T) = x(¢t)/Hp and T = t\/m for position and time, respectively, are
assigned. Obviously, both numerical models agree with the experimental data. The slight
forward movement that occurred in the numerical results can be due to the influence of the
gate removal, which is not considered in this simulation [373], as well as the bottom wall
roughness. Fig 4.4 depicts the velocity and pressure fields using our SPH code. It should
be noted that the implementation of the multiphase numerical diffusive term @f—MSP H
serves to stabilize pressure by reducing the frequency of oscillations inherited from weakly

compressible assumptions and density approximations [29, 10, 249].
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Fig. 4.5 Granular material collapse: Geometrical details of the experimental configuration

4.2 Granular material collapse

Many experimental and numerical studies were conducted to investigate granular material
dynamics processes [374-377]. The granular column collapse test has been provided as a
relatively straightforward benchmark through which the non-Newtonian rheology of granular
material can be numerically investigated [378]. To verify the effectiveness of the proposed
models in reproducing the granular material dynamic behavior, the rectangular granular col-
umn collapse experiment conducted by Lajeunesse et al. [375] is devoted to this work. This
benchmark consists of a granular mass (glass beads) that is confined inside a transparent glass
tank. In this experimental configuration, once the column of the granular mass is released, it
suddenly undergoes a collapse and spreads in the horizontal plane until it eventually reaches
a frozen deposit.

The experimental set up is depicted in Fig. 4.5. It is similar to a rectangular dam-break
flow that spreads on one side with an initial height of H; = 61 mm and a length of L; = 102
mm, resulting in an aspect ratio of a = H;/L; = 0.6. The granular material had a mass of
m = 470 g with a grain density of p, = 2500 kg/m? (bulk density ps; = pg(1 — npor) = 1675
kg/m? with a porosity npor = 0.33 according to Lajeunesse et al. [375], and an angle of
repose ¢ = 22 4+0.5°. The overall dynamic process of the configuration was recorded using
a digital camera.

The simulation is performed in 2-D using an inter-particle spacing of ox = 0.002, leading
to 1582 SPH granular material particles. The pseudo speed of sound ¢ = 10+/2gH; is selected.
The dynamic viscosity i = 102 pa.s and the maximum effective viscosity max{ . =10
pa.s are assigned to the granular material. In order to properly compare how well the two
generalized constitutive laws work, the same simulation parameters are used for both of

them.
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Fig. 4.6 Granular material collapse: comparison between the numerical results from
R_C_RCL rheological model (left column), R_B_RCL rheological model (right column) and
the experimental results of Lajeunesse et al. [375] (middle column), at ¢: (A)=0 s, (B)=0.08
s, (C)=0.16 s, (D)=0.24 s, and (E)=0.32 s
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Fig. 4.7 Granular material collapse: Comparison of R_B_RCL (red ) and R_C_RCL (blue)
rheological models presented in this work, along with Herschel-Bulkley (green) and p (1)
(brown) models used by Kheirkhahan and Hosseini [379], overlaid on the original experiment
PIV snapshots by Lajeunesse et al. [375]. The snapshots were taken at two different instants:
(a)r=0.08sand (b) r =0.32s.

In Fig. 4.6, a comparison between the laboratory results and our numerical ones at
different times is shown. Overall, both the R_B_RCL and R_C_RCL models can relatively
predict how the shape of the rectangular granular column collapse changes as the material
accelerates and then slows down in the x direction until it reaches a point where there is
no more kinetic energy and a steady deposit is formed. Nevertheless, the R_C_RCL model
proved to be more effective than the R_B_RCL model in predicting the dynamic behavior of
the collapse process. This result was expected because the R_C_RCL model is an extension
of Casson’s original constitutive law, which suggests a more gradual change from Newtonian
flow to the yield zone under the conditions of the high and low-rate strain tensors, unlike
Bingham’s constitutive model, which shows sudden changes [347].

Fig. 4.7, depicts a comparison between numerical results achieved using different
rheological models, including R_B_RCL and R_C_RCL models developed in this work,
and Herschel-Bulkley and p (/) models used by Kheirkhahan and Hosseini [379], overlaid
on the original experiment PIV snapshots by Lajeunesse et al. [375]. Attime ¢ =0.08 s,
we can observe the performance of different rheological models in capturing the collapse
process. Overall, all the rheological models show a reasonable level of agreement with
the experimental data in terms of reproducing the deformation of the granular material.
However, there are notable discrepancies, particularly at the upper shoulder of the collapse.
these discrepancies may be due to the effect of the withdrawing of the gate which is not
considered in the numerical results. R_B_RCL and R_C_RCL models, presented in our
work, demonstrate relatively good agreement with the experimental data, with acceptable
fitting of the granular material behavior. However, the generalized Bingham (R_B_RCL)
model appears to be less accurate in reproducing the collapsing granular material’s shape

compared to the other models.
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Fig. 4.8 Granular material collapse: comparison between the distance traveled by the material
obtained with the numerical results from R_C_RCL (blue dash-dotted line), R_B_RCL (red
dashed line) rheological models , and the experimental results of Lajeunesse et al. [375]
(black plus sign)

At time t = 0.24 s, all the rheological models demonstrate a reasonable agreement with
the experimental data in terms of the overall trend of the collapse process. However, the
Bingham model consistently exhibits less accuracy compared to the other models.

