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ABSTRACT 

 

 This dissertation proposes a robust solution for the design and stability of nonlinear 

aeroelastic airfoils of fixed-wing drones, dealing with the different aeroelastic instabilities that 

may take place during flight, such as flutter and limit cycle oscillations (LCOs).  

Therefore, a two-dimensional nonlinear aeroelastic airfoil is firstly modeled. Where the 

aerodynamic lift and moment are expressed based on the Wagner’s function for unsteady 

aerodynamics. The dynamic model describes plunge and pitch motions of the aircraft wing 

section with trailing- and leading-edge control surfaces. 

After that, some robust control plants are designed and applied on the built model, in order 

to eliminate flutter and LCOs. These plants are based essentially on the use of sliding mode 

control (SMC) which is characterized by the design of a switching function to bring the 

system’s state-trajectory to a sliding surface, and force it to stay in vicinity of this surface, 

converging then towards stability position. SMC is combined with a fuzzy logic controller to 

suppress any eventual appearance of chattering phenomenon that may occur because of the 

switching feature of the SMC. Finally, a high gain observer is added of the combination to 

estimate some system’s states using some other known ones, allowing to minimize the 

sensors’ number and to deal with the system’s complexity due to unsteady aerodynamics and 

the system’s structural and aerodynamic nonlinearities. 

The obtained simulation results has been exposed and discussed, proving the controllers’ 

efficiency in stabilizing the system, limiting vibrations and delaying flutter appearance, giving 

then a powerful and economic tool to have well-stabilized chattering-free wings with high 

performances despite nonlinearities and unsteady aerodynamic loads. 
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RESUME 

 

Cette thèse propose une solution robuste pour la conception et la stabilité des profils d’ailes 

aéroélastiques non linéaires des drones à voilure fixe, traitant des différentes instabilités 

aéroélastiques pouvant survenir pendant le vol, telles que le flottement et les oscillations à 

cycle limite (LCOs).  

Pour cela, un profil d’aile aéroélastique non linéaire bidimensionnel est d’abord modélisé, 

tel que la portance et le moment aérodynamiques sont exprimés à base de la fonction de 

Wagner pour l'aérodynamique instationnaire. Le modèle dynamique décrit les mouvements de 

déplacement vertical et le mouvement de tangage d’une section d'aile à deux surfaces de 

contrôle en bord de fuite et en bord d'attaque.  

Ensuite, des lois de commande robustes sont conçues et appliquées sur le modèle établi, 

afin d'éliminer le flottement et les LCOs. Ces contrôleurs reposent essentiellement sur 

l'utilisation de la commande par mode glissant (SMC) qui se caractérise par la conception 

d'une fonction de commutation pour amener la trajectoire d'état du système vers une surface 

de glissement, et l'obliger à rester au voisinage de cette surface, convergeant alors vers la 

position de stabilité. La SMC est combinée à un contrôleur à logique floue pour supprimer 

toute éventuelle apparition du phénomène de chattering (Broutement) qui peut survenir sous 

l’effet de la fonction de commutation de la SMC. Enfin, un observateur à grand gain est 

ajouté à la combinaison pour estimer les états du système en utilisant quelques états connus, 

permettant donc de minimiser le nombre de capteurs utilisés et de rattraper la complexité du 

système due à l’introduction de l’aérodynamique instationnaire et aux nonlinéarités 

structurelles et aérodynamiques du système.  

Les résultats de simulation obtenus ont été exposés et discutés, et ont montré l'efficacité 

des contrôleurs à stabiliser le système, à limiter les vibrations et à retarder l'apparition du 

flottement, présentant ainsi un outil puissant et économique pour la conception d’ailes bien 

stabilisées, sans chattering, et avec des performances élevées même sous l’effet des 

nonlinéarités et des charges aérodynamiques instationnaires. 
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 ملخص

 

رًٍِّٕا ٌرصٍُّ ٚ اسرمشاس الأجٕذح اٌّشٔح غٍش اٌخطٍح اٌخاصح تاٌطائشاخ دْٚ طٍاس شاترح  ذمَرشَح      َِ  
٘زٖ الأطشٚدح دلًّّ

 اٌجٕاح، ٚ اٌرعاًِ ِع ِخرٍف ِشاوً عذَ اسرمشاس الأٔظّح اٌٙٛائٍح اٌّشٔح اٌرً لذ ذذذز أشٕاء اٌطٍشاْ، وّشىٍح اٌشفشفح ٚ

 اٌزتزتاخ راخ اٌذٚسج اٌّذذٚدج. 

أجً رٌه، ذُ فً اٌثذاٌح ذصٍُّ ّٔٛرج جٕاح غٍش خطً ِشْ شٕائً الأتعاد، دٍس ذُ اسرخلص عثاسذًَ لٛج اٌشفع ٚ  ِٓ     

لٛج اٌعضَ اٌذٌٕاٍِىً اٌٙٛائً تاسرعّاي داٌح فاغٕش ٌٍذٌٕاٍِىٍح اٌٙٛائٍح اٌّرغٍشج. ٌصف إٌّٛرج اٌذٌٕاٍِىً ٌٍٕظاَ ِساسَي 

ط( ٌّمطع اٌجٕاح ري اٌمسٍّٓ اٌّرذشوٍٓ اٌّرٛاجذٌَٓ عٍى دافرً اٌجٕاح الأِاٍِح ٚ اٌذشوح اٌعّٛدٌح ٚ صاٌٚح اًٌٍّ )اٌسمٛ  

 اٌخٍفٍح.

ُ، تٙذف إصاٌح ِشاوً اٌشفشفح. ٘زٖ اٌمٛأٍٓ ِثٍٕح أساسا عٍى       َّّ ُّص تعذ رٌه، ذُ ذصٍُّ لٛأٍٓ ِرٍٕح ٌٍرذىُ تإٌّٛرج اٌ

داٌح ذثذٌٍٍح ِٓ أجً جزب ِساس دشوح إٌظاَ ٔذٛ ِسادح أٚ سطخ لأْٛ اٌرذىُ تٛظع الأضلاق، اٌزي ٌشذىِض عٍى اخرٍاس 

الأضلاق، ٚ إسغاِٗ عٍى اٌثماء تجٛاس ٘زا اٌسطخ إٌى غاٌح اٌٛصٛي إٌى ٚظعٍح اٌرٛاصْ اٌّطٍٛتح. تعذ٘ا ذُ اٌجّع تٍٓ ٘زا 

ً ٌٍزتزتاخ اٌعاٌٍح ا َّ ٌرً غاٌثا ِا ذظٙش تسثة اٌمأْٛ ٚ تٍٓ ٔظاَ اٌرذىُ تإٌّطك اٌغاِط ِٓ أجً ِذٛ وً ظٙٛس ِذر

 اٌطثٍعح اٌرثذٌٍٍح ٌمأْٛ اٌرذىُ تٛظع الأضلاق. فً الأخٍش، ذّد إظافح ِشالةِ عاًٌ اٌّىسة ٌمأْٛ اٌرذىُ إٌاذج، ٚ رٌه

ُّعطاج، ِا ٌسّخ ترمًٍٍ عذد اٌذساساخ اٌلصِح، ٚ  ٌغشض ذمذٌش ِساس دشوح إٌظاَ اعرّادا عٍى تعط دالاخ إٌظاَ اٌ

.                  ٍعح اٌّعمذج ٌٍٕظاَ تسثة اٌذٌٕاٍِىٍح اٌٙٛائٍح اٌّرغٍشج ٚ عذَ اٌخطٍح اٌٍٙىٍٍح ٚ اٌذٌٕاٍِىٍح ٌٍٕظاَذذَاسُن اٌطث  

ً اٌّذاواج ٔرائج ِٕالشح ٚ عشض ذُ إٌٙاٌح، فً      ُّذصَّ ثٍَِّْٕح اٌرذىُ لٛأٍٓ وفاءج أشثرد اٌرً ٚ عٍٍٙا، اٌ َّ  فً سٛاء اٌ

ٓ اٌذذ إٌظاَ، اسرمشاس  جذ طائشج جٕاح ٌرصٍُّ الرصادٌح ٚ لٌٛح أداج ذٛفٍش عٍٍٗ، ٚ اٌشفشفح، ظٙٛس ذأخٍش ٚ اٌزتزتاخ، ِِ

الأعثاء ٚ  ٌٍٕظاَ،  اٌخطٍح غٍش اٌطثٍعح  ذأشٍش  ذذد  درى عاًٌ تأداء ٚ اٌّشغٛتح، غٍش  اٌعاٌٍح  اٌزتزتاخ ِٓ خاي ِسرمش،  

                                                                                                                   .اٌّرغٍشج اٌٙٛائٍح اٌذٌٕاٍِىٍح 
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General introduction 

GENERAL INTRODUCTION 

Context and motivation of the research:   

Air transport safety and aircraft reliability are major concerns for aircraft manufacturers. 

The challenge is to prevent all accidental situations that may occur during a flight. Modern 

aircraft may have very flexible structures, this flexibility makes aeroelastic investigation an 

important subject of aircraft design and verification procedures. One of the main challenges 

facing aircraft designers today is then the one of aeroelasticity. The complex interactions 

between dynamics, solid mechanics, and aerodynamic forces can create some issues of 

aircraft structural fatigue, passenger discomfort, degraded performance, and even catastrophic 

failure. 

Early in aviation history, this problem was minimized at low flight speeds, moderate safety 

factors, and performance requirements. But, recent aircraft are expected to push the physical 

limits in terms of speed, altitude, maneuverability, endurance, range and cost. Designers have 

turned to lightweight materials to use with high-power engines to reduce weight in order to 

carry more fuel and payloads. These lightweight materials induce more flexibility than 

conventional aircraft materials that present significant aeroelastic concerns when operated at 

high speeds and altitudes. One of the most well-known and dangerous phenomena in which 

aerodynamic surfaces become unstable under certain flight conditions is the flutter 

phenomenon. This instability can lead to the destruction of the structure, hence the need for 

preventive procedures. 

Flutter suppression is so a very important subject, and each manufacturer has to take all 

necessary precautions in order to avoid it while maintaining the performance of the aircraft. 

Several passive techniques have been proposed. However, some methods remain ineffective 

due to their negative impacts on aircraft performance (weight increase), but with the 

development of the concept of aeroservoelasticity, it has now become possible to delay and 

even eliminate this phenomenon while keeping the aircraft performance. With the advance in 

control technology, active control has become a solution to many aerospace design problems, 

including flutter. First, classic controllers were used. Then, control methods were improved 

and more robust controllers began to be used. 

While the principles of proportionality and superposition lead, for linear systems, to very 

general formulations and methods of analysis and synthesis, the situation is quite different for 



 

 

 19 

General introduction 

nonlinear systems. Indeed, by definition, nonlinear systems are of so varied natures, and 

require different approaches. In the beginning, nonlinearities were considered essentially as 

imperfections, but very quickly, engineers became aware of the advantages that they could 

derive from nonlinearities for the design of more efficient systems, a well-designed controller 

is one of these advantages. 

The study presented here is within the framework of exploiting a robust control plant, and 

applying it on a nonlinear model in an unsteady aerodynamic regime, in the aim of limiting 

vibrations and delaying the flutter phenomenon. 

Objective of the research: 

The main objectives of this work are: 

 To introduce unsteady aerodynamics in the nonlinear aeroelastic system model using the 

Wagner’s function ; 

 To design robust controllers in order to suppress flutter with improved system’s 

performances and increased critical flutter-speed, and to remove the chattering phenomenon 

completely ; 

 To confirm the controllers’ effectiveness by exposing and discussing the obtained 

simulation results ; and 

 To provide a rich bibliography to assist the future studies in the domain. 

Outline of the thesis: 

This thesis is composed of four chapters. 

The first chapter provides a general overview of aeroelasticity and its resulting phenomena 

(Essentially flutter), as well as the proposed solutions for these instabilities from passive 

techniques to active ones (aeroservoelasticity).  

The second chapter begins with establishing the equations that govern the behavior of the 

aeroelastic system using Lagrange equations. After, the two-degree-of-freedom equations, 

obtained by the development of the Wagner’s function in an unsteady flow will be written in 

form of a state space representation for the system. Then, a numerical application is made for 

the TAMU II wing model to simulate its dynamic behavior.  
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The third chapter presents the utilized controller definitions, the control laws 

establishment, and the application of these controllers on the studied nonlinear aeroelastic 

system.  

The fourth chapter is devoted to the presentation of simulation results and their 

interpretations. 

Published research papers: 

International journals: 

Zahra Ragoub, Mohand Lagha, Smain Dilmi. Classical and fuzzy sliding mode control for a 

nonlinear aeroelastic system with unsteady aerodynamic model. International Journal of 

Computing and Digital Systems (IJCDS). 2020. https://dx.doi.org/10.12785/ijcds/090608  

International communications: 

Zahra Ragoub, Mohand Lagha, Smain Dilmi. Observer-Based Fuzzy Sliding Mode Control 

for Nonlinear Aeroelastic Models via Unsteady Aerodynamic. International Conference on 

Industrial Instrumentation and Control (ICI2C-2021), Kolkata, India, August 20
th

- 22
nd

, 2021. 

https://doi.org/10.1007/978-981-16-7011-4_28  

This paper was awarded as the best paper in robotics in the ICI2C conference. 
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I.1. Introduction 

This chapter presents brief explanations of the core terms and topics directly related to 

aeroservoelasticity (ASE) and its phenomena. It shows also the evolution of aeroelasticity 

(AE) and ASE through time by exposing and synthesizing so many studies that have been 

done previously and till nowadays. And it finally gives the approach adopted in the current 

research.  

I.2. General Concepts 

I.2.1. Aeroservoelasticity 

Aeroservoelasticity (ASE) is a multidisciplinary topic that studies the interactions within 

the triangle of aerodynamics, structural dynamics and control systems of aircraft, as illustrated 

in figure (I.1) below. In other words, it is the investigation of dynamic interactions between 

air loads, structural deformations, and automatic flight control systems widely used in modern 

aircraft [1- 5]. 

