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Preface

Foreword, this document is a teaching aid intended for students enrolled at university in the first year of en-
gineering in the Science and Technology field. It is a course illustrating the basic notions of mathematical
analysis in order to acquire and understand the fundamentals of mathematical reasoning, which is essential for
understanding the rest of the teaching in science and technology.

In this course, the definitions of mathematical tools and their properties are presented, along with important
remarks that help to assimilate these notions, as well as basic theorems and propositions, illustrating everything
with detailed examples. At the end of each chapter exercises of varying degrees of difficulty are presented.

This document describes the program for the subject Analysis1, taught in the first semester to first year en-
gineering students, it consists of six chapters, in the first we introduce the field of real numbers then we pass to
the chapter of real sequences and their properties, then, the third chapter deals with real functions with one real
variable, in particular the notions of continuity and derivability, as well as the study of inverse trigonometric
and hyperbolic functions and their inverse, followed by the chapter on the development of Taylor series and
ending with the chapter on integral and the calculation of primitives.
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Chapitre 1
Real numbers

1.1 Introduction

Calculus is based on the real number system. Real numbers are numbers that can be expressed as decimals.
We distinguish three special subsets of real numbers:

(a) The set of natural numbers, denoted by N = {1,2,3, ...}.

(b) The set of integer numbers, denoted by Z = {..., -3, -2, —1,0, 1,2, 3, ...}.

(c) The set of rational numbers, denoted by Q = {™*, m € Z, n € Z* with GCD(m,n) = 1}.
Every rational number can be written both as a ratio of integers and as a decimal that terminates or begins
to repeat.

The set of real numbers, denoted by R. The set of real numbers includes both rational and irrational numbers
2, _?3, V3 € R. As consequence N C Z C Q C R.

[c_w JZ]Q

1.2 Fundamental properties of real.

1.2.1 Intervals and operations on real numbers

Leta,b € R.
e A closed interval is a subset of the form:

la,b] ={zeR|a<z<b} CR
e An open interval is a subset of the form

Ja,bl={z €eR|a<z<b} CR.




1.2. Fundamental properties of real.

Let a € R, then

* & =l|a, a[ is an open interval.

* R =] — 00; +00] is an open interval.

Leta,b,c € R, then

* a+b=>b+aandab=ba,

* (a+b)c=ac+ be.

Let a, b be real numbers, then a < b or b < a i.e the real set R is totally ordered.

Va,b,c € R, we have

e a<b = a+c<b+c,
a’?<b if 0<a<b,
b <a?> if a<b<0,
ac < bc if ¢ >0,
ac > be if ¢ <0,
1

1
o U<a<bhb = 0<—-<—,
b~ a

1 1
e 1<b<() = -<-<0.
b~ a

o a<b =

1.2.2 Upper and Lower bound

Let A be a non-empty subset of R and a, b two real numbers.

(a) We say that a is a lower-bound of A if Vx € A, = > a.

(b) We say b is an upper-bound of A if Vo € A, = < b.

abdelhakimdehamnia@ gmail.com 5 DEHAMNIA A



Chapter 1. Real numbers

Example 1.2.1.

(a) —66,—10,—8, =7 are lower-bounds of | — 7, 11].
(b) 11,12,20, 100 are upper-bounds of | — 7, 11].

(c) —6,—9,—3 are lower-bounds of {0, —2,3,—1,6,4}.
(d) 7,11 are upper-bounds of {0, —2,3,—1,6,4}.

(e) The set C =] — 00, 0[ does not have a lower-bounds.

(f) The set D =]2,400| does not have an upper-bounds.

Let A be a non-empty subset of R.

(a) If there exists a lower-bound of A, we say that A is bounded from below.
(b) If there exists an upper-bound of A, we say that A is bounded from above.

(c) We say that A is bounded if both bounds (upper and lower) exist.

Example 1.2.2.
(a) Let A =] — 4,4+00]. A is bounded from below since —5 € R such that Vx € A, x > —b. Note that A is
not bounded from above.

(b) Let B =] — 00, 8[. B is bounded from above since 9 € R such thatVx € B, x© < 9. Note that B is not
bounded from below.

(c¢) Let C' =] — 4,8]. Cis bounded since —5,9 € R such thatVx € C, =5 <z < 9.

(d) N is bounded from below (each number k < 0 is a lower bound), but not from above.