Of particular interest is the performance of the Casson model, which proves to be the
most appropriate in reproducing the trapezoidal shape observed in the granular material
deposit. The Casson model aligns well with the conclusion of Lajeunesse et al., who noted
that for aspect ratios a = H;/L;< 0.74 (in our case, a = H;/L; = 0.6), the final deposit forms
a trapezoidal shape with a constant maximum height throughout the collapsing process.
These findings emphasize the significance of selecting an appropriate rheological model to
accurately reproduce the shape and behavior of the collapsing granular material. The Casson
model, in this case, demonstrates its suitability for capturing the trapezoidal shape and better
aligning with experimental observations.

In Fig 4.8, the time evolution of the normalized distance traveled by the granular material
L(T) = L(t) — Li/L;, with T = t\/H;/g, is depicted. Both numerical models, R_C_RCL and
R_B_RCL, are compared with the experimental data obtained by Lajeunesse et al. [375] in
order to verify which rheological model can better reproduce the dynamic process of the
granular collapse.

At T < 2.5, both numerical models match well with the experimental data. After that,
at 2.5 < T < 4, a discrepancy between the numerical models and experimental results is
observed where the distance traveled by the granular material was longer in the experiment

compared to the numerical results. Then, at 7 > 4, the flow front comes to rest in the
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experiment while it continues to spread in the numerical cases, where the flow front reaches
a deposit form at almost 7' = 5, using both models R_C_RCL and R_B_RCL. Nevertheless,
it is vividly observed that the distance traveled by the granular in the numerical simulation
using the R_C_RCL model is closer to the experiment than the results of the R_B_RCL
model, where the front of the flow traveled a shorter distance. The discrepancy in mass
halt timing between the experimental results and our numerical simulation can be attributed
to two main factors: the difference in dimensionality (3D in the experiment vs. 2D in the
simulation) and the additional frictional effects on the horizontal plate due to the use of

no-slip boundary condition in our SPH model.

4.3 Water-granular material interaction

Characterized by its complex dynamic behavior, the Fluid-Structure Interaction (FSI) phe-
nomenon includes the coupling relations between two bodies with different physical states
where a moving or a deformable structure interacts within or around the fluid flow [6]. Given
its multi-physics character, landslides interacting with water bodies are an integral part of
FSI problems. Landslides can occur above water (subaerial) or under-water (submarine).
Accordingly, the potential energy that arises from landslide-water interactions may generate
impulse waves and it is also likely to induce significant catastrophes. For instance, the
tsunamis that occurred in Lituya Bay in Alaska on July 1958 [380] and Papua New Guinea
in 1998 [381] were the results of a subaerial and a submarine landslide, respectively. Indeed,
these disasters have illustrated the high fatality, the big damage, and the massive destruction
of these natural phenomena. Therefore, theoretical, experimental, and numerical studies
have focused on landslide-water interactions problems for effectively predicting tsunamis,
assessing their hazards, and proposing their prevention measures. The purpose of the fol-
lowing examples is to investigate and demonstrate the ability of the proposed SPH model
to simulate multi-phase problems related to landslide-water interaction problems. The two

coupled phenomena chosen are a subaerial and a submarine landslide in 2D space.

4.3.1 Subaerial landslide induced generated water waves

The validation test case selected in this study is a rapid subaerial deformable landslide.
Herein, we reproduce an experimental case of Fritz et al. [382] where both numerical models,
R_B_RCL and R_C_RCL, are therefore confronted to simulate the collapse of a granular

material that interacts with a water body.
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Fig. 4.9 Water-granular material interaction: Geometrical details and material descriptions of
subaerial landslide-tsunami experimental benchmark. Figure based on that presented in [10]

In the original experimental setup by Fritz et al. [382], a water body of 7 = 0.30 m initial
depth was placed in a rectangular tank that was 11 m long, 0.5 m wide, and 1 m deep. A 45°
inclination ramp is fitted to the front of the tank where a granular material mass (m; = 108
kg), which had the starting form and dimensions of a rectangular box with 1 =/ = 0.6 m
length, » = 0.5 m width, and d = 0.236 m depth, was placed as shown in Fig. 4.9. The
density p,, = 1000 kg/m? and the dynamic viscosity i,, = 0.001 pa.s are devoted to the
water.