 

Figure I.1. Aeroservoelasticity interactions 

ASE is the meeting point of many sciences and techniques of mechanical and electrical 

engineering [4, 5]. In recent aircraft, the structures are becoming lighter and more flexible 

with high air-velocities. And the flight tasks that were carried out by slow human interface are 

performed by automatic flight control systems with large bandwidth, which means an 

increased encroachment into the aeroelastic frequency [2], and gives birth to many ASE 

interactions that may lead to undesired phenomena such as flutter and limit cycle oscillations 

(LCOs) [2, 3]. Then, it is challenging but also crucial to properly analyze and understand the 

ASE interactions in order to extend the structures’ stability margins [2]. 
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I.2.2. Aeroelasticity 

In 1946, A. R. Collar [6] proposed that the three disciplines of dynamics, solid mechanics, 

and aerodynamics may be effectively viewed as forming a triangle to illustrate aeroelasticity 

(Figure I.2). AE is then defined as the branch of physics that investigates the interactions 

among the elastic, aerodynamic, and inertial forces applied on a flexible body in a fluid flow-

field, and the influence of the resulting aeroelastic phenomena (Such as flutter and LCOs) on 

the airplane design [5- 12].  

 

Figure I.2. Collar's Triangle, reproduced from [6] 

It can be deduced from figure I.2 that coupling the points of the Collar’s triangle leads to 

have many other technical domains and aeroelastic phenomena [5]. For example, 

 Aerodynamic stability = dynamics (Inertial forces) + aerodynamics. 

 Mechanical vibrations = dynamics + solid mechanics (Elastic forces). 

 Static aeroelasticity = steady-flow aerodynamics + solid mechanics. 

When an aeroelastic structure vibrates at a certain frequency, the surrounding flow is 

disturbed and adapts to this movement. The structure’s deformation, as well as its vibration 

frequency, depends on the aerodynamic loads. During vibration, unsteady aerodynamic forces 

are applied to the moving structure, inducing an exchange of energy between the fluid and the 

structure. If the fluid extracts energy from the structure, the vibration amplitude decreases 

until it returns to equilibrium (Aeroelastic stability). On the other side, an aeroelastic 

instability corresponds to the excitation of the structure by the fluid, the system can reach then 

a limit cycle for which the oscillation amplitude is constant or increasing beyond this limit 

(Flutter) [10- 12]. The aeroelastic phenomena will be discussed later in this chapter. 
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I.2.3. Aerodynamics 

Aerodynamics is a fluid mechanics branch that is interested in the airflow characteristics 

and behavior (Steady, quasi-steady, or unsteady) around an obstacle (An aeroelastic system 

for example) [13]. Aerodynamic modeling has a significant importance in the design of 

aeroelastic structures [13, 14]. In the case of steady aerodynamics, the air flow surrounding 

the aeroelastic body has aerodynamic forces and moments that are constant with time. When 

the aerodynamic forces and moments change slightly with time, a simple approach for the 

determination of these forces and moments is to consider that at any given instant of time, the 

aerodynamic parameters are constant and equal to the instantaneous values. This is referred to 

as the quasi-steady assumption, used to simplify the different calculations [15]. 

While seductive with its ease, the quasi-steady hypothesis is not always sufficiently precise 

for the aerodynamic calculations, and a more advanced unsteady aerodynamic analysis is 

required, in which the time variations of aerodynamic forces and moments are took into 

consideration [15]. 

I.3. Aeroelastic phenomena 

The fluid/structure interactions result-in various phenomena most of which are of an 

unfavorable effect and need to be considered in different domains, like stability analysis of 

airplane (wings, wing sections), bridges design, etc. [5, 16].  

Two categories of AE can be distinguished [17]: Static AE, resulting from the interaction 

of elastic and aerodynamic forces, and dynamic AE resulting from the interaction of all of the 

three forces of the previously exposed Collar’s triangle [17]. 

I.3.1. Static aeroelasticity 

Static AE or structures’ steady-state response [7] encompasses the study of the 

deformations of elastic aircraft structures under aerodynamic charges, i.e. when the forces and 

moments are invariable with time [7, 9, 15]. This study allows controlling the static stability-

and-control properties, the loads in steady flights, the distribution of the lift forces, and the 

control surfaces effectiveness [7]. Two essential static aeroelastic instabilities can be 

confronted: Divergence and control reversal. 
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Divergence:  

Divergence is a static instability that takes place when an aeroelastic lifting surface 

deflections intensify the already-applied aerodynamic loads, and then these loads increase in 

turn the structure’s deflections more, until the point of structure’s failure is reached [7, 9, 15]. 

The first encountered case of aircraft divergence was during the Langley’s trial to fly few 

days before the Wright Brothers’ successful flights in 1903 (More details are in history 

section later on), where divergence led to the flight attempt’s failure [9, 15, 18]. 

Control reversal:  

The effectiveness of control surfaces (Elevators, ailerons, etc.) is also modified by 

aeroelastic effects, and there may even be a speed (Reversal velocity) beyond which their 

effect is reversed [3]. Control reversal is so the loss (Ineffectiveness or reversal) of the desired 

behavior of a control surface, because of the main lifting surface's deflections [7, 15]. This 

phenomenon may not be catastrophic, but the fact that the control surface shows decelerated 

or no responses, or even opposite responses to control systems’ applications is also intolerable 

[15]. 

I.3.2. Dynamic aeroelasticity 

Dynamic AE is about the interactions between elastic, inertial, and unsteady aerodynamic 

forces, it is then a more complicated issue than the static case since it considers the dynamic 

(Vibrational) response of the structure [7, 9]. Here are some phenomena. 

Buffeting:  

Buffeting is an arbitrary high frequency oscillation. It occurs when an unsteady airflow hits 

the aircraft wing and/or tail, or because of an unexpected pulse of aerodynamic load. It is not 

that disastrous, but still undesired [7, 9]. 

Dynamic response: 

It is the fact that the aircraft elasticity may significantly change its response to atmospheric 

disturbances (Gusts, turbulence) or to high-speed maneuvers [3]. 
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Limit Cycle Oscillations (LCO): 

LCOs are harmonic Self-Sustaining vibrations, i.e. a stationary state of large amplitude 

oscillation. This situation can accelerate material fatigue and can cause discomfort for crew 

and passengers [3, 19]. These oscillations can be caused by structural or aerodynamic 

nonlinearities (Or by nonlinear control systems in some cases of ASE) [19]. 

Flutter:  

Flutter is a self-excited dynamic instability, coupling the structure’s vibration modes with 

the unsteady airflow that transfers energy to the oscillating body (Or with the control systems’ 

operation frequencies in the case of ASE), resulting in oscillations of exponentially growing 

amplitude (Negative damping), which can lead to structural failure, a loss of control and even 

the aircraft destruction [20, 21]. 

In modern aircraft, flutter comes in the first place as the most disastrous of all the 

aeroelastic phenomena [7]. Most of time, the flutter velocity is attained way before the 

divergence speed for example [15], and even though LCO are harmful, they don’t present 

negative damping like does flutter [3]. Consequently, a big interest is accorded to the study, 

deep analyses, and the prediction and suppression techniques of this phenomenon [9, 18]. The 

following diagram (Figure I.3) recapitulates aeroelastic and aeroservoelastic phenomena. As 

noticed in the figure, flutter (And LCOs, that are considered as the direct step before flutter 

occurrence) can happen as a consequence of fluid/structure interactions and/or of AE/control 

systems interactions. 

 

Figure I.3. Aeroelastic/Aeroservoelastic phenomena 
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I.4. Previous works 

History: 

The history of AE is not related only to aircraft or manmade structures. In fact, AE and its 

phenomena exist in nature way before, in plants, in birds’ wings, etc. Akmeşe [22] gathered 

the works of Fung [4], Bisplinghoff et al. [12, 23], Garrick [18, 24], and Felt et al. [25] to give 

a detailed history for AE and ASE. The coming section presents important points of the AE 

and ASE history for aircraft, based on the above-mentioned studies and many others, notably 

those of Singh [7], Nithin and Vijayalakshmi [9], Collar [26], Friedmann [27], Livne [28], 

and Čečrdle [29]. 

The aeroelastic effects were present even before the ever first successful flight attempt of 

the Wright Brothers in December the 17
th

, 1903. Not long ago, Samuel Langley’s airplanes 

(Aerodromes) failed in the two flight trials that he carried out, even when his half-scaled 

aerodromes could fly up to 300 meters, and the reason behind the nonsuccess of the second 

and last flight attempt in December the 8
th

, 1903 was a wing torsional divergence, where the 

Wright Brothers’ biplane had more wings rigidity than the Langley’s airplane, both airplanes 

are shown in Figure I.4. In 1914, Curtis has provided some changes to the Langley’s 

aerodrome, and the latter flew this time successfully. 

 

Figure I.4. The Langley’s aerodrome and the Wright Brothers’ biplane aircraft 

The first recorded case of flutter (Documented by F. W. Lanchester) was the Handley 

Page’s 0/400 bomber in 1916 in the United Kingdom (UK), in a form of violent vibrations of 

the fuselage and the tail due to their low rigidity, and to a coupling between the fuselage 

torsional vibration mode and the antisymmetric elevators oscillation mode (The two elevators 

were actuated independently). This problem was resolved by stiffly coupling the elevators by 
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a torque tube. Since then, flutter became a frequent phenomenon during the World War I 

(WWI), like the case of the British DH-9 biplane fighter. The adopted solution for this 

phenomenon then was mass balancing (Placing a mass balance around the structure’s hinge 

line). Many other airplanes suffered from aeroelastic problems, such as: 

 Several crashes of the German Fokker’s high- wing monoplane D-8 (Despite its great 

performance), due to torsional divergence; 

 Wing aileron flutter in the Van Berkel seaplane in 1923, the Gloster Grebe in 1924, and the 

Gloster Gamecock in 1925; 

 Aileron reversal remarked for the first time in the Bristol Bagshot tests in 1927; 

 Crash of a fluttered Junkers JU 90 in 1938 during flight tests; 

 Transonic aileron buzz (An aeroelastic phenomenon that occurs for transonic and 

supersonic airspeeds due to shock waves and pressure vibrations over the airfoil) for the 

Lockheed P-80, the F-14, and the F-100 between 1944 and 1956; 

 LCO experienced by the F-16, F-18, and F-111 between 1947 and 1956. 

With every incident due to aeroelastic phenomena, the efforts to understand this field and 

cure these problems kept growing. The 1920s knew so much interest in the aeroelastic 

problems analyses (Notably flutter) that it has been named by A. R. Collar [26] the “flutter 

decade”, where the fundamental theories of flutter were drawn up by Küssner in Germany and 

by Frazer and Duncan in the UK at the end of this decennary. Numerous studies about 

unsteady aerodynamics were published by Brimbaum, Glauert, Wagner (The Wagner’s 

function in 1925), Frazer, Duncan, and Küssner between 1923 and 1929, and the theory of the 

distribution of unsteady forces acting on a harmonically oscillating airfoil with one control 

surface was developed by Theodorsen in the early 1930s, and has been used later in a lot of 

studies in the unsteady aerodynamic field. This decennary was also called (By Collar) the 

“theoretical advance decade”, in which was the first use of the word “aeroelasticity” by H. 

Roxbee Cox and A. Pugsley at the Royal Aircraft Establishment, and it knew a big turn in the 

aircraft design from biplane to monoplane, with a variety of aeroelastic investigations in 

different directions. Also, some flight test techniques have been developed and used in this 

period. In 1946, A. R. Collar established the known AE definition through his triangle of 

forces (Discussed in section I.1.2). 

https://en.wikipedia.org/wiki/Roxbee_Cox,_Baron_Kings_Norton
https://en.wikipedia.org/wiki/Roxbee_Cox,_Baron_Kings_Norton
https://en.wikipedia.org/wiki/Alfred_Pugsley
https://en.wikipedia.org/wiki/Royal_Aircraft_Establishment
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Generally, by the 1950s and 1960s, most of aeroelastic phenomena were well understood 

and formulated in high-speed aircraft conception and wind tunnel tests utilized to confirm the 

analytical models, and the number of incidents caused by aeroelastic phenomena fell off from 

146 between 1933 and 1945 to seven between 1960 and 1972. The 1970s were considered 

more special because it knew some important technological advance in the field of AE, like 

the introduction of the structural dynamics finite elements technique that permitted the 

analysis of complex aeroelastic systems, the apparition of aeroelastic tailoring thanks to 

composite materials, and the apparition of the active control technology (Aeroservoelasticity) 

with analytic and computational methods leveled-up. This advance seemed to be satisfying to 

researchers since then and till 1999, where Friedmann [27] gave a different vision, affirming 

that considering AE as full-grown is not completely the right idea, and that many challenges 

are facing it and will face it in the coming years, like the recent ASE that he predicted it will 

get more interest and needed enhancements, aeroelastic nonlinearities, computational AE, and 

the effects of new technologies on the aeroelastic systems modeling, analyses, and control. 

All of these points became interesting research topics for the subsequent studies. 

Aeroelastic analysis, modeling, and flutter prediction: 

Since they are multidisciplinary research subjects, AE and ASE are complex domains that 

require to deal with multiple challenges in different directions like aeroelastic systems’ 

modeling (Taking in account aerodynamic and structural nonlinearities [4]), the analyses and 

prediction methods of aeroelastic phenomena (Especially flutter), and their suppression 

techniques [27]. A remarkable number of reviews on AE have been elaborated by researchers, 

in order to get it clarified and understood [28- 30]. An example of these works is the one of 

Nithin and Vijayalakshmi [9] who gave a general overview about AE, presenting its definition 

with some historical development, and explained static and dynamic AE with the most 

encountered aeroelastic phenomena for every case, such as divergence and flutter. The study 

affirmed that AE is a vibrating aerospace engineering issue that has an unignorable effect on 

the design of the recent civil and fighter aircraft. 