The granular material was characterized by an effective internal friction angle ¢ = 43°, a
bed friction angle 8 = 24°, a grain diameter dg = 4 mm, and a grain density of p, = 2640
kg/m? with a porosity npor = 0.39. In our simulation, we focused on the initial stage of the
landslide entering the water. To simplify the analysis, we considered the landslide material
and water as separate and immiscible fluid phases. The bulk density of the granular landslide
(taking into account the porosity of the air present within the material) is formulated as
Ps = Po(1 —npor) = 1620 kg/m?3. This assumption is based on the physical characteristics
of the phenomenon, such as the high velocity of the landslide (Fr = 4.1) and the resulting
momentum of the sliding land. These factors contribute to the separation between the land
and water at the entry stage, preventing immediate mixing. This assumption aligns with the
findings observed in the experimental work of Fritz et al. [382], where flow separation on
the slide shoulder resulted in hydrodynamic impact craters at high impact velocities. It is
also consistent with the numerical simulations conducted by Shi et al. [296], who obtained
relatively good results using a different SPH model that treated the land bulk as not mixing

with water in the case of rapid subaerial landslide.
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The granular material deformation, water free-surface evolution, and their interfaces
were captured by the Particle Image Velocimetry (PIV) technique. A pneumatic landslide
generator was initially used to provide the following dimensionless parameters at the impact
[382]: F =v,/\/gh=4.1,V =V, /bh* = 1.57, and S = s/h = 0.56, where F is the Froude
number, v; is the slide impact velocity, g = 9.81 m/s? is the gravitational acceleration, V is the
dimensionless slide volume, Vy = [ xbxd = 0.0708 m? is the rectangular box volume, and S is
the relative landslide thickness. All values of these parameters have been determined through
laboratory measurements conducted by Fritz et al., [382] and will be directly incorporated
into the simulation. For more details about the benchmark setup, we refer readers to [382].

In order to ensure a fair and meaningful comparison between the R_B_RCL and R_C_RCL
models in reproducing the granular material deformation and water tsunami waves, the same
numerical simulation parameters are used for both models. Namely, the inter-particle dis-
tance of 6x = 0.0025 m was determined to capture the small-scale interactions between
particles, allowing for an accurate representation of the particles of granular material and
water at an adequate resolution. The reference speed of sound (cg) is set to 30 m/s based
on the relationship ¢y = 10+/2gH;, ensuring it is at least 10 times higher than the maximum
velocity in the flow field. This choice limits density variations to less than 1%, assuming
an acceptable compressibility that aligns with the WCSPH approach [383]. The plastic
viscosities U, = U, = 0.01 Pa-s (as in the work of Ionescu et al [365]) are employed for both
the R_B_RCL and R_C_RCL models, where L, represents the Bingham plastic viscosity,
and u, represents the Casson plastic viscosity. In addition to the chosen plastic viscosities, the
maximum effective viscosity (max (L. ss)) plays a crucial role in capturing the flow behavior
of the granular material and its interaction with the surrounding water. To represent the
upper limit of the material’s resistance to flow, a value of 10 Pa-s was selected for max (Uery).
Notably, max (U, rr) is set to be 1000 times greater than the plastic viscosity (@) at the highest
shearing region (max (. sr) = 1000u), which ensures the halt of the granular particles at the
unyielding region, as reported in [364, 28].

Figure 4.10 displays snapshots of a laboratory experiment on rapid subaerial landslide
with water-granular material interactions conducted by Fritz et al. [382] (middle column)
compared to numerical results obtained using the R_C_RCL (left column) and R_B_RCL
(right column) rheological models at different relative times 7T = t(gh)o'5 (0.18, 0.56, 1.33,
and 3.61, respectively). Overall, both the R_C_RCL and R_B_RCL models satisfactorily
reproduce the dynamic process of this water-granular material interaction. However, there
are noticeable differences between the experimental snapshots and the numerical models.
Particularly, at times 7 = 0.18 and 0.56, the numerical results from both rheological models

closely resemble the experiment, with similar profiles of the granular material and generated
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water waves. As time progresses (T = 1.33 and 3.61), the numerical results obtained using
the R_C_RCL rheological model align more closely with the experimental results than those
from the R_B_RCL model. One significant contributing factor to this discrepancy is the dif-
ference in dimensionality between the experimental setup and our numerical simulation. The
experimental flow is inherently three-dimensional (3D), while our simulation is conducted in
a two-dimensional (2D) setting. Additionally, the friction effect of the sliding bed is sim-
plified as a no-slip boundary condition in our simulation. Moreover, the simulation models
consider the granular material and water as separated flows without accounting for mixing,
and pore pressure is not incorporated into the constitutive laws equations. It is important to
acknowledge that in real mass flows, granular fluid mixing can be more complex and may not
strictly conform to the separated or unseparated flow assumptions. Practical situations involve
various factors such as turbulence, particle size distribution, and interparticle interactions that
can influence the mixing behavior between the granular material and fluid. The effect of these
differences is investigated in Figure 4.11, which compares the experimental snapshot with the
numerical results obtained using the R_C_RCL and R_B_RCL rheological models. In Figure
4.11 (A), it is observed that the granular material evolution using the R_B_RCL model shows
a thicker deposit and less traveled distance compared to the R_C_RCL model. However,
the R_C_RCL model better reproduces the dynamic process of the granular material. A
similar observation can be made for the evolution of the water free-surface in Figure 4.11
(B). This difference may arise because the linear R_B_RCL model struggles to accurately
predict the maximum effective viscosity of the unyielding zone, which is non-constant within
the physical case due to changing shear rates. This discrepancy is not solely attributed to
the 2D effect and no-slip boundary assumption used in our work. At 7' = 3.61 (as shown
in Figure 4.11), the flow becomes more complex as water starts to submerge the granular
material. In such cases, pore pressure should be considered in the constitutive laws to account
for the intricate pore filling patterns, where some regions are fully filled with water, some
are partially filled, and others do not have water penetration. However, in our simulation,
we continue to treat the granular material and water as immiscible and do not incorporate
pore pressure effects. We believe this is the primary reason why the differences between
experimental and numerical simulations become more pronounced for both the Bingham and
Casson models at this stage. Nevertheless, it is worth noting that even with this assumption,
the Casson model provides better agreement with the experimental observations, both in

terms of the granular shape and water wave shape.

The velocity vector fields, acquired through the use of Particle Image Velocimetry (PIV)
[382], offer a detailed depiction of fluid motion within the area of interest. Additionally,
numerical simulations employing the R_C_RCL model further enable the visualization of
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Fig. 4.10 Water-granular material interaction: comparison between the numerical results from
R_C_RCL rheological model (left column), R_B_RCL rheological model (right column)
and the experimental results of Fritz et al. [382] (middle column), at 7: (A)=0.18 , (B)=0.56
, (O)=1.33, (D)=3.61
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Fig. 4.11 Water-granular material interaction: confrontation between R_C_RCL (red point)
and R_B_RCL (blue circle) rheological models overlaid on the original experiment PIV
snapshot of Fritz et al. [382] at T = 3.61. (A): represent the granular material profile and (B)
the water wave profile
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fluid flow patterns. As illustrated in Fig. 4.11 (A), these vector fields vividly represent the
intricate directional flow dynamics of the water. It is noteworthy that the highest velocities are
concentrated around the shoulder of the landslide, particularly where it makes contact with
the water surface. This observation holds true for both experimental findings and numerical
simulations.

The comparisons presented in Fig. 4.11 (B), (C), and (D) shed light on the agreement
between the simulated horizontal, vertical, and magnitude particle velocity fields, obtained
using our SPH model with the R_C_RCL constitutive law, and the empirically measured
results from [382]. The interaction between the landslide material and the water surface
leads to a significant transfer of kinetic energy. This energy is predominantly absorbed by
the water body, manifesting in heightened velocity levels and the generation of a substantial
propagating wave. This phenomenon underscores the intricate interplay between granular
material and fluid dynamics, a critical aspect in understanding and predicting natural events

like subaerial landslides.

4.3.2 Submarine landslide induced generated water waves
Submarine landslide along an inclined plane (Grilli et al. benchmark [13])

The following validation test case is a submarine deformable landslide. Herein, we reproduce
the experiment of [13] where our numerical approach, using R_C_RCL SPH model, is
applied to model the collapse of a fully submerged granular material. The experiment was
conducted in a 6.27 m long, 0.25 m wide tank with an initial water depth of 0.33 m. The
water free-surface evolutions were measured by four resistive gauges placed at 0.6, 1.6, 2.6,
3.6 m from a movable vertical gate which was initially used to retain the landslide material
before starting to flow down an inclined ramp of 35°. A high-speed video camera was used
to record the dynamic behavior of the water, landslide, and their interactions. The landslide
mass consisted of glass beads with an effective internal friction angle ¢ = 34°, a dynamic
bed friction angle § = 24°, a grain diameter dg = 4 mm, and a grain density 2500 kg/m>.
Herein, the bulk density is used as a mix p; = Py (1 — por) + Pg(npor) = 1951 kg/m? with a
porosity of n,,, = 0.634.

In contrast to the subaerial case, where the landslide was accelerated to get a high impact
velocity, here the landslide mass (m; = 2 kg) with an initially triangle shape placed on an
inclined slope of 35° and with a cross-section of 0.12 m x 0.084 m, collapsed inertially, once
the vertical gate was withdrawn. The initial slide submergence was 0.0422 m. The submarine
landslide benchmark setup with more geometrical details and material descriptions is shown
in Fig. 4.12.
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Fig. 4.12 Water-granular material interaction: Geometrical details and material descriptions
of submarine landslide-tsunami experimental benchmark. Figure based on that presented in
[10]

The density p,, = 1000 kg/m? and the dynamic viscosity u,, = 0.001 pa.s are used for the
water. The Casson plastic viscosity of the landslide is chosen to be equal to the water dynamic
viscosity 4 = py = p,, = 0.001 pa.s and the maximum effective viscosity max (Urr) = 10
pa.s, corresponding to the value of oy, = 100, is used accordingly to max (Usr) = ﬁ u.