A special attention is afforded to the aeroelastic systems’ modeling and flutter analysis and 

prediction in multiple relatively-old and recent studies. These studies covered the aeroelastic 

design of full aircraft (Civil and military airplanes and UAVs), wings, and wing sections, 

operating in subsonic, transonic, and supersonic flows, under steady, quasi-steady, and 

unsteady aerodynamics, considering (In the case of nonlinear aeroelasticity NLAE [31]) the 
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different nonlinearities that can be in the aeroelastic structure (For example a nonlinear 

stiffness coefficient or a geometric nonlinearity due to large deflections) or in the 

aerodynamic flow’s nature (For example a nonlinearity caused by shock waves movement in 

a transonic flow) [32- 45]. It can be seen from examining the different investigations in this 

field that the established models vary from linear single-degree-of-freedom structural models 

under linear aerodynamic loads, to fully nonlinear models with completely unsteady 

aerodynamics.  

Lee et al. [33] explained in some detail the structural and aerodynamic nonlinearities that 

can be confronted in aeronautical engineering, and introduced them in the design of a two-

degree-of-freedom (2-DOF) two-dimensional airfoil in a subsonic unsteady flow in order to 

analyze the LCOs, bifurcation and chaos behavior. This investigation has been used as a 

reference by many succeeding studies in the aeroelastic analyses and modeling field. 

Nonlinear aeroelastic wing stability was analyzed in [35, 36]. The aeroelastic model was 

established by combining the structural model and the aerodynamic one in which the unsteady 

incompressible aerodynamic charges were represented via the Wagner’s function. In [38], 

Iannelli et al. discussed a general approach for modeling an aeroelastic typical section with 

unsteady aerodynamic loading, exposing and comparing the benefits and cons with some 

illustrative applications of the two problem formulation approaches which are the frequency 

and the state-space methods. Then, the advantages of both modeling paths were included in a 

proposed unified plan of robust modeling. Xiang et al. [39] presented a review of some recent 

advance and challenges in aircraft nonlinear aeroelasticity for two-dimensional (2-D) airfoils, 

high-aspect-ratio wings, and full aircraft, including strip theory and vortex-lattice 

aerodynamic modeling methods. 

Flutter analysis and prediction are necessary in the aim of defining the flutter-free flight 

envelope and fixing safety margins.  This includes the aeroelastic system’s design where the 

interactions between the structural vibrations and unsteady aerodynamics are involved, and 

several tests are run (Numerically, in wind tunnels, ground vibration testing, etc.) for high air 

velocities, because of the flutter dependence on the air loads which provide energy that feeds 

the self-excitation of the aeroelastic structure corresponding to flutter occurrence [46- 52]. 

Flutter calculations need the availability of the airplane’s mass, stiffness, and aerodynamic 

model, which means that to perform these calculations, the aircraft initial model is required 

[46]. Therefore, if the current design does not fulfill the flutter analyses needs, a redesign is 

recommended, causing a time and money losses. That’s why flutter analyses should be done 
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in parallel with the airplane’s modeling [47]. Lokatt [48] suggested a method to analyze 

flutter features for a delta wing model which includes structural and aerodynamic modeling 

uncertainties. This method showed efficiency in analyzing the combined effect of structural 

and aerodynamic uncertainties, and it has been concluded that these introduced uncertainties 

are essential in order to have accurate flutter analyses and predictions. Latif et al. [49] 

presented a new method of flutter examination using a computer-aided design approach for 

high-aspect-ratio-wing UAVs’ modeling where structural and aerodynamic nonlinearities 

have not been taken into account. 

Flutter suppression: 

As stated earlier, flutter is the most harmful of all the aeroelastic undesired phenomena. It 

may cause crew and passengers’ discomfort, aircraft performance deterioration and loss of 

control, it affects also the weapons’ targeting in the military aircraft case, and can go 

generally from structural damages till aircraft destruction [31, 47].  

Even though flutter incidents are infrequent at the present moment, this doesn’t mean that 

flutter problems have been completely overcome [31]. Thus, numerous investigations have 

been carried out, aiming to find efficient techniques to eliminate this disastrous instability and 

to avoid its catastrophic effects [53- 57]. The flutter elimination methods keep progressing 

from long time ago and till nowadays, and are classified in two categories which are Passive 

Flutter Suppression (PFS) and Active Flutter Suppression (AFS) techniques. 

Historically, PFS was adopted by researchers in the first flutter suppression investigations 

[58], where aircraft designers were obliged to make aeroelastic structures heavier by 

increasing their stiffness and changing the mass and flexural axes, in order to cope with 

aeroelastic instabilities and maintain the structural integrity, this operation was known as the 

aeroelastic penalty [31]. In general, PFS techniques involves mass balancing and stiffness or 

shape changing [56- 62]. In spite of the fact that these methods have a robust performance, 

they provide additional structure’s weight which results in many problems like extra costs (A 

jump in the fuel consumption, etc.), and may impose constrains that would dangerously affect 

the airplane performance [56, 59]. Consequently, the research has been redirected at present 

towards AFS as an alternative to PFS techniques whose usage in aircraft has become very 

limited to some applications of airplanes’ components where active control approach can’t be 

performed with ease, like in the study of Cunha-Filho et al. [60], where surface viscoelastic 

damping treatments applied on flat panels under supersonic flow were adopted in order to 
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deal with panel flutter problems. It has been found that the utilized passive strategy has 

improved the flutter velocity, but, it has been noticed that flutter boundaries depend highly on 

the viscoelastic treatment’s temperature and geometrical features. Also, it has been affirmed 

that this technique induces additional weight that should not be neglected, and an optimization 

of the structural and aerodynamic properties has to be introduced in the aim of having 

maximized damping with minimized mass addition. 

Alternatively, active control systems removes the need for extra-weight by providing 

artificial stiffness and damping to the aircraft structure in order to enhance flutter limits, using 

aerodynamic control surfaces that are activated by actuators via a feedback system control law 

which gets the input information from the different sensors. AFS is a main part of active 

control technology (In the field of ASE) whose objectives are the aeroelastic systems’ 

stabilization and performance enhancement, the aeroelastic instabilities elimination, the 

passengers’ comfort, and the mitigation of gusts’ dynamic loads [59, 63, 64]. Livne [63] gave 

an important contribution in AFS field and in active control theory in general, by presenting a 

profound review of more than 50 years of investigation in this area, with some history, a state-

of-art of the AFS key disciplines, inclosing classical control, modern control, adaptive 

control, and control of parameter-varying systems. The study offers also a very rich 

bibliography that contains more than 700 references in the ASE domain, in the aim of helping 

and leading the current and future works in this field. 

Many active controllers have been designed for full aircraft [65, 66] or a flexible part like 

aeroelastic wings [67, 68], aeroelastic wing sections with only one control surface (Trailing 

Edge Control Surface TECS) [69- 74], or with both Trailing-and-Leading Edge Control 

Surfaces [74- 79]. These controllers are classified in two main categories: Classical 

controllers, like PID (Proportional Integral Derivative), LQG (Linear Quadratic Gaussian), 

and LQR (Linear Quadratic Regulator) controllers. And modern controllers, like H∞, µ-

analysis, Sliding Mode Control (SMC), and backstepping. A brief comparison between some 

classical and modern controllers has been made by Malik and Sehgal [80]. 

Bruce and Jinu [56] reviewed many researchers’ investigations in the AFS field to present 

the development of the solutions to AE and ASE problems through time from passive 

methods to active ones, arriving to AFS classical and recent techniques (Using 

Computational-Structural-Dynamics/Computational-Fluid-Dynamics CSD/CFD analysis). 

The effectiveness of these methods has been shown using LQG and LQR controllers applied 
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on a nonlinear aeroelastic wing-flap section of a typical airfoil. Stability analysis for a thin 

triangular wing with a TECS in unsteady flow was studied by Borglund and Kuttenkeuler 

[69]. This study showed that the use of only one TECS leads to stabilization problems that 

have been fixed by numerical optimization, and the numerical stability analysis was verified 

by Experimental flutter tests. Two control strategies based on LQG and H∞ have been used in 

[73] for an aeroelastic triangular wing with a control surface in order to analyze and actively 

suppress flutter. It has been shown that the established controllers have increased the flutter 

velocity with good system’s performance. But, it has been stated that the model is considered 

linear at every speed value, and then it cannot be effective for large displacements and 

disturbances. 

It is important to know that the majority of the studied systems in AE and ASE domains 

are under-actuated, i.e. having a lower number of independent actuators than the number of 

degrees of freedom (DOF) to control (In the opposite case, if the number of actuators is higher 

than the DOF then the systems are called over-actuated) [81]. The wide use of under-actuation 

in aeroelastic systems’ control design is justified by the need to rely on few actuators to 

minimize the impact of an eventual actuator’s failure, and by the fact that fewer actuators 

means less weight and costs [82]. A survey about under-actuated mechanical systems has 

been produced by Liu and Yu in [81], including history, state-of-art, and control design. And 

a global robust control is derived in [83] for an under-actuated nonlinear wing section. 

Robust control: 

The main challenges for many studies in active control field are about the controllers’ 

robustness (Insensitivity to uncertainties and disturbances) with the improvement of systems’ 

performances. The common robust control techniques use a nominal model which is subject 

to uncertainties that are taken into account as a design constraint of the controller so that it can 

guarantee robust stability and even robust performance. For this reason, robust control 

approach is attractive and suitable for aircraft control problems [3]. However, the introduction 

of uncertainties makes the system more complex with important controller’s dimensions, 

which may lead to degradation in term of performance [3]. Then, a trade-off between 

performance and robustness needs to be managed while designing robust active controllers. 

This section provides a brief presentation of robust control and some robust controllers with 

examples from corresponding research. More details about the robust controllers adopted in 

this work are given in chapter III. 
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Wang et al. [76] detailed the recent advance in adaptive and robust control used in lifting 

nonlinear aeroelastic wings having only one TECS and with TLECS, for quasi-steady and 

unsteady aerodynamic models in subsonic and supersonic flows. They examined the 

aeroelastic system response to ephemeral and to time-varying disturbances using state 

estimation and stability analysis methods. Structural nonlinearities with unknown system 

parameters for a prototypical wing with TLECS were investigated in [77] to design an 

adaptive and neural controller. Teng [78] and Fatehi et al. [79] used the μ-method for flutter 

analysis, robust stability prediction, and control of nonlinear aeroservoelastic wings with 

TLECS for quasi-steady aerodynamic models. This method is based on introducing 

uncertainties parameters to dynamic pressure, structural stiffness and damping, and analyzing 

their influence on flutter and stability margins. These studies [78, 79] showed an agreement 

between predicted and experimental results, but, it is noticed in both investigations that used 

quasi-steady aerodynamic models, that the μ-analyses did not increase the critical flutter 

velocity in a significant way. Also, this method generates high order controllers [3]. 

An efficient solution to the complex control problem of nonlinear uncertain systems is the 

Sliding Mode Control (SMC) approach [84], which is a special class of variable-structure 

systems control [85]. SMC is extensively studied and widely used [84- 90] thanks to its 

advantages. Indeed, SMC has a low sensitivity to perturbations and uncertainties, a finite-time 

convergence, high accuracy, and relatively simple application [84, 85]. The SMC idea is to 

drive the system’s trajectories to reach a domain (Called sliding surface) in limited time, and 

to slide around this sliding surface towards the desired equilibrium position, by designing a 

specific controller that contains a discontinuous control law (A sign function) [84]. In the 

other hand, the discontinuous nature of SMC law and the neglected or unmodeled dynamics 

lead often to the appearance of the famous side effect of SMC which is an oscillation 

phenomenon known as chattering [91- 93]. The chattering phenomenon is the most 

encountered obstacle in the SMC implementation and the most discussed problem in the 

literature of SMC [92] because it affects the controller accuracy and causes mechanical parts 

(Actuators) usury [84, 95].  

To reduce or suppress the chattering phenomenon and its negative influence, many 

solutions have been suggested by researchers, like replacing the switching part of the SMC 

law by an approximate continuous function (Saturation, hyperbolic tangent, or arc tangent 

functions), designing a high order SMC law (HOSMC) [91, 92], or combining SMC with 

other control approaches in a way that allows to take advantage of the properties of these 
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control laws to deal with chattering and enhance the systems performances [94- 100]. Second-

order SMC was coupled with backstepping technique in [95] by adding a disturbance and 

uncertainty compensator term in the controller’s expression, and a modified high order SMC 

containing a time continuous function to describe nonlinearities was proposed in [96]. Both 

studies were effective in removing LCOs and stabilizing the system in finite time with no 

chattering. Liu and Wang [97] exposed (With designs, simple examples, and some 

Matlab/Simulink implementations) plenty of possible Conventional Sliding Mode Control 

(CSMC) combinations, from which Fuzzy Sliding Mode Control (FSMC) is proposed as a 

solution for chattering problems. They gave also various examples of FSMC such as FSMC 

based on equivalent control, and SMC based on fuzzy switching-gain.  

Fuzzy Logic Controller (FLC) relies on linguistic data and rule-based algorithms, his 

structure is simple to design and does not demand a complete knowledge of the system’s 

model [101], that’s why it is commonly used in several domains and for different purposes 

[101- 106]. However, the FLC approach depends on the human knowledge and expertise 

about the studied case when selecting membership functions and fuzzy rules [107]. Therefore, 

FSMC is designed for its ability to fulfill the needed systems’ fast convergence ensured by the 

robust SMC, and to remove the chattering phenomenon thanks to the FLC introduction. 

To sum up, one can notice from the examination of the exposed previous works in the 

areas covered by ASE and the evolution of these works through time; that the investigation in 

this multidisciplinary domain requires to take into consideration many factors in several 

fields, for example: 

 The choice of the aeroelastic system to study: Full aircraft, wings, wing section(s); 

 The aeroelastic systems’ modeling: The consideration (Or not) of systems’ nonlinearities, 

the aerodynamic loads nature (Steady, quasi-steady, unsteady), the airflow type (subsonic, 

transonic, supersonic);   

 The control design: Classical/modern, linear/nonlinear, control robustness, etc. 