The numerical simulation for this benchmark is adapted with an initial inter-particle
spacing of dx = 0.0025 m that returns a total number of 293803 SPH particles (285605
particles for water, 797 particles for the landslide, and 7401 particles for boundaries). The
reference speed of sound ¢y = 30 m/s is selected, and a no-slip boundary condition is adopted
for all tank channel walls.

Fig. 4.13 shows snapshots of laboratory experiments on submarine landslide-water
interactions conducted by [13] compared to the simulation results performed by the SPH
model of the current study and those found by [384] using SPH with a Coulomb friction wall
boundary condition model. At time # = 0.02 s, the result obtained by the SPH model of [384]
is somewhat closer to the experimental snapshot than our SPH model. This result is expected
since we did not take into account the withdrawing of the gate effects in the current work.
However, for the times r = 0.17, 0.32, and 0.47 s, our SPH model reproduces results that are
more consistent with experimental ones, where the landslide profile has exhibited a thick
front and a thin trailing as previously discussed by [17], compared to the model of [384] in
which the landslide particles were significantly scattered in the water body, especially with
advancing in time (t = 0.32 and 0.47 s). Nevertheless, a notable delay and an amplitude shift
are observed between the two numerical landslides and the experimental results that slided
faster than in both SPH models. This issue could be due to the use of a constant value for the
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bulk density while the porosity is changing within the physical case; it could also be due to
3D effects.

Submarine landslide along an inclined plane (Rzadkiewicz et al. benchmark [13])

The laboratory-scale investigation established by Rzadkiewicz et al. [385] stands as one of
the most renowned experiments on submarine landslides, extensively recreated numerically
due to its ability to vividly illustrate the dynamic processes inherent to such flow phenomena.

In this benchmark, water was introduced into a reservoir with dimensions of 0.3 m in
width, 4 m in length, and 2 m in height, reaching an initial level of 1.6 m. Positioned over a
sloped plane inclined at 45° and supported by a retractable gate, A triangular-shaped sand
mass, with dimensions spanning 0.65 m in both length and width, was positioned. The sand,
possessing a volume of 63 dm?, was initially positioned 10 cm below the horizontal water
surface (depicted in Fig. 4.14). While the water’s density is 1000 kg/m?>, the sand’s mean
apparent density amounts to 1950 kg/m?.

The numerical model employs a discretization scheme, where the physical domain is
partitioned with an inter-particle separation of dx = 0.001, leading to a total of 35,680
particles for the fluid and 2,145 particles for the granular material. The water behavior is
modeled using a Newtonian fluid rheology, with a constant dynamic viscosity of u,, = 1073
Pa-s, while the sand is initially considered as a Newtonian fluid (with uy; = 1073 Pa-s and
Ty = 0 Pa) and subsequently as a non-Newtonian fluid obeying the generalized Casson
constitutive law. This shift is performed to evaluate the effectiveness of the proposed
rheological model. In the latter case, the rheological parameters utilized align with those
chosen by [385], specifically 7, = 200 Pa and 1000 Pa, respectively.

In Fig. 4.15, we compare the dynamic behaviors of the granular flow using three different
rheological parameters: a Newtonian fluid model with 7, = 0 (Fig. 4.15(B)), a generalized
Casson model with 7, = 200 (Fig. 4.15(C)), and a generalized Casson model with 7, = 1000
(Fig. 4.15(D)). These simulations are contrasted with the experimental results (Fig. 4.15(A)),
which originally captured the granular mass positions at two different times, r = 0.4 and 0.8
s. In all scenes, we observe that upon lifting the gate, the sand mass freely descends into the
water, generating water waves. However, each simulation case depicts distinct granular flow
deformations, resulting in water waves with varying amplitudes and free surface profiles.

The Newtonian model (Fig. 4.15(B)) indicates that the granular material at the interface
erodes and scatters significantly within the water body over time. This model’s accuracy is
limited due to its lack of mechanical characteristics to adequately represent the granular flow.
Conversely, the generalized Casson rheological model depicts a more rigid granular mass,
with its deformation proportional to the yield stress criterion 7y. As seen in Figs. 4.15(C) and



4.3 Water-granular material interaction

0.1 0.2 0.3 0.4 0.5
z (m)
—0.1
B
02
_ 031 — 002
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
z (m) z (m) z (m)
(B)
~0.1 \
B
=02
- -03
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
z (m) z (m) z (m)
-0.1 0.1
B B
202 202
2 & —03 03[, — o325
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
z (m) z (m) z (m)
D)
-0.1 ‘\ —0.1
= ) ) i
= 202 202 d
< — —03 0314 — g7 s
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
 (m) o (m) o (m)

B

Fig. 4.13 Submarine landslide-tsunamis: comparison between the numerical results of the
present work (middle column), the experimental results of Grilli et al. [13] (left column),

and the numerical results of Ghaitanellis et al. [384] (right column) at ¢: (A)=0s, (B)=0.02 s,
(C)=0.17 s, (D)=0.32 s and (E)=0.47 s
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Fig. 4.14 Description of the initial configuration of the submarine landslide along an inclined
plane

4.15(D), the granular flow demonstrates more shear strain with a yield stress of 7, = 200 Pa
compared to 7, = 1000 Pa.

Given that the experiment’s screenshots describing the underwater granular flow’s overall
behavior lacked clarity, we undertake a quantitative comparison. Specifically, we compare
the experimental water wave profiles at the free surface with those computed using our model
with the three aforementioned rheological models: 7, = 0, 200, and 1000 Pa, respectively (Fig.
4.16). Att = 0.4 s, the Newtonian rheology (7, = 0 Pa) deviates more from the experimental
results compared to the generalized Casson rheological model, which closely aligns with
the experimental outcomes, particularly with 7, = 1000 Pa. Over time, at t = 0.8, the
inadequacy of the Newtonian rheology becomes more apparent, progressively diverging from
the experimental results. In contrast, the generalized Casson rheological model effectively
predicts the water wave profiles, contingent upon the appropriate yield stress value. For
instance, the generalized Casson rheological model with 7, = 1000 Pa closely matches the
experimental wave amplitude, in contrast to 7, = 200 Pa, which exhibits less significant
viscous effects. Similar observations about yield stress value were noted by [386] and [387]

using other numerical approaches.

In Fig. 4.17, a comparison is made between the numerical predicted granular mass shapes
at times r = 0.4 and 0.8 s, utilizing the generalized Casson rheological model from our
current work with 7, = 1000 Pa, to the results obtained by [25] and [150] using the p (/) and
Herschel-Bulkley rheological models, respectively. Att = 0.4 s, a noticeable agreement is
observed among all the numerical results. However, at t = 0.8 s, substantial quantitative
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Fig. 4.15 Submarine landslide: comparison between the experimental sequences ((A) row)
and the numerical results achieved using the generalized Casson rheological model of the
current study, with 7, = 0 pa ((B) row), 7, = 200 pa ((C) row), and 7, = 1000 pa ((D) row),
at t=0.4 s (left) and t=0.8 s (right)
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(black circles) and the numerical results achieved using the generalized Casson rheological
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Fig. 4.17 Submarine landslide: comparison between the numerical granular material profiles
achieved using the generalized Casson rheological model of the current study (brown points),
the p(7) rhological model of Hosseini et al. [25] (blue stars), and the Herschel-Bulkley

rhological model of Shi and Huang [150] (black circles), with 7, = 1000 pa at t=0.4 s (left)
and t=0.8 s (right)
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Fig. 4.18 Description of the initial configuration of the immersed granular column collapse
benchmark

changes have occurred in the granular mass shapes, leading to notable discrepancies across
the models. Although all numerical models predict an almost identical flow front profile,
distinct deviations are evident. Regrettably, the absence of experimental results for this
comparison prevents us from determining the most suitable model for replicating the granular
flow behavior.

Immersed granular column collapse

In this segment, we employ the SPH model proposed in our study to replicate the gravity-
driven experimental benchmark conducted by [388]. The experiment took place within a
rectangular cross-hatched tank, measuring 0.1 m in width, 0.3 m in length, and 0.1 m in
height. The initial setup involved partially filling the tank with water, forming a parallelepiped
with dimensions L,, X H,, x W,, = 0.3 x 0.08 x 0.1 m>. Inside this configuration, a pile of
granular mass, featuring a squared cross-section of Lg X Hy = 0.068 x 0.068 m?, was retained
by a sluice gate, as depicted in Fig. 4.18. The granular material consisted of glass beads,
characterized by a grain density of p, = 2470 kg/m?, a mean grain diameter of dg = 0.0008
m, and a friction angle 6 = 22°, and a volume fraction of the grains ¢ = 0.64. Water’s
dynamic viscosity is u,, = 0.001 Pa-s, and its density is p,, = 1000 kg/m>, yielding a bulk
density of ps = py (1 — @) + pg(¢) = 1940.8 kg/m? for the granular mass. The starting time
is set to = 0 when the sluice gate is definitively opened. At this point, the granular mass
begins to undergo inertial collapse under the effect of gravitational acceleration.
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The simulation setup involves an inter-particle spacing of éx = 0.002 m, leading to
the placement of 5294 SPH particles for fluid phase and 1156 for granular material phase.
The artificial sound speed is prescribed as ¢y = 10 m/s, derived through computation in
accordance with the equation provided in Eq. 3.4. Water’s behavior adheres to the conven-
tional Newtonian rheology, while the granular material adopts a non-Newtonian rheology
characterized by the generalized Casson constitutive law. For the granular material, the

Casson dynamic viscosity is specified as gy = u,, = 0.001 Pa-s.

In Figure 4.19, a comparison is presented between the simulation findings of our current
study, utilizing the SPH model, and simulated outcomes of [388], where the Moving Particle
Semi-implicit (MPS) Scheme was employed for depicting the evolving deformation of the
collapsed granular mass and the dynamic patterns of the resulting water waves.