Many strategies and compromises have been adopted by researchers in order to have 

stabilized systems with improved performances and removed aeroelastic instabilities. One of 

these strategies is to design a relatively simple model using linearization and simplification 

hypotheses or neglecting some dynamics (For example the design of a linear aeroelastic wing 

section under steady or quasi-steady aerodynamic loads), and apply nonlinear complex 

control laws that considers uncertainties and disturbances (For example the nonlinear µ-
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analysis). The reversed strategy is to design a complex model (For example the design of a 

nonlinear aeroelastic wing with unsteady aerodynamics), and to apply a simple controller 

(Like the classical PID controller). But, every method has a bill to pay in terms of 

performance and aeroelastic stability margins. Besides, some linear simple controllers are 

ineffective for nonlinear uncertain models. Thus, the need to introduce the systems’ 

nonlinearities and to consider the unsteady aerodynamic charges with robust controllers lead 

to have aeroelastic models and control laws that are becoming more complex with an 

increased number of systems’ states from which some may be unmeasurable [108], which 

means more sensors and higher costs. To deal with these complexities, the robust established 

controllers (Such as SMC) can be associated with a state estimator [109]. The literature 

concerning observer-based SMC is relatively few [110], however, this research topic is 

getting more investigated and used nowadays [111] thanks to its ability to ensure robust and 

stable models with few known systems’ states. 

I.5. Approach  

In the present thesis, robust control laws are designed and applied on a nonlinear 

aeroelastic UAV’s wing section (Fixed-wing UAV category) with TLECS undergoing 

unsteady aerodynamic loads, in order to have a well-stabilized aeroelastic system, to suppress 

flutter and LCO, to enhance the system’s performance and the stability boundaries notably the 

flutter velocity. This new direction in the ASE research field passes by fulfilling the following 

tasks: 

 The introduction of unsteady aerodynamics in the nonlinear aeroelastic system model 

(Structural nonlinearity) using the Wagner’s function;  

 Designing a SMC law, a FSMC, and a FSMC based on a High Gain Observer (HGO) 

where: 

 SMC is used to ensure fast flutter/LCO elimination and system’s stabilization in a finite 

time, with high performances and increased flutter speed margins; 

 FLC ensures the suppression of the chattering phenomenon; and 

 HGO used to estimate the system’s states that are numerous due to the unsteady 

aerodynamics and the structural nonlinearities introduction and that are also hard to measure. 



 

 

 37 

CHAPTER I: State of art: Aeroservoelasticity 

 Discussing and comparing the controllers’ effectiveness in suppressing instabilities and 

improving performances, by visualizing the obtained simulation results, and proposing some 

future directions in ASE. 

 Provide a rich bibliography which contains several documents dealing with the essential 

disciplines that are enclosed in ASE, and that can be useful as a starting point for future 

investigations in the ASE field. 
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II.1. Introduction 

The first step in the control and performances’ improvement of an aeroelastic system is to 

establish its mathematical model. This allows also analyzing, understanding, and predicting 

the aeroelastic phenomena that can take place, and the dynamic behavior of the system when 

the latter is subject to external influences and contains structural or aerodynamic 

nonlinearities, and consequently, being able to define and to push the aeroelastic system’s 

stability margins. 

In classical theory, structures and aerodynamics are assumed to be linear when modeling 

the aeroelastic interactions. Though, it has been shown through many wind-tunnels’ 

experiments and flight tests that this theory could not predict some undesired aeroelastic 

phenomena such as LCOs and unexpected control surfaces’ responses [33], hence, it is 

necessary to consider the different structural and aerodynamic nonlinearities in the system’s 

model.  

It is also important for modeling accuracy, to take unsteady aerodynamic loads into 

account. The theories in unsteady-aerodynamics modeling started from the 1920s with some 

researcher’s studies, notably with the Theodorsen’s function established in the frequency 

domain, and the Wagner’s function in the time domain (Figure II.1). A relation between the 

two functions is explained by leishman and Nguyen [112] who affirmed that these functions 

are related by Fourier Transform (FT) methods (Figure II.1), explaining that the Wagner’s 

function can reproduce the frequency response with accuracy using FT techniques and Jones’s 

approximation [112- 115]. Although, the introduction of unsteady aerodynamics in AFS field 

is a new concept, where most of the studies in modeling and in control were made separately, 

and the AFS research was performed for quasi-steady or even steady aerodynamic flows [3]. 

 

Figure II.1. Relation between Theodorsen’s and Wagner’s functions for unsteady 

aerodynamic modeling  
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The present chapter details the followed steps for modeling a two-dimensional (2D) 2-DOF 

nonlinear aeroelastic airfoil with TLECS, operating in a subsonic incompressible airflow with 

an airspeed  , starting with structural modeling via the Lagrange formalism used to obtain the 

governing equations of motion for the aeroelastic system. After that, the aerodynamic lift ( ) 

and moment ( ) are expressed based on the Wagner’s function for unsteady aerodynamics 

[24]. Structural and aerodynamic models are finally combined in order to have the adopted 

nonlinear aeroelastic system’s model under its state-space representation, where the flight 

dynamic model describes the plunge and pitch motions for the studied system. For the 

numerical application of the established model, the TAMU II wing model parameters are 

used, this wing model has been exploited in several studies, like in [33, 75, 114, 116]. 

II.2. Mathematical model establishment 

The system’s mathematical model is built by combining structural and aerodynamic 

models as will be detailed in the coming sections, taking into consideration some assumptions 

that aim to facilitate the system’s modeling and study by eliminating the physical effects of 

low importance, such as neglecting the gravity effect and assuming the pitch angle to have 

small values [3]. 

II.2.1. Structural modeling 

In order to obtain this model, some formalism like the one of Newton or that of Lagrange 

can be applied. The latter is a powerful tool particularly suitable for putting complex systems 

under equations [117]. It is a procedure to establish the equations of motion, by calculating 

the kinetic and potential energies of the studied system (See appendix A). The considered 2D 

typical section’s geometry is presented in figure II.2 bellow [30].  

 

Figure II.2. The geometry of the studied 2D wing section [30] 
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Two movements are considered: The pitching motion   (Torsion) around the elastic axis 

(The axis which is perpendicular to the shear axis [3]), and the vertical motion   (Plunge 

displacement, bending or flexure), where the structural stiffness for the two motions is 

modeled by two springs of stiffness coefficients    and     respectively, where    is assumed 

to be constant and    has the following general expression: 

     = ∑     
    

          with                                                                                            (II.1) 

As shown in figure II.2, three remarkable points can be distinguished: The center of gravity 

 , the elastic center  , and the aerodynamic center  , where the dimensionless parameters   

and   (       and       ) determine the position of the points   and  .  

Knowing that   is the chord and   is the mid-chord (      ), the position of the 

aerodynamic center   is found starting from the quarter-chord position (   ) [30]. The 

aerodynamic lift   and moment   are measured at the aerodynamic center. 

The  ⃗ frame represents the inertial frame, and the  ⃗⃗ frame is fixed to the wing, its origin is 

the center of elasticity   and its direction is shown in figure II.2, where the axis (  
⃗⃗ ⃗⃗ ) is 

oriented towards the leading edge direction. 

The Lagrange equations used to define the plunge and pitch motions’ equations are 

obtained by calculating the potential and kinetic energies of the studied system. 

Potential energy 

The studied system’s potential energy consists entirely of elastic energy knowing that the 

effect of gravity is neglected. It represents then the elastic energy stored in the two springs. 

The total potential energy   is given by this equation: 

  
 

 
    

  
 

 
                                                                                                            (II.2)         

All the equation parameters are defined in the section above. 

Kinetic energy 

The total kinetic energy of the system   is given by: 

  
 

 
    

⃗⃗ ⃗⃗⃗⃗     
⃗⃗ ⃗⃗⃗⃗  

 

 
    ̇

                                                                                                      (II.3) 
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Where: 

      is the moment of inertia around the gravity center. 

   is the wing mass. 

     is the gravity center velocity, it is calculated using the following formula [30].  

   
⃗⃗ ⃗⃗⃗⃗      ⃗⃗ ⃗⃗ ⃗⃗⃗   ̇  

⃗⃗⃗⃗⃗   [           ]  
⃗⃗ ⃗⃗                                                                         (II.4) 

With: 

   ⃗⃗⃗⃗⃗⃗   is the elastic center velocity, it has the following expression. 

   ⃗⃗⃗⃗⃗⃗    ̇  ⃗⃗⃗ ⃗                                                                                                                            (II.5) 

  is the plunge displacement. 

Knowing that   
⃗⃗⃗⃗⃗=   

⃗⃗⃗⃗⃗    
⃗⃗ ⃗⃗  then, the expression of     

⃗⃗ ⃗⃗⃗⃗   becomes as follows: 

   
⃗⃗ ⃗⃗⃗⃗ =  ̇  ⃗⃗⃗ ⃗     ̇       

⃗⃗⃗⃗⃗                                                                                                    (II.6) 

The link between the  ⃗  and the  ⃗⃗  frames is given by the following matrix relation: 

[
  
⃗⃗ ⃗⃗

  
⃗⃗⃗⃗⃗

]  [
            

             
] [

  ⃗⃗ ⃗

  ⃗⃗⃗ ⃗
]                                                                                           (II.7) 

Assuming the pitch angle is small, i.e.          and          , and using equation 

(II.7), the following expression is obtained. 

   
⃗⃗ ⃗⃗⃗⃗     

⃗⃗ ⃗⃗⃗⃗    ̇      
  ̇       ̇ ̇                                                                                       (II.8) 

   represents the distance between gravity center and elastic center, where:         . 

The following expression of   is obtained by substituting equation (II.8) in equation (II.3). 

  
 

 
 ( ̇      

  ̇       ̇ ̇)  
 

 
    ̇

                                                                     (II.9) 

The relationship between the moment of inertia around the elastic center     (Or in another 

word around the elastic axis) and the moment of inertia around the gravity center     is [118]: 

               
 [      ]            

                                                                    (II.10) 

The expression of     is replaced in equation (II.9), the kinetic energy is written as follows. 
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 ( ̇        ̇̇)   

 

 
    ̇

                                                                                     (II.11) 

Generalized forces 

Generalized forces are calculated using the method of virtual work, i.e. the work given by a 

virtual displacement due to external forces [30] which are in this case the aerodynamic lift and 

moment.  

The total virtual work exerted by the lift   and the moment   is given by: 

                                                                                                                       (II.12)  

    is the virtual plunge displacement. 

    is the virtual pitch motion. 

In order to calculate the virtual displacement due to lift, the velocity of the aerodynamic 

center    
⃗⃗ ⃗⃗ ⃗⃗  is needed. 

   
⃗⃗ ⃗⃗ ⃗⃗    ̇  ⃗⃗⃗ ⃗   ̇ (

 

 
  )  

⃗⃗⃗⃗⃗                                                                                              (II.13)                

Then, the virtual displacement due to lift     ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ can be obtained by replacing the point above 

each variable in equation (II.13) by δ [30]. Then: 

    ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗       ⃗⃗⃗ ⃗+   (
 

 
  )  

⃗⃗⃗⃗⃗                                                                                          (II.14)      

So, the virtual work due to lift     is given by: 

     *     (
 

 
  )   +                                                                                          (II.15)      

The angular velocity of the wing is  ̇  
⃗⃗⃗⃗⃗ then, the virtual rotation due to aerodynamic 

moment      has the following expression: 

           
⃗⃗⃗⃗⃗                                                                                                                   (II.16)      

So, the virtual work due to moment     is: 

                                                                                                                              (II.17)      

The total virtual work done by the lift   and the moment   is then: 

            *     (
 

 
  )   ++ M                                                         (II.18)     
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By correspondence between equations (II.12) and (II.18), the generalized forces become: 

                                                                                                                                  (II.19)  

                                                                                                                            (II.20)  

        With :            b(
 

 
  ) 

The equations of motion can now be obtained by combining all the pieces, using 

Lagrange's equations, where:  

 

  
(
      

  ̇
) – 

      

  
         

 

  
(
      

  ̇
) – 

      

  
 =    

After derivation, the equations of motion become: 

   ̈             ̈  +    h      

         ̈ +      ̈ +        

In order to model the viscous dumping, the following dissipation function of Rayleigh is 

used: 

  
 

 
   ̇

   
 

 
   ̇

                                                                                                           (II.23) 

Where:     and     are the dumping coefficients for plunge displacement and for pitch 

motion respectively. 

The relation (II.23) is included in Lagrange equations as follows: 

 

  
(
      

  ̇
)+ 

  

  ̇
 

      

  
 =    

 

  
(
      

  ̇
)  

  

  ̇
 – 

      

  
 =    

Substituting the equations (II.2), (II.11), (II.20), and (II.23) in equation (II.24), the 2-DOF 

aeroelastic system’s governing equations are finally obtained. 

   ̈          ̈     ̇                                                                                         (II.25) 

     ̈      ̈     ̇                                                                                         (II.26) 

These equations can be written in the following matrix form. 

    (II.21) 

   (II.22) 

     (II.24) 
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 [ ̈
 ̈
]   [ ̇

 ̇
]   *

 
 
+  *

  
 

+                                                                                            (II.27) 

With: 

I = [
      

        
]              = [

   
   

]            E =  [
   
      

] 

  is the matrix of inertia ;   is the matrix of dumping ; and   is the matrix of stiffness. 

II.2.2. Aerodynamic modeling 

The aerodynamic lift and moment acting on a 2D airfoil in an incompressible subsonic 

flow are modeled using the Wagner’s function      and the Jones’ approximation for 

unsteady aerodynamics theory [5, 76, 112, 113 114]. This approximation agrees with the 

accurate response within a precision of 1%, which is sufficient for most practical aims 

according to the Leishman’s study [119]. The expressions of   and   are as follows. 

            [ ̈     ̈    ̇]         [ ̇           (
 

 
  )  ̇   ]      

      ∫       
 

 
* ̈   (

 

 
  )  ̈    ̇+                                       (II.28) 

And: 

           [  ̈   (
 

 
   )  ̈   (

 

 
  )  ̇]   

       (
 

 
  ) [ ̇           (

 

 
  )  ̇   ]      

       (
 

 
  )∫      

 

 

[ ̈   (
 

 
  )  ̈    ̇]     

                                                                                                                 (II.29) 

ρ is the air density.   is the freestream velocity.   is the wing section surface.   and   are 

respectively the trailing-edge and leading-edge control surfaces deflections.    ,    ,     and 

   ,    ,     are the lift and the moment coefficients derivatives per  ,   and   

respectively.      and  ̇    are respectively, the Wagner’s function and its derivative [113], 

where: 

          
             

                                                                                     (II.30) 
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With:         ;         ;           and        

 ̇                                                                                                  (II.31) 

Using the integration by parts and the Wagner’s function definition, the equations (II.28) 

and (II.29) become as follows. 
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And: 
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                                                          (II.33) 

Where:     
         and     

      *     (
 

 
  )+ 

In the aim of simplifying the numerical integration of the integral-differential equations 

(II.32) and (II.33), Lee et al. [33] have derived another form for equations these equations, 

where they have introduced some new variables. 