These results are juxtaposed with the experimental findings at different time instances:
t =0,0.17,0.33, and 0.49 seconds. On the whole, the simulations of gravity-driven flows
during submerged granular collapse using both the SPH and MPS approaches correspond well
to the experimental observations. In these simulations, the sliding granular mass accelerates
and disperses initially, subsequently decelerating until it comes to a halt, eventually forming
a granular deposit with a triangular shape and a diminished final height compared to the
initial one. This pattern concurs with conclusions from other studies in a similar context(
[389-391]). The sole discrepancy lies in the fact that the morphology of the granular mass in
both our SPH and MPS models appears slightly thicker than that observed in the experiment.

In Figure 4.20, additional evidence is presented, showcasing the strong compatibility
between the numerical outcomes of both the SPH and MPS models and the experimental
snapshots. This is achieved through a comparison of the distance traversed by the front of the
granular particles when contrasting experimental data with the results from both the SPH and
MPS methods. The normalized displacement L(T') = (L(t) — Lg) /L, is plotted against the
normalized time evolution T = t\/m. Remarkably, the curves of both the experimental
and numerical results exhibit significant similarity, with the SPH model displaying a slight
advantage in its proximity to the experimental findings compared to the MPS model.

This advantage of the current SPH model becomes notably evident when comparing
the shapes of the granular mass at various time instances, as depicted in Figure 4.21. In
this visualization, the numerical outcomes of the MPS model as presented by [388] exhibit
broader profiles compared to both the SPH model and the experimental data. Despite this,
neither of the two numerical models effectively predicted the shape of the granular material
front at t = 0.33 s. This discrepancy could potentially arise from 3D effects and the variations
in the actual sizes of the granules constituting the granular material, which might not be

exactly uniform in the real-world scenario.
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Fig. 4.20 Immersed granular column collapse: Comparison between the temporal evolution
of the normalized traveled distance by the front of the granular material obtained in the exper-
imental results of Jandaghian et al. [388](black circles),the numerical results of Jandaghian
et al. [388] using MPS model (the red lines with + signs), and the present SPH model results
(dashed blue line)

To gain insight into how the movement of the granular particles influences the develop-
ment of water free surface, Figure 4.22 offers a comparison among the water waves generated.
It includes data extracted from the experimental records, the numerical results provided by
[388] utilizing the MPS model, and the simulated outcomes generated by the current SPH
model at different time points (r = 0.17, 0.33, and 0.49 s). Although some disparities exist
between the experimental data and the numerical simulations, particularly evident at = 0.17
s, the SPH model presented in this work yields outcomes that are closer to the experimental
observations when compared to the MPS model. This trend is more pronounced as time
progresses (t = 0.33 and 0.49 s). The dissimilarities could potentially stem from factors
such as the mechanics of the gate removal process, the estimation of bulk density in the
real-world scenario, or the influence of three-dimensional effects, which were not taken into
consideration in the simulation setups. Overall, this test case effectively demonstrates that the
proposed numerical SPH model can aptly reproduce the core dynamic phenomena exhibited

in gravity-driven flows during submerged granular collapses.
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Conclusions and Perspectives

In conclusion, this thesis represents a significant advancement in the field of Fluid-Structure
Interaction (FSI) modeling and simulation, particularly focusing on the interaction between
fluids and granular materials through the application of the Smoothed Particle Hydrodynamics
(SPH) method. The work underscores the critical role of rheological models, specifically the
Bingham and Casson constitutive laws, in describing the behavior of granular materials within
the SPH framework. A noteworthy contribution lies in the generalization of these rheological
models, a process aimed at mitigating numerical discontinuities inherent in the original
laws. This novel implementation substantially enhances the accuracy and robustness of
simulation outcomes. The detailed exposition of the implementation process, encompassing
the equations and numerical methods employed, provides a valuable resource for researchers
and practitioners in the field.

The thesis rigorously validates the implemented models through a series of comprehen-
sive numerical simulations, involving the interaction between fluids and granular materials.
These results are thoughtfully compared with experimental data and outcomes from other
numerical approaches, establishing a solid foundation for the validity and reliability of
the proposed methodology. Moreover, a sensitivity analysis of the numerical parameters
within the SPH method offers critical insights into their impact on simulation outcomes,
further refining our understanding of this powerful computational technique. In addition
to the specific contributions mentioned above, this research also brings forth a spectrum
of key advancements in the SPH methodology itself. These encompass improvements in
SPH method algorithms, a diversity of SPH algorithms for governing equation discretiza-
tion, the development of a dedicated weakly compressible SPH code tailored for complex
water-granular material interactions, and the introduction of innovative constitutive laws to
address coupled dynamics. Additionally, the incorporation of a multiphase diffusive term
and generalized wall boundary conditions significantly expands the applicability of SPH
simulations. A comprehensive comparison of rheological models and rigorous validation
studies further augment the robustness of the SPH model.
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Overall, this research demonstrates the efficacy of the SPH method in modeling fluid-
granular material interaction, highlighting the pivotal role of generalized non-Newtonian
rheological models. The contributions made in this thesis are poised to significantly influ-
ence and advance future research in the domain of fluid-structure interaction modeling and
simulation.