The final forms of   and   are then as follows [33].  
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And: 
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With: 
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II.3. State space representation of the TAMU II wing model 

II.3.1. The TAMU II wing model 

II.3.1.1. Description 

The wing model used in this work and modeled by the equations built above is known as 

the TAMU II wing model. It is a 2-DOF model with two control surfaces, one in the trailing 

edge and another in the leading edge (As shown in figure II.3 below). It has been adopted 

after the low efficiency of the single trailing-edge control surface model (TAMU I wing 

model) in suppressing aeroelastic instabilities [78]. 
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Figure II.3. Aeroelastic model for a flexible wing with TLECS – TAMU II wing model 

The TAMU II model is developed in Texas Agricultural and Mechanical University 

(TAMU) for experiments on nonlinear aeroelastic test devices in wind tunnels, in the purpose 

of studying the effectiveness of the LCOs elimination techniques for nonlinear aeroelastic 

systems [75, 78, 114, 116]. A detailed description of the TAMU II wing model is given by 

Platanitis and Strganac in [75]. Figure II.4 is a photograph that presents a top view with 

transparent skin of the adopted model, where two FUTABA S9402 servomotors are 

distinguished. These motors actuate the control surfaces and each one of them can generate 

0.654 N.m of torque at a tension of 05 V. Two E2-1024-375-H optical encoders are also 

mounted in order to permit the control surface deflections’ measurements that are then 

compared to the commanded inputs. It can be also remarked in the same figure that the sizes 

of the trailing-edge and leading-edge control surfaces are respectively about 20% and 15% 

from the length of the chord. 

 

Figure II.4. Top view with transparent skin of TAMU II wing model [75] 
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II.3.1.2. TAMU II wing model parameters 

The equations of motion for this wing model are given as follows [75, 78, 116]. 

   ̈           ̈     ̇                                                                                      (II.36) 

        ̈      ̈            ̇                                                                             (II.37) 

   is the total mass of the wing and its supporting structure. 

   is the wing mass. 

The stiffness coefficient in pitch motion       has the following expression [3, 96]. 

                                                                                                          (II.38) 

For numerical applications on the equations of motion, the TAMU II wing model 

parameters are given in table II.1 that follows [3, 75, 96, 116]. 

Table II.1. TAMU II wing model parameters 

Parameter Value Unit 

               

          dimensionless 

           

                dimensionless 

            

              

                                     

              

                  

            

            

                  

          dimensionless 

   
             dimensionless 

   
       dimensionless 

   
         dimensionless 

    -0.1566 dimensionless 

   
         dimensionless 
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II.3.2. The state space representation 

To establish the state space representation (See appendix B) of the studied system, the 

expressions of the aerodynamic lift   and moment   given by (II.34) and (II.35) successively 

are substituted in (II.36) and (II.37), so that the following expressions are obtained. 
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Equations (II.39) and (II.40) can be rewritten in the following form in order to adapt them 

to the desired representation. 
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And:  
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After that, equations (II.41) and (II.42) are combined in a way to eliminate the second 

derivative of the pitch angle  ̈ which leads to have the following expression of  ̈ (The second 

derivative of the plunge displacement per time). 
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+                                           (II.43) 

Now, the same equations are combined in a way to eliminate  ̈, leading to have the 

following expression of  ̈. 
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+                                                (II.44) 

The equations (II.43) and (II.44) can be written as follows. 

 ̈                ̇      ̇                             ̇         

                                                                                                                                         (II.45)                       

And: 

 ̈                ̇      ̇                             ̇         

                                                                                                                                         (II.46)       

Where: 

The terms    ̇    and    ̇    are negligible compared to the other terms [30]. 
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Considering the state vector   and the control vector  , where: 

  [                                   ]
  [   ̇       ̇              ]

                                  (II.47) 

  [
            
           

]                                                                                                           (II.48) 

Then, the following expression is obtained. 

 ̇    [  ̇    ̇   ̇     ̇      ̇        ̇      ̇    ̇ ]
  [ ̇  ̈   ̇    ̈    ̇   ̇    ̇     ̇ ]                               (II.49) 

The state space expression of the nonlinear studied system is written as follows. 

  ̇   ̇     

  ̇   ̈                                                      +      

  ̇    ̇      

  ̇    ̈                                                             

  ̇     ̇                     

  ̇     ̇                    

  ̇     ̇                      

  ̇     ̇           =          

This system of nonlinear equations is written under the following form: 

 ̇     (         )                                                                                                          (II.51) 

  is a nonlinear function. 

(II.50)      
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One can notice that the studied aeroelastic system described by the obtained model is 

nonlinear due to the variations of the stiffness coefficient    with the pitch angle   following 

the expression (II.38). The model has also variable parameters that change with the freestream 

velocity ( ) variation. 

II.4. Conclusion 

In this chapter, the dynamic model of a nonlinear flexible wing section with TLECS 

(TAMU II wing model) has been developed. Structural modeling based on Lagrange 

formalism has been combined with the unsteady aerodynamic model introduced via the 

Wagner’s function in order to make the aeroelastic system under equations. Then, these 

equations have been put in the suitable state space form, which allows the establishment and 

synthesis of the control laws considered to be better adequate to the specific problem of 

aeroelastic systems’ control, which will be the subject of the next chapter.  
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III.1. Introduction 

Automatics is the art of analyzing, modeling and then controlling dynamic systems. It is 

also that of processing information and making decisions. Its application fields are various: 

Mechanics, electronics, space industry, etc. [120]. For many years, developers have given 

particular interest to the aircraft safety and stability in flight, this is one of the most active 

research topics in aeronautics aiming to ensure stable flight, to avoid any harmful action on 

the airplane’s structure, and for the users comfort [121]. Therefore, the control systems must 

provide the stability and performance of a given model, this challenging objective needs an 

understanding of the system’s dynamics and a control techniques’ improvement, in order to 

have controlled systems that are faster, more efficient, robust, and operating in large flight 

intervals [120, 122]. For that, the designed control laws have to be robust in a way that 

ensures low sensitivity to the parameters’ uncertainties and variations, and to external 

disturbances. 

In order to have efficient control systems, it is necessary to have all the information and 

specific conditions to the followed design process. Nevertheless, in a lot of cases, the only 

accessible data of the system is the input and output variables from which the states of the 

chosen model need to be reconstructed. The idea here is based on the use of observers [120]. 

This chapter details a synthesis of the adopted control laws deemed to be better suitable to 

the specific problem of flexible aircraft explained and modeled in the previous chapters, and 

the steps followed to establish and apply these controllers on the studied second order 

nonlinear system. 

The designed control laws in this work are: 

 Classical Sliding Mode Control (CSMC) ;  

 Fuzzy Sliding Mode Control (FSMC) ; 

 Sliding Mode Control with High Gain Observer (SMHGO) ; and 

 Fuzzy Sliding Mode Control with High Gain Observer (FSMHGO). 

III.2. Sliding mode control 

SMC is a particular case of the theory of Variable Structure Systems (VSS) [123- 125], 

which has been the subject of numerous studies for nearly sixty years. The first works on VSS 

were initiated by Filippov in 1960 with his work on the differential equations with 

discontinuous second member [126]. This research area knew a new boom at the end of the 
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1970s when Emelyanov [127] and Utkin [128] introduced the theory of sliding modes based 

on the study of Filippov. After that, the research has been resumed in the United States by 

Slotine [129]. Currently, this control technique has a wide range of applications in a wide 

variety of fields such as mechanics, robotics, and electrical engineering [100, 110, 123, 130], 

thanks to its main advantages: 

 Its high accuracy and efficiency for linear and nonlinear systems ; 

 Its robustness (Perturbations’ rejection and insensitivity towards parameters variations) ; 

 Its design which is relatively simple. 

SMC is mainly characterized by a choice of a switching function. In variable structure 

systems with sliding mode, the state trajectory is brought to a surface (hyperplane), and then 

with the help of the switching law, it is forced to remain in the vicinity of this surface. The 

latter is called the sliding surface around which the movement known by the sliding regime 

occurs. The trajectory in the phase plane consists of the following three modes, as represented 

in figure (III.1) [128]. 

 The convergence mode (CM): During which the variable to be regulated moves from any 

initial point in the phase plane towards the switching surface S(x) = 0. This mode is 

characterized by the control law and the convergence criterion. 

 The sliding mode (SM): In which the state variable reaches the sliding surface and slides 

towardsthe origin of the phase plane. The dynamics in this mode is characterized by the 

choice of the sliding surface S(x). 

 The steady state mode (SSM): It concerns the study of the system’s response around its 

equilibrium position (Origin of the phase plane). It is characterized by the quality and the 

controller’s performance. 

 

Figure III.1. Different modes for the state trajectory in the phase plane 
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III.2.1. Definition of the sliding mode control law 

The design of the SMC law can be divided into three dependent steps, as follows. 

 The choice of the sliding surface ; 

 The establishment of the convergence conditions; and 

 The control law determination. 

The sliding surface (S) 

The function   is usually called surface in literature, it can be in form of a line or a hyper 

surface according to the controlled system’s order. The linear function      has to satisfy the 

conditions of convergence and stability of the system [122]. 

Slotine has proposed a general form for the definition of sliding surfaces in the phase plane 

as shown in figure (III.2) [128]. Its purpose is to ensure the convergence of a state variable   

towards its desired value    , this function is given by the following equation [128, 131]. 

     *
 

  
  +

   

                                                                                                        (III.1) 

      is the difference between the regulated variable and the desired one,             

  : A positive coefficient that represents the slope of the sliding surface. 

   The relative degree of the system, it represents the number of times the surface should be 

derived to have the controller’s expression. 

 

Figure III.2. The sliding surface 

The convergence conditions 

The convergence-existence conditions are the criteria that allow the system’s dynamic to 

converge towards the sliding surface and to remain there independently of disturbances. There 

are two considerations corresponding to the convergence of the system’s state. 
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a) Direct switching function: It is the first convergence condition (Attractivity). It is 

proposed and studied by Emilyanov [127] and Utkin [128]. It gives a dynamic convergence to 

the sliding surface towards zero. It is formulated by: 

 ̇      when S(x) < 0 

 ̇      when S(x) > 0 

In other words: 

 ̇                                                                                                                               (III.3) 

b) Lyapunov function: The determination of the sliding domain can be reduced to the study 

of the system’s stability in the sliding regime [131]. This study is based on the use of 

Lyapunov function     . It is a positive scalar function (      ) for the system state 

variables, where the control law have to decrease this function ( ̇     ).  

The basic idea is to choose a scalar function S(x) that guarantees the attractivity of the 

controlled variable towards its desired value and to construct a control law such that the 

square of the surface corresponds to a Lyapunov function which is defined by: 

     
 

 
                                                                                                                         (III.4) 

Then: 

 ̇       ̇                                                                                                                     (III.5) 

In order for this Lyapunov function to decrease, it is sufficient to ensure that: 

 ̇                                                                                                                                                (III.6) 

The control law determination 

SMC is generally composed of two terms [131]: 

                                                                                                                             (III.7) 

      A continuous term, called the equivalent controller. It has been proposed by Utkin 

[128], and it corresponds to the so-called ideal sliding regime, for which the operating point 

remains on the surface, and the derivative of the sliding surface function remains equal to zero 

i.e.   ̇     . 

(III.2) 
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   : A discontinuous term, called the switching (Commutation) controller. It makes the 

operating point remain close to the surface. Its main purpose is to verify the attractivity 

conditions. It has the following expression [131]. 

                                                                                                                            (III.8) 

  is a positive scalar. 

The function               is presented in figure (III.3), and defined as follows. 

         ,
                              
                              

  

 

Figure III.3. Representation of the Sign(S) function 

To sum up, the SMC law’s general structure is shown in the figure III.4 right below. 

 

Figure III.4. SMC general structure 

III.2.2. The chattering phenomenon 

In an ideal sliding regime, the use of the discontinuous Sign function means that the 

commutation controller    switches between the two values    with an infinite frequency, 

which cannot exist in practical cases. Thus, during the sliding regime, the discontinuities in 

the SMC law can lead to strong oscillations of the state trajectory around the sliding surface, 

this phenomenon is called “chattering” and illustrated in figure (III.5). The main reasons for 

this phenomenon are actuators’ limitations or switching delays in the controller. These 

commutations deteriorate the controller’s precision and can cause premature failure of the 

(III.9) 
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mechanical systems and a temperature rise in the electrical systems which means a significant 

loss of energy [131]. 

 

Figure III.5. Chattering phenomenon 

Chattering suppression solutions 

Chattering is the major inconvenient of SMC, it can cause early deterioration of the control 

device or excite high-frequency dynamics that have not been considered in the system’s 

modeling, which can degrade the system’s performance and even lead to the instability issues. 

Then, it is necessary to find some solutions to face this problem. It is possible to reduce or to 

eliminate this phenomenon using many methods [122, 130, 131], such as: 

 Replacing the sign function by a smoother continuous approximation like the saturation 

function and the arctangent function represented in figure (III.6) below, (This solution is 

named the boundary layer method [122]); 

 Using HOSMC [92]; 

 Combining CSMC with other controllers like backstepping [95], Fuzzy Logic Controller 

(FLC) [97], adaptive SMC [99, 132], etc. 

 

Figure III.6. Commutation functions 

In the present work, SMC is combined with a FLC which is used as a tool to have 

chattering-free systems [97]. 
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III.3. Fuzzy sliding mode control 

A Fuzzy Sliding Mode Controller (FSMC) is a combination of SMC and a FLC used in the 

purpose of taking advantage of both controllers’ benefits, where SMC provides robustness, 

stability and high performance to the studied system and the FLC is used to alleviate or 

eliminate the chattering phenomenon [97]. The chattering-attenuation’s concept here is 

similar to the previously mentioned boundary layer method, where the FLC varies the SMC 

efforts (Signal) in order to make it smoother and then to reduce or suppress the undesired 

chattering [94]. 

III.3.1. General concept of fuzzy logic control 

Since the 1980s, fuzzy-logic-based systems have become one of the most fruitful research 

areas in automatic control [133, 134]. Contemporary works were inspired by the Mamdani’s 

research on fuzzy control which was motivated by the papers of Lotfi Zadeh about the 

linguistic approach based on the fuzzy sets theory [135]. Since then, fuzzy logic was widely 

applied in machine control systems, image processing, artificial intelligence, etc. Lee has 

given in his two-parted paper [133, 134] a survey that details fuzzy logic control history, 

principles, and use in control systems.  

A FLC uses linguistic information and rule-based algorithms. It has a control structure 

which is relatively simple to design and does not require a full knowledge of the system’s 

model [101]. It is commonly used in several domains and for different aims [101- 105]. The 

importance of fuzzy logic resides in its ability to deal with imprecision and uncertainty. This 

logic was introduced in the purpose of approaching the human reasoning via an adequate 

representation of knowledge where human concepts (That are used to define the fuzzy sets, 

like big, small, hot, cold, etc.) are translated in a form that can be used by computers. The 

fuzzy-control’s success lies then in its ability to translate a control strategy into a set of easily-

interpretable “If…then” linguistic rules (Fuzzy rules) [133]. The basic structure of a fuzzy 

system is divided into three main parts [136] as shown in figure (III.7) herein. 
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Figure III.7. The FLC structure 

Fuzzification: 

 It is the operation of converting inputs (Crisp numbers that are measured by sensors and 

passed into the control system for processing, such as speed, temperature, etc.) into fuzzy sets. 

In other words, fuzzification consists in assigning to a real variable of each input, a linguistic 

variable characterized by its membership function in each of the fuzzy sets. 

Inference: 

It is the stage where fuzzy rules are established. These rules link between output and input 

variables in order to draw fuzzy inferences and conclusions that lead to decisions.  

From the fuzzy rules and the fuzzy sets that correspond to the inputs’ fuzzification, the 

inference mechanism calculates the expression “If premise Then conclusion”, where the 

premise is a set of conditions linked together by fuzzy operators (And/Or), and the conclusion 

can be a description of evolution in the case of an identification or an action in the case of 

control.  

Defuzzification: 

It is the reverse operation of fuzzification, it aims to transform the linguistic variable 

defined by the inference mechanism into a real (non-fuzzy or crisp) value, allowing then the 

effective control of the system. To carry out this operation, many methods can be found in 

literature, like the gravity center method, mean of maximum, and center average methods. 

III.3.2. FSMC examples 

SMC has been modified in literature by introducing FLC in several ways. Liu and Wang 

[97] detailed some kinds of fuzzy sliding mode controllers with their descriptions, control 

laws’ design, and simulations. Herein some examples of FSMC: 
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 FSMC based on equivalent control, where the equivalent control in the CSMC law is 

replaced by a FLC ; 

 SMC based on fuzzy switch-gain regulation, where The discontinuous switch gain in the 

CSMC is substituted by a FLC ; and 

 SMC based on fuzzy system approximation, which is a concept supported by previous 

research like in the paper of Kosko [137], affirming that a fuzzy system can approximate any 

nonlinear function over a compact set with random precision. 

In the present work, FLC is introduced in the switching control expression   , where it 

replaces the switching gain that exists in the CSMC law. The idea is to design a FLC that has 

the sliding surface S as an input, and the variant membership M as an output. After that, the 

designed controller is inserted in the CSMC law in order to remove the chattering 

phenomenon. The FSMC expression’s establishment will be detailed in the coming sections. 

III.4. Observer-based sliding mode control 

III.4.1. Observers and observability for nonlinear systems 

An observer is a dynamic system that uses the system’s inputs, the measured outputs, as 

well as a priori knowledge of the model, to provide estimated states which have to converge 

towards the actual states’ values [122]. It allows following the evolution of the states’ 

information, and optimizing the number of needed sensors’, hence its economic benefit in 

industry.   

By definition, nonlinear systems are of so varied features, and require different approaches 

compared to linear systems [120]. Therefore, the concepts of observers and observability for 

nonlinear systems are also different (See appendix B), where the estimators’ synthesis is still 

an open problem, and the observers’ design for nonlinear systems is a problem where research 

work remains very intensive [122]. 

The observability of a process is an important concept in the field of state estimation. 

Indeed, to reconstruct the inaccessible system’s states, it is necessary to know whether the 

state variables are observable or not, i.e. if it is possible or not, to determine the states using 

only the input and output signals. In the case of nonlinear systems, the observability notion 

depends on the inputs and the initial conditions [138]. It is based on the possibility of 

distinguishing two initial conditions, this is equivalent to saying that it is defined from an 

indistinguishability relation, where a nonlinear system is observable if it does not admit 
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indistinguishable pairs, in simpler words, if for two different initial conditions, two different 

outputs are obtained [120, 122]. 

III.4.2. Sliding mode observers’ structure 

One of the well-known classes of robust nonlinear observers is that of sliding mode ones 

(Observer-based SMC). This type of observers is also based on the VSS theory [122]. The 

choice of this type of observers is explained by its properties such as the convergence in finite 

time towards a sliding surface, the possibility of downsizing the observation system, and the 

robustness against errors and disturbances [120]. For a nonlinear system, there are several 

types of sliding mode observers, such as [97, 139]: 

 Sliding Mode with High Gain Observer (SMHGO);  

 The sliding mode integral-chain differentiator ;  

 The sliding mode disturbance observer ; and 

 The sliding mode delayed-output observer. 

A sliding mode observer’s general structure is illustrated in figure (III.8) below and 

described as follows. 

 ̇̂       ̂                       ̂      

 ̂       ̂      

 ̂    and  ̇̂    are respectively, the estimated state value and its derivative,      is the actual 

state value,      and  ̂    are respectively, the actual system’s output and the estimated one, 

  and   are nonlinear functions. 

 

Figure III.8. Sliding mode observers’ general structure 

(III.10) 
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One can notice that the obtained estimator’s structure is similar to the system’s model with 

a correction term introduced to guarantee the convergence of  ̂    towards     . In this case 

        ̂ is the sliding surface, and   is a correction term which is proportional to the 

     function [120]. 

The dynamic for sliding mode observers concerns the observation error            ̂   . 

This error converges from its initial value to the equilibrium position in two steps [120]:          

 At the beginning, the observation error trajectory evolves towards the sliding surface on 

which the output error       is null. This step is known as the “reaching mode”. 

 Then, the observation error’s trajectory slides on the sliding surface with imposed 

dynamics so as to suppress all the observation errors, it is called the “sliding mode”. The 

corrective term acts in such a way to satisfy the following invariance condition:     and 

 ̇    so that the estimated states converge towards the real ones. 

III.4.3. High gain observer 

The type of observers that is associated with SMC in this work is the High Gain Observer 

(HGO) thanks to its advantageous features of stability, robustness, and disturbance rejection. 

HGO is a nonlinear robust estimator that has a simple structure making it unchallenging to 

design, it has been investigated and used firstly by Doyle in 1979 [140] as a robust-observer 

design tool in linear control until the late 1980’s where HGO started to be used in nonlinear 

feedback control like in [141- 143]. Further details are presented in the works of Khalil [144, 

145] where HGO has been extensively explained, including history, definitions, examples, 

and Matlab/Simulink simulations, and also in the book of Liu and Wang [97]. 

The HGO’s general expression is the following 

       ̇̂   ̂   
  

  
   ̂    

           ̇̂   ̂   
    

     ̂    

 ̇

                ̇̂     ̂   
  

    
   ̂    

 ̇̂    
  

     ̂    }
 
 
 
 

 
 
 
 

                                                                              (III.11) 

Where: 

[         ]
  is the actual states’ vector of the system ; 
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[ ̂    ̂   ̂ ]
  is the estimated states’ vector of the system ; 

  is the measured state’s trajectory ; 

  is a sufficiently small constant, where the smaller it gets the faster is the HGO’s 

convergence [122]. It is usually taken 0.001 (Like in [97]) ; 

              are constants chosen so that        
                is a 

Hurwitz polynomial, i.e. so that the eigenvalues of this equation are of negative real parts. 

The sliding surface in this case is of the following form. 

   ̂                                                                                                                       (III.12) 

    ̂    
  and      ̂   ̇ 

 ,    
  is the desired value of    ;  and    is a coefficient 

that represents the slope of the sliding surface. 

In general, the laws established for the calculation of the sliding surface, the equivalent 

control, and the switching control for the sliding mode remain applicable for the Sliding 

Mode with High Gain Observer Controller (SMHGOC), the only difference is that in this 

case, the formulas are established using states’ values which can be measured and those 

estimated by the observer, and which are approximate values that have to converge towards 

the real values. 

III.5. The controllers’ establishment 

The nonlinear studied system has the following form. 

{
 ̇     (         ) 

      (    )           
                                                                                                      (III.13) 

  and   are two nonlinear functions. 

     is the state vector, where: 

     [                                   ]
  [    ̇       ̇                ]

                         (III.14) 

     is the control vector, where: 

     (
  

  
)   (

      

      
) (

 

 
) 

In other words: 

{
                

               
                                                                                                        (III.16) 

(III.15) 
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     is the output vector. 

Then: 

 ̇    [  ̇    ̇    ̇      ̇      ̇        ̇      ̇    ̇ ]
  [ ̇   ̈   ̇    ̈     ̇    ̇     ̇     ̇ ]                         (III.17) 

Where: 

  ̇   ̇     

  ̇   ̈                                                        

  ̇    ̇      

  ̇    ̈                                                       

  ̇     ̇            

  ̇     ̇           

   ̇     ̇            

  ̇     ̇            

The coming sections show the steps of the proposed control laws’ establishment, in order 

to stabilize the built nonlinear aeroelastic model, and to enhance its performance. 

III.5.1. Conventional sliding mode control law 

In order to establish the CSMC law, i.e. to define the expressions of    and   ; the studied 

system can be subdivided into two second-order subsystems as follows. 

First subsystem: 

{
  ̇    ̇                                                                                                                                       

  ̇   ̈                                                     

(III.19) 

Replacing    and     by their expressions given in chapter II, the following writing of 

equation (III.19) is obtained. 

{
  ̇                                                                                                                                                          

  ̇              (
 

 
            )    

 

 
        

  
 

 
       

           
  

                                                                                                      (III.20) 

The equation (III.1) proposed by Slotine is used to define the sliding surface, where the 

subsystem is of second order which means that    , and the desired state value is     . 

Then, the sliding surface for the first subsystem    has the following expression. 

               ̇                                                                                              (III.21) 

(III.18) 
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Referring to equation (III.7), the control law for the 1
st
 subsystem is of the following form. 

                                                                                                                          (III.22) 

Using equations (III.20) and (III.21), the sliding surface derivative is the following. 

  ̇         ̇     ̈          ̇  which means: 

  ̇                      (
 

 
            )    

 

 
        

  
 

 
       

   

                                                                                               (III.23) 

Using the equivalent control definition mentioned in section (III.2.1) of the current chapter, 

and equation (III.23), in order to have   ̇      which means: 

                 (
 

 
            )    

 

 
        

  
 

 
       

          

                                                                                                 (III.24) 

The expression of      should have the following form: 

                        (
 

 
            )    

 

 
        

  
 

 
       

   

                                                                                                 (III.25) 

According to equation (III.8), the commutation controller is right below. 

                                                                                                                         (III.26) 

Then, the CSMC expression for the first subsystem is as follows. 

                      (
 

 
            )    

 

 
        

  
 

 
       

    

                                                                                         (III.27) 

In the aim of satisfying the Lyapunov stability criterion, the Lyapunov function       and 

its derivative  ̇     are considered as follows. 

       
 

 
   

                                                                                                            (III.28) 

 ̇       ̇                                                                                                                  (III.29) 

 ̇         [             ]       *    
  

    
 +                                                                 (III.30) 

 ̇         
  
 

    
                                                                                                             (III.31) 

So, the Lyapunov stability criterion is satisfied for the first aeroelastic subsystem. 
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Second subsystem: 

{
  ̇    ̇                                                                                                                                        

  ̇    ̈                                                     

(III.32) 

Replacing    and     by their expressions given in chapter II, the following form of 

equation (III.32) is obtained. 

{
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                                                                                                        (III.33) 

Following the same procedures used for the first subsystem leads to acquire these results. 

               ̇                                                                                              (III.34) 

  ̇         ̇     ̈          ̇                                                                                    (III.35) 
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                                                                                                (III.36) 

                                                                                                                         (III.37) 

Then, the CSMC expression for the second subsystem is as follows. 

                 (   
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                                                                                  (III.38) 

The Lyapunov stability criterion is satisfied for the second aeroelastic subsystem in the 

same method applied for the first subsystem. 

Determination of the angles β and γ: 

Using equation (III.15) and the Cramer rule, the following equations are found: 

{
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                                                                                                             (III.39) 

These calculations can be carried out numerically using appropriate software. 
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III.5.2. Fuzzy sliding mode control law 

The idea here is to develop a FLC with the sliding surface S as input and the variant 

membership M as output, and to combine it with the CSMC aiming to eliminate the chattering 

phenomenon [146].  

First subsystem: 

The SMC law for the first subsystem described by equation (III.22) becomes then: 

                                                                                                                      (III.40) 

With M1 is the variant membership for the first subsystem. 

Considering the following fuzzy sets: 

 For the input   : NG (Negative and large); N (Negative); Z (Zero); P (Positive); PG 

(Positive and large). 

 For the output   : NG ; N ; Z ; P ; PG. 

The fuzzy rules are chosen as follows: 

1. If   is NG Then    is PG ; 

2. If   is N Then    is P ; 

3. If   is Z Then    is Z ; 

4. If   is P Then    is P ; 

5. If   is PG Then    is PG. 

The membership functions of the input    and the output    are showed in the following 

figures (III.9) and (III.10) respectively. These figures describe the properties of the input and 

the output of the designed FLC. 