From the perspectives of advancing SPH modeling in the framework of FSI, there lie
several avenues for further exploration and refinement. The following are potential areas of

interest for future research:

* Multi-Physics Phenomena Simulation: Augment the computational framework to in-
clude the modeling of other physical natures, such as the interaction of rigid bodies with
fluids, as well as elastic and elasto-plastic models. This expansion will enable the sim-
ulation of multi-physics phenomena, providing a more comprehensive representation

of complex real-world FSI scenarios.

* Multi-Phase FSI Modeling: Extend the current framework to encompass scenarios
involving multiple phases, such as air-liquid-solid interactions. This could involve
developing specialized rheological models and numerical techniques tailored to these

complex scenarios.

* Solid-Solid SPH Particle Interactions: Incorporate solid-solid interactions using SPH
particles to model the behavior of different granular materials in contact. This extension
will enable the simulation of interactions between solid particles, further enhancing
the versatility of the computational framework.

» Extension to 3D Simulations: Expand the existing 2D SPH model into a 3D framework.
This enhancement will allow for the simulation of more complex and realistic scenarios,

providing a more accurate representation of 3D phenomena.

* Advanced Material Models: Explore the incorporation of more sophisticated mate-
rial models to capture the behavior of complex granular materials, including those

exhibiting non-Newtonian, viscoelastic, or viscoplastic properties.

* Interactive Interface Development: Create an interactive interface for the developed
code used in this thesis. This interface will facilitate user-friendly interactions with the
computational framework, making it accessible to a wider range of researchers and

engineers for various applications.
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Appendix A

Determination of the yield stress 7,

The Mohr-Coulomb criterion defines a linear failure envelope that combines the normal and

shear stresses (0, 7) on the failure plane. It is given by the equation:

T=c—0otan@ (A.1)

Here, c and ¢ represent the cohesion and angle of internal friction (repose angle) of the
material, respectively. These parameters characterize the material’s physical properties.

The yielding behavior of materials governed by the Mohr-Coulomb criterion occurs when
the Mohr’s circle is tangent to the failure envelope (see Figure A.1). This relationship can be

expressed in terms of principal stresses as:

0j—0y  O1+0
2 2
The second invariant J, of the deviatoric stress tensor can be expressed in terms of

sin ¢ +ccos ¢ (A.2)

principal stresses in two-dimensional space as:

b= ET ' T
1
= Etr (Tz)

1 I )72
:itr {G_El} (A.3)
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Fig. A.1 Mohr-Coulomb yield criterion. The Mohr circle is based on the principal stresses
o1 and 0,. Yielding occurs when the Mohr circle is tangent to the failure envelope.

In the above equation, 7r(A) denotes the trace of the square matrix A. The terms o)
and o, represent the largest and smallest principal stresses of the Cauchy stress tensor &
(o1 > 0y), respectively. The first invariant /; of the Cauchy stress tensor in a two-dimensional
space is given by:

L=01+0 (A4)

The hydrostatic pressure p can be expressed in terms of the first invariant /; or principal
stresses as:

_ h_ oto

P="3 2

Hence, the Mohr-Coulomb criterion envelope can also be written in terms of the hydro-

(A.5)

static pressure p and the second invariant J, as:

VI, = psing +ccos ¢ (A.6)

For materials that yield under the Mohr-Coulomb criterion, the yielding stress 7, can be
expressed as:

Ty = psing +ccos ¢ (A.7)

This equation represents the yield stress 7, for materials that follow the Mohr-Coulomb

criterion.



Appendix B

Frobenius norm of the shear rate tensor

In 2D, the velocity vector components are v = [u w]? and the velocity gradient tensor can be

expressed as:

The shear rate tensor, denoted as D, is given
and its transpose:

D=Vv+ (W) = [

Simplifying this expression, we get:

Now, let’s calculate the Frobenius norm of D,
defined as:

1
=D

101 = (

(B.1)

(B.2)

|

by the sum of the velocity gradient tensor

a_% + a_ij ﬁ (B.3)
dy dy dy
du 4 Idw
By+8x (B.4)
29w '
0
y

denoted as ||D||r. The Frobenius norm is

1

:D) ’ (B.5)
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where the colon (:) denotes the double-dot product. In this case, the double-dot product can
be computed as:

2
D:D:ZZDUDU (B6)

Substituting the components of D from (B.4) into (B.6), we have:

du\? du  ow\?> du  ow\? ow 2
D:D= (2_8)6) + (a—y—F%) + (a—y—Fg) + (2a—y) (B.7)
Simplifying further:
du\> du ow\? ow 2
D.D:4(—ax> +2(a—y+a—x> +4(a—y> (B.8)

Finally, by substituting the equation (B.8) into (B.5) , we can express the Frobenius norm

of D as:
ou\ > ow\ 2 du  ow\’
||D||F = ,|2 ((—ax) + (_ay) ) -+ (_3)/ + _ay) (B.9)

This expression represents the Frobenius norm of the shear rate tensor in the 2D case.
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