 

Figure III.9. The membership function of    
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Figure III.10. The membership function of    

The FLC and the fuzzy rules are designed so that:  

 The FSMC law is equal to the equivalent control expression if   is null ; 

 The FSMC law is equal to the CSMC if   is equal to one ; 

 Else, the chattering is reduced or eliminated via the variation of    in equation (III.40). 

Since      then, the Lyapunov stability criterion remains satisfied.  

Second subsystem: 

In the same way, the FSMC law for the second subsystem is built, where: 

                                                                                                                      (III.41) 

III.5.3. Sliding mode with high gain observer control law 

The so-called high-gain techniques can be applied without transforming the initial system. 

In this case, the design of the observer is done directly from the structure of the system [120]. 

First subsystem: 

Applying the general formula (III.11) on the studied second-order subsystem with       

leads to have the following expression of the HGO [147]. 

{
 ̇̂   ̂   

  

 
   ̂      

 ̇̂    
  

  
   ̂            

                                                                                                 (III.42) 

   and    are two coefficients chosen so that the eigenvalues of the following equation for the 

second-order subsystem have negative real parts [97]. 

                                                                                                                        (III.43) 
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According to the equation (III.12), and for   
   , the sliding surface is obtained. 

    ̂      ̂   ̂                                                                                                            (III.44) 

Then, the control law is of the following form. 

                                                                                                                          (III.45) 

In CSMC:                 then:  ̇             ̈ 

The equivalent controller is chosen as follows.  

           ̂                                                                                                                   (III.46) 

The switching controller is of the following form. 

                   ̂                                                                                                    (III.47) 

Then, the expression of the SMHGOC for the first subsystem is right below. 

        ̂               ̂                                                                                           (III.48) 

To fulfill the stability criterion in the sense of Lyapunov, Liu and Wang have provided a 

demonstration in [97] for the SMHGOC case. From which the following demonstration is 

derived. Considering the following Lyapunov function for the first subsystem. 

      
 

 
   

                                                                                                                  (III.49) 

  ̇      ̇                                                                                                                  (III.50) 

  ̇       [    ̇    ̂ ̇                 ̂  ]                                                             (III.51) 

                                                       is bounded, in 

other words:                

  ̇      ̂      ̂      ̇   ̂ ̇    ̂      ̂           ̂      ̂            ̂    

                                                                                                                                           (III.52) 

  ̇       ̂        ( ̂ )    |    ̂ |                   ̂     ̂   |    ̂ |         

        ̂                                                                                                                        (III.53) 

   ̇        | ̂ |    |    ̂ |                   ̂   | ̂ |  |    ̂ |         

        ̂                                                                                                                        (III.54) 

  ̇        | ̂ |  (            ̂  )| ̂ |                                                                (III.55) 
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   |    ̂ |                ̂                                                                                (III.56) 

Because of the observer’s convergence [97], the expressions       ̂   and |    ̂ | are 

bounded and sufficiently small. Therefore, ∆ is sufficiently small to have   ̇      and then 

to satisfy the desired stability criterion. In the same way, the Lyapunov stability criterion 

verification is demonstrated for the second subsystem. 

Second subsystem: 

Applying the general formula (III.11) on the studied second-order subsystem, with       

leads to have the following expression of the HGO. 

{
 ̇̂   ̂   

  

 
   ̂      

 ̇̂    
  

     ̂            
                                                                                                 (III.57) 

   and    are two coefficients chosen so that the eigenvalues of the following equation for the 

second-order subsystem have negative real parts. 

                                                                                                                        (III.58) 

According to the equation (III.12), and for   
   , the sliding surface is obtained. 

    ̂      ̂   ̂                                                                                                            (III.59) 

Then, the control law is of the following form. 

                                                                                                                         (III.60) 

In CSMC:                 then:  ̇             ̈ 

The equivalent controller is chosen as follows. 

           ̂                                                                                                                   (III.61) 

The switching controller is of the following form. 

                   ̂                                                                                                    (III.62) 

Then, the expression of the SMHGOC for the second subsystem is right below. 

        ̂               ̂                                                                                           (III.63) 

III.5.4. Fuzzy sliding mode with high gain observer control law 

This section explains the FSMHGO control plant which combines CSMC with a FLC and 

a HGO, aiming to have a stabilized and chattering free system using only some states of the 
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nonlinear aeroelastic model. The control law is then designed using the SMHGOC with the 

FLC exposed in the sections right above. 

First subsystem: 

The structure of the HGO used for this controller is described by equation (III.42), and the 

sliding surface is given by equation (III.44). The control law is built by introducing the FLC 

described in section (III.5.2.) in the SMHGOC plant given in equation (III.48). Then, the 

desired control law has the following form. 

        ̂                  ̂                                                                                      (III.64) 

The criterion of the controller’s stability stays satisfied since the introduced membership 

   that is multiplied by the positive switching coefficient l1 is always positive. 

Second subsystem: 

In the same way, the following control law for the second subsystem is derived. 

        ̂                  ̂                                                                                     (III.65) 

Since      then, the Lyapunov stability criterion remains satisfied.  

III.6. Conclusion 

This chapter is dedicated to the definition and development of control laws for the 

nonlinear aeroelastic systems’ stability, presenting in some detail CSMC, FSMC, SMHGOC, 

and FSMHGOC. The designed controllers are applied on the studied aeroelastic model, and 

the effectiveness of these control laws will be investigated by the simulation of these 

techniques in the next chapter in order to drive conclusions about their advantages and limits. 
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IV.1. Introduction 

This important part of the present thesis consists in evaluating and comparing the four 

robust combinations of SMC that have been built in the previous chapter and applied on the 

nonlinear aeroelastic TAMU II wing model designed in chapter II, in the aim of regulating the 

system’s states in a way that ensures fast stabilization and improved performance for the 

considered system,  and pushes the critical flutter speed margins as far as possible compared 

to the free-motion case, having consequently safe flight conditions.  

The system’s responses will be studied in open loop and in closed loop (After applying the 

controllers). Also, the results obtained using each controller will be compared to those in open 

loop and then to the other controllers for different speed values, in order to visualize the effect 

of every control plant on the stability and performance of the system.  

The vertical displacement ( ), the pitch angle ( ), trailing edge flap deflection angle ( ), 

and leading edge flap deflection angle (γ), will be shown and studied graphically, and the 

critical flutter velocity will be identified for every case.  

In order to solve the differential equations of the established model, fourth order variable-

step Runge-Kutta method (RK 4(5)) is adopted as the numerical method in this work. This 

method is commonly used to solve such engineering problems [148]. 

IV.2. Open loop simulation results 

In this section, the wing-model stability in free-motion (Open loop) will be investigated, by 

visualizing the behavior of the vertical displacement of the wing ( ), as well as its pitch angle 

(α). It is known from the system’s governing equations that the wing model depends on the 

airflow velocity. Then, the stability of this model is tested for different airspeed values. 

The following figure (IV.1) presents the Simulink program that has been established in the 

purpose of having the results’ graphical representations for the considered nonlinear model in 

open loop, and in closed loop thereafter. 
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Figure IV.1. Simulink system’s implementation in open loop 

Simulation results for the nonlinear studied system in open loop are obtained under the 

initial conditions [    ̇       ̇                ]
   [                  ] .  

These results are shown in figures (IV.2) and (IV.3) where figure (IV.2) presents the Open-

Loop (OL) time responses for a velocity of 8 m/s, and figure (IV.3) presents the open-loop 

time responses for a speed of 14 m/s. 

 

Figure IV.2. Open Loop time responses for V = 8 m/s 
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Figure IV.3. Open Loop time responses for V = 14 m/s 

The open-loop simulation results show that at the speed of       (Figure (IV.2)), the 

system exhibits oscillations of low amplitudes that converge slowly towards the equilibrium 

position, i.e. the system in this case is stable but poorly damped, where more than 10 seconds 

were needed to these oscillations to be removed.  

At the airspeed of       , the nonlinear open-loop model becomes unstable as can be 

seen in figure (IV.3) that presents large-amplitudes oscillations that become periodic after few 

seconds with a constant amplitude, which means in other words the appearance of the 

undesired Limit Cycle Oscillations (LCOs) due to structural and aerodynamic nonlinearities, 

and generally considered as the beginning of the flutter phenomenon. This explains the 

importance of the active control-plant introduction. It can be noticed also from these figures, 

that there is a transition velocity between the two previous airspeeds known as the flutter 

velocity, and in which the system passes from a stable to an instable state. 

After successive simulations, the flutter velocity for the open-loop case was identified at:  

               

IV.3. Classical Sliding Mode Control (CSMC) 

In this section, the system’s stability and time-responses behavior will be investigated after 

applying a classical sliding mode control plant. The plunge displacement   and the pitch 

angle   time variations will be visualized as well as the TLECS deflections   and  . These 

deflections has been limited between       rad (About      ) in order to keep their values 

among the actuator's physical capabilities. 

Simulation results are obtained under the same initial conditions as the open-loop case, and 

for the following controller’s parameters:           and         . 
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Figure (IV.4) shows the system’s time-responses behavior after applying the CSMC law, 

compared to the open-loop case, for a free-stream velocity of       . It can be observed in 

figure IV.4 (a) and (b) that the established controller has successfully removed the harmful 

LCOs and stabilized the system in less than half-a-second        ), while in the OL case the 

system presented instability expressed by the appearance of LCOs as shown in figure IV.4 (c) 

and (d).   

  

 

Figure IV.4. CSMC time responses compared to the OL case for V = 35 m/s 

Figure (IV.5) illustrate the TLECS deflections and the sliding surfaces time responses in 

CSMC for the same airspeed, where one can notice that these parameters convergence 

smoothly towards the equilibrium position.  

The CSMC plant has then guaranteed a fast system’s stabilization with improved 

performance in spite of the existing nonlinearities and unsteady aerodynamic loads, and for an 

airspeed that is much higher than the OL critical flutter velocity. 
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Figure IV.5. TLECS deflections and sliding surfaces time responses in CSMC for V = 35 m/s 

The system’s time-responses variations for the airspeed of        are presented in figure 

(IV.6). Both plunge and pitch motions have exhibited LCOs which means that the airspeed 

has exceeded the critical flutter velocity for the CSMC case. 

 

Figure IV.6. CSMC time responses for V = 39 m/s 

After successive simulations, the flutter velocity for the CSMC case was found at: 
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In order to further test the controller’s efficiency, the system’s responses variations are 

visualized when the controller is activated at         for the same initial conditions and 

controller’s parameters, and for a free-stream velocity of       . These variations are shown 

in figures (IV.7) and (IV.8). It is remarked from figure (IV.7) that the proposed control plant 

was able to stabilize the system smoothly and rapidly at the moment in which it was turned 

on, even after the system has entered in limit cycle oscillatory. Although, the chattering 

phenomenon is clearly seen in the deflections of TLECS as shown in fig. IV.8 (a) and (b). 

 

 

Figure IV.7. CSMC time responses, controller activated at t = 2 s 

 

Figure IV.8. TLECS deflections responses in CSMC, controller activated at t = 2 s 
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IV.4. Fuzzy Sliding Mode Control (FSMC)    

In order to eliminate any eventual appearance of the chattering phenomenon like the case 

that has been noticed in the previous section, CSMC is associated with a fuzzy logic 

controller in this section. The established FSMC law is designed with the same CSMC 

parameters and for the same initial conditions. 

The figure (IV.9) right below presents the variations of the nonlinear system’s responses 

after applying the designed fuzzy sliding controller, for a free-stream velocity of       . It 

shows that the use of FSMC leads to have smooth and fast stabilized system’s responses for 

high speeds. It’s also noticed comparing this figure to figures (IV.4) and (IV.5) that FSMC 

maintains nearly the same system’s performance guaranteed by the CSMC. 

  

 

 

Figure IV.9. FSMC time responses for V = 35 m/s 
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The memberships M1 and M2 time-variations are given in figure IV.10 (a) and (b), where 

it is visualized that these memberships converge to the equilibrium position in a smooth way. 

 

Figure IV.10. The memberships M1 and M2 time variations for V = 35 m/s 

For the airspeed of       , the system becomes instable as presented in figure (IV.11). 

 

Figure IV.11. FSMC time responses for V = 38 m/s 

After multiple simulations, the critical flutter speed for the FSMC case was spotted at: 

                 

For a speed of       , the system’s time-responses behavior, the memberships time 

variations, and the TLECS deflections responses compared to those in the CSMC case when 

the controller is activated at         are respectively illustrated in figures (IV.12), (IV.13), 

and (IV.14). From these figures, one can remark that in addition to the quick stabilization of 

the system despite the LCOs’ appearance, the introduction of FSMC has successfully and 

efficiently removed the chattering phenomenon that took place in the CSMC case. 
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Figure IV.12. FSMC time responses, controller activated at t = 2 s 

  

Figure IV.13. The memberships M1 and M2 time variations, controller activated at t = 2 s 

 

Figure IV.14. FSMC/CSMC comparison for TLECS deflections, controller turned on at t = 2 s 
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IV.5. Sliding Mode with High Gain Observer Controller (SMHGOC)  

In this section, CSMC is combined with a High Gain Observer (HGO) that provides 

estimated states’ values using some measured states. The system’s stability and performance 

will be investigated after applying the SMHGOC. The plunge and pitch motions variations, 

the TLECS deflections, and the error between the actual and the estimated states will also be 

shown and discussed.  

Simulation results are obtained under the initial conditions: [    ̇       ̇                ]
   

 [                   ] , for the controller’s parameters:          ,       ,       , 

and for the HGO’s parameters:              ,          and          , chosen in 

a way to have negative real-parts for the eigenvalues of the following equations:  

             and             . 

Figure IV.15 (a), (b), (c) and (d) represents the system’s time response after the 

implementation of the SMHGOC for a velocity of       , where (c) and (d) are zoomed 

parts of (a) and (b) respectively. And figure IV.15 (e) and (f) shows the variation of the error 

between the actual states’ values (h and α) and the estimated ones. It can be seen from this 

figure that the plunge and pitch motions have been stabilized within some fractions of a 

second. It is also noticed that the estimated-state graph has joined the graphical representation 

of the actual state for both plunge and pitch motions in a short period of time, as pointed in 

the figure IV.15 (c) and (d), where the error between the actual and estimated values 

converged rapidly to zero as illustrated in figure IV.15 (e) and (f).  

Figure (IV.16) visualizes the sliding surfaces time variations for an airspeed of       , 

and it shows that these variations tend towards the equilibrium position in finite time. 

These results mean a performant controller with a well-designed observer and important 

critical flutter velocity margins. 
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Figure IV.15. SMHGOC time responses for V = 31 m/s 

 

Figure IV.16. Sliding surfaces time variations for V = 31m/s 
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The following figure (IV.17) shows the behavior of the TLECS deflections for the airspeed 

of       . As noticed in the parts (a) and (b), the deflections tend towards zero in finite time, 

but, they present an oscillating behavior which is the well-known chattering phenomenon, 

clearly seen in figure IV.17 (c) and (d) that are zoomed parts of (a) and (b). 

 

 

Figure IV.17. TLECS deflections time variations for V = 31 m/s 

The plunge displacement and the pitch angle variations for a speed of        are 

illustrated in figure (IV.18), where the system’s instability was expressed by the apparition of 

LCOs in both motions. After simulations, the flutter velocity has been found at: 

                 

 

Figure IV.18. The system’s time responses for V = 44 m/s 
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IV.6. Fuzzy Sliding Mode with High Gain Observer Controller (FSMHGOC)    

In the previous part, simulation results showed the apparition of chattering after using 

SMHGOC. In this part, this controller will be combined with a FLC in order to eliminate this 

harmful phenomenon. The FSMHGOC is built and implemented under the initial conditions 

and with the same controller’s and observer’s parameters as in the SMHGOC case. 

Figure (IV.19) describes the system’s time responses after applying the FSMHGOC for the 

same initial conditions and controller’s parameters in the previous section, and for a free-

stream velocity of 37 m/s. According to this figure, the use of this controller led to stabilize 

the aeroelastic system in a short period of time, with an accurate estimation of the system’s 

states where the error between the estimated and the actual states’ values tend rapidly to zero, 

proving the controller’s effectiveness and the observer’s accuracy. 

 

 

 

Figure IV.19. FSMHGOC time responses for V = 37 m/s 
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Figure (IV.20) is the graphical representation of the sliding planes and the membership 

functions time responses in a speed of       . These responses converge steadily to the 

position of equilibrium in short time. 

 

  

Figure IV.20. Sliding surfaces and membership functions time variations for V = 37 m/s 

For the same airspeed, the TLECS deflections’ time changes compared to the SMHGOC 

case are illustrated in figure (IV.21) from which one can see that in the case of FSMHGOC, 

the deflections tend in a steady way towards the equilibrium position in finite time, with no 

apparition of the chattering as in the case of SMHGOC. 

  

Figure IV.21. TLECS deflections time variations for V = 37 m/s 
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For a speed of       , the aeroelastic system became instable exhibiting LCOs as shown 

in figure (IV.22) below. 

 

Figure IV.22. The system’s time responses for V = 41 m/s 

The critical flutter speed has been observed after many simulations at: 

                   

IV.7. A comparative study 

This part exposes a comparison between the open-loop case and the designed controllers in 

terms of system’s performance, flutter velocity value, critical flutter speed gain and chattering 

existence or removal. This comparison is summarized in the following table (IV.1). 

Table IV.1. A summarizing comparison 

 Open-loop CSMC FSMC SMHGOC FSMHGOC 

Performance Degraded Enhanced Enhanced Enhanced Enhanced 

Flutter speed 10,70 m/s 38,27 m/s 36,99 m/s 42,59 m/s 39,67 m/s 

Flutter speed margins / + 27,57 m/s + 26,29 m/s + 31,89 m/s + 28,97 m/s 

Chattering Instability Exists Removed Exists Removed 

The table shows that the proposed controllers have effectively enhanced the system’s 

performances in short periods of time even with the system’s structural and aerodynamic 

nonlinearities and gust loads, and led to have increased flutter velocity margins. It shows also 

that the introduction of the FLC led to remove any eventual appearance of the chattering 

phenomenon as has been noticed in the CSMC and SMHGOC cases. Then, these controllers 
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have provided robustness and accuracy thanks to the SMC, the chattering removal ensured by 

the FLC, and the precise states’ estimation by the HGO which means less expansive sensors. 

IV.8. Conclusion  

In this chapter, the simulations’ results have been exposed and discussed. The numerical 

and graphical results presented in this chapter have shown the effectiveness of the robust 

control plants in improving the system performance, increasing the flutter speed margins in a 

significant way, removing the chattering phenomenon and providing precise estimations for 

the nonlinear aeroelastic systems’ states, in spite of nonlinearities in the system and unsteady 

aerodynamic charges. 
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CONCLUSIONS AND PERSPECTIVES 

The objective of the work presented in this thesis is based on the mathematical modeling of 

an aeroelastic wing section for an unsteady aerodynamic regime via the Wagner’s function, 

which is a recent direction in this research field. The obtained dynamic model has two degrees 

of freedom since it considers the pitch movement and the plunge displacement with two 

control surfaces.  

Characterized by its non-linearity, the dynamic motion of the model in open loop has 

badly-damped or unstable oscillations for given flow velocities. Therefore, four types of 

controllers have been used for the stabilization and the control of the considered model: The 

CSMC, FSMC, SMHGOC, and FSMHGOC, exploited in order to limit the vibrations and to 

delay the appearance of the flutter phenomenon.  

To start with, a general overview was presented in the first chapter concerning ASE and 

aeroelasticity phenomena, particularly that of flutter. For the physical system, an essential part 

of the study which is the mathematical development of the dynamic model was built in the 

second chapter, and an application was made on the wing model TAMU II in order to get its 

space state representation. The latter allowed the development of control laws for the stability 

of the aeroelastic system in the third chapter where the designed controllers’ definition and 

establishment-steps were presented in some detail.  

The mathematical model as well as the developed control laws made it possible; in the 

fourth chapter; to simulate the dynamic behavior of the system in terms of pitch and vertical 

movements in open loop as well as by applying the controllers.  

The open-loop simulation led to visualize the flutter phenomenon which corresponds to a 

critical velocity known as the flutter speed which was relatively low in this case. This 

unwanted phenomenon leads generally to problems of structural fatigue, passengers’ 

discomfort, performance deterioration, and even catastrophic structural failures. Then, the 

considered controllers have been proposed in order to deal with this phenomenon. The 

common point about these control laws is the use of the first-order CSMC which is a robust 

control plant for VSS, with a simple structure and a high precision. This controller is 

characterized by the choice of a switching function that ensures the convergence of the state 

trajectory towards the equilibrium position while remaining in the vicinity of a sliding surface 

with insensitivity towards perturbations and parameters changes. However, the use of SMC 

can cause the apparition of the chattering phenomena which is very high-frequency 
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oscillations that affect the system’s performances and harm the associated actuators. Indeed, 

this phenomenon has been noticed in the simulation results of the CSMC and the 

SMCHGOC. For that, a solution was required to alleviate this SMC inconvenience. Thus, a 

FLC has been proposed, it is a simply-designed controller that uses linguistic information and 

rule-based algorithms, and commonly used to deal with chattering cases. 

 In order to deal with the concern of having a complicated model with an increased number 

of system states (From which some may be unmeasurable) due to the consideration of 

unsteady aerodynamic charges and the different nonlinearities that exist in the aeroelastic 

system, a HGO is introduced with the CSMC and also with the FSMC, this type of controllers 

relies on the right choice of the control parameters in order to guarantee the convergence of 

the estimated state trajectory towards the real ones, and to ensure a robust and stable model 

even with some unmeasurable systems’ states. 

 The simulation results have shown that the application of the built controllers has 

efficiently accomplished the system’s stabilization in spite of nonlinearities and unsteady 

aerodynamic loads, resulting in a significant increase of the flutter speed margins. These 

results have visualized also the chattering phenomenon in the cases of CSMC and SMHGOC, 

and the introduction of the FLC has led to a full suppression of this undesired phenomenon.  

Therefore, the obtained results and conclusions that have been derived from this work can 

confirm that the study may serve as a robust, effective, and accurate solution for stability 

problems in the active control domain for nonlinear aeroelastic systems, even under unsteady 

gust charges. Furthermore, it can be an economic tool to develop nonlinear aeroelastic airfoils 

in wind tunnels or for fixed-wing drones. All of this, in addition to the rich bibliography that 

it provides, and that may help as a departure point for further research in ASE. 

Perspectives: 

This study remains open for more research items in all the ASE directions, in the aim of 

having the best compromise between the system’s stability with high performances, and less 

complexities in systems’ models and controllers’ designs. Here are some examples: 

 In the modeling direction, the system’s modeling can be extended to a three-dimensional 

complete aeroelastic wing model or full flexible aircraft with unsteady aerodynamics ; 

 In the control side, many controllers may be proposed such as SMC based on neural 

networks (Deep learning), or adaptive SMC, applied on the studied model, or on the 

suggested models right above. 
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Appendix A: The Lagrange equations 

Introduction 

When using Newton's laws in developing a system’s equations of motion, all of the forces 

acting on this system have to be included. In the other hand, when using Lagrange formalism 

to derive the equations of motion, any force that has no work can be ignored (Like the friction 

forces and the forces of inextensible connections). In the case of conservative systems 

(Systems for which the total energy remains constant), the Lagrange method provides an 

automatic procedure to obtain the equations of motion, by calculating the system’s kinetic and 

potential energies only. 

A.1. The degrees of freedom 

Before developing the Lagrange equations, the dynamic systems have to be characterized 

in a systematic way. The most important property here is the number of independent 

coordinates that should be known to completely specify the position or the configuration of 

the system. A system has n degrees of freedom if exactly the n coordinates are used to 

completely define its configuration. 

A.2. The generalized coordinates 

Usually, the coordinates are seen as lengths or angles. However, any set of parameters that 

allows specifying the system’s configuration can serve as a coordinate. When the meaning of 

the expression is generalizes in this way, these new quantities are called generalized 

coordinates.  

The general form of the Lagrange equations for any system (Conservative or non-

conservative) is as follows: 

 

  
(

  

   ̇
)   

  

   
                                                                                                                  (A.1) 

  is the system’s kinetic energy and    represents the component of external forces that work 

according to the degree of freedom    

A.3. Lagrange equations for conservative systems 

If a system is conservative, the work exerted by the forces can be calculated from the 

potential energy U. The change in the potential energy during a small displacement is defined 

as the negative of the work done by the forces in the system during the displacement. 
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            is the work carried out by the forces, so: 

                                                                                                                      (A.2) 

   and    are independent and therefore, they can be varied randomly. 

If       then           and then: 

    
  

   
                                                                                                                            (A.3) 

It can be found in the same way: 

    
  

   
                                                                                                                            (A.4) 

Replacing    and    by their values in the equation, to obtain: 
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)   
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   ̇
)   

  

   
 

  

   
    

A.4. Lagrange equations for non-conservative systems 

For non-conservative systems, the Lagrange function L can be defined as follows: 

                                                                                                                             (A.6) 

For every generalized coordinate    , the expression (A.6) verifies the following equation. 

 

  

  

   
 

  

   
   

  

   
                                                                                                      (A.7) 

  is the dissipation function of Rayleigh. 

   represents the component of external forces that work according to the degree of freedom 

   , it can be obtained by deriving the virtual work W of the external forces. 

  ∑                                                                                                                         (A.8) 

    
  

   
                                                                                                                          (A.9) 

   represents the displacement field. 

 

 

(A.5) 
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Appendix B: State-space representation for nonlinear systems 

Introduction 

In automatics, a state representation makes it possible to model a dynamic system in matrix 

form using state variables in a state space. This representation (That can be linear or non-

linear, continuous or discontinuous) should provide the system’s state at any future moment 

having the initial conditions. 

B.1. State variables 

A system can be fully described using a set of minimal variables. The state variables are 

continuous, differentiable and independent physical quantities of the system. They are 

generally gathered in a vector  . Knowing all of the state variables at an instant of time   

should make it possible to know all of the system’s responses at a time     . The same 

system can be described with different state variables but their number is always the same. 

This number, designated by the letter  , represents the order of the system. The classical 

(Most general) state representation for nonlinear systems is as follows (Figure B.1):  

 ̇     (         ) 

      (    ) 

Where :        and   are nonlinear functions. 

                             is the system’s state vector. 

                             is the control vector. 

                             is the output vector. 

The first equation describes the system’s evolution, and the second is the observation 

equation. The linear state representation is a special case of the form above, obtained when 

the functions        and      are linear. 

 

Figure B.1. Diagram of a state-representation for a nonlinear system 

(B.1) 
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B.2. Stability of nonlinear systems 

Nonlinear systems’ stability is studied using Lyapunov functions. Many types of systems 

stability can be distinguished (In the sense of Lyapunov, asymptotic, exponential), and it can 

be local or global, uniform or not, etc. 

B.3. Observability of nonlinear systems 

Nonlinear systems’ observability is totally different from that of linear systems. It depends 

on the system’s input and the initial conditions. In order to give a definition to the nonlinear 

systems’ observability, the notion of indistinguishability has to be defined. 

Two initial states          and          of the system described by equations (B.1) 

are called indistinguishable in the time interval [     ] if, for every input     , their respective 

outputs   and    are identical in this interval. 

The system described by equations (B.1) is observable if there is no pair of initial distinct 

states                       that is indistinguishable. 

It should be also noted that observability depends often on the input. Some inputs do not 

make it possible to discern any pair of distinct initial states, this is the case of the following 

example.  

 ̇     

    

With     

The system (B.1) is observable for any constant non-null input. Therefore, the observer 

cannot be constructed at or in vicinity of the input 0.  

In short, designing an observer requires taking a look at the system’s inputs. Considering a 

nonlinear system, there are generally some so-called singular inputs for which the system is 

not observable. But finding these inputs for a given system is still a largely open problem in 

the nonlinear systems theories. 

 

(B.2) 