1.2.3 Infimum, Supremum, Minimum and Maximum

Let A be a subset in R and ag, by be two real.

(a) We say that ay is the greatest lower-bound or the infimum of A if ag is a lower-bounded of A and
satisfies a < aq for every lower-bounded a € R.
This infimum is not necessarily belonging to A. We write ag := inf(A).

(b) We say that by is the least upper-bound or the supremum of A if b, is a lower-bounded of A and

abdelhakimdehamnia @ gmail.com 6 DEHAMNIA.A



1.2. Fundamental properties of real.

satisfies b > b, for every lower-bounded a € R. This supremum is not necessarily belonging to A.
We write by := sup(A).

Let A be a subset of R and ag, by two real.

(a) We say that ag is the minimum of A if a is a lower-bounded of A and it an element of A. We write

ag = min(A).

(b) We say that b, is the maximum of A if b, is a upper-bounded of A and it an element of A. We write

by = max(A).

Example 1.2.3.

(a) If A= [2,5] then, inf(A) = min(A) = 2 and sup(A) = max(A) = 5.
(b) If A= (1,7 theninf(A) = min(A) = 1 and sup(A) =T7.
(c) If A =] —3,2| then inf(A) = —3 and sup(A) = max(A) = 2.
(d) If A=|0,8] then inf(A) = 0 and sup(A) = 8.
Example 1.2.4.

(a) IfA={-3,2,,0,—4,8 —1} then, min(A) = —4 and max(A) = 8.
(b) If A = [2,5] then, min(A) = 2 and mazx(A) = 5.

(c) If A =[1,7] then min(A) = 1 and max(A) doesn’t exist.

(d) If A =] — 3,2] then min(A) doesn’t exist and max(A) = 2.

(e) If A =]0, 8[ then min(A) doesn’t exist and max(A) doesn’t exist.

Theorem 1.2.1

Let A be a non-empty subset of R, we have

A x <M
(a) M =sup(A) < {Vxe =

Ve>0,dre A, M —e<e.
{V:z;E/Lme,

(b)) m =inf(A) —
Ve>0,dre A, v <m+e.

abdelhakimdehamnia @ gmail.com 7 DEHAMNIA.A



Chapter 1. Real numbers

1 1
Example 1.2.5. Let A = {1 +—,né€ N*} and B = {2 ——, ne€E N*} are tow sets. We have
n n

1 345
A={1+4+= L G
{+n7n€N} {7273’47 }7

and
. 357
B—{Q__aneN}_{]wE)gaZ’ }
Yields,
inf(A) = 1, max(A) = sup(A) = 2 and min(A) doesn’t exists.
and

inf(B) = min(B) = 1, sup(B) = 2 and max(B) doesn’t exists.

1.3 Absolute value, radicals and integer part

1.3.1 The absolute value of real

Let z be a real number. The absolute value of = denoted |z| is defined as follows

2] {x indeterminate form x > 0,
€Tl =

—z  indeterminate form x < 0.

Example 1.3.1. |4| = 4 since 4 is positive, but | — 2| = 2 since —2 is negative.

«— |_2|:2—>|e l41=4 -

-2 0| | 4

Let z, y be real numbers, we have the following properties:

abdelhakimdehamnia @ gmail.com 8
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1.3. Absolute value, radicals and integer part

(@ |z| > 0and |z| = | — x|, d) |z +y| <|z|+ |y|, (Triangular inequality),
iz >0, — < |z —uyl.
o @:‘w,:{x sta 2 © sl = lgll < o — ]
—x  siz <0.
6 Vr>0, |z|=r <= (z=r Va=—-r).
- I
©) |z -yl =|z| |yl and if y € R*, —‘—|—y|, @ Vr>0, g <r — —r<z<r

Geometrically, |z| is the distance from x to 0 and |z — y/| is the distance from x to y on the numberline.

Ix| Ix-yl

a4 B
< Lt |

A J

B
|

T
T

y

L +
0 X

xr —y indeterminate form x > y,
Note that |z — y| = |y — x| and |z — y| = ' '
y —x indeterminate form z < y.

Example 1.3.2. We have

| 3| {x — 3 indeterminate form x > 3, | | {:c — e indeterminate form x > e,
z—3| = T —e|l =

3—a indeterminate form x < 3.’ e —x indeterminate form x < e.

and
x+2 indeterminate form x > —2,

—2 —x  indeterminate form x < —2.

o +2] = |o = (-2)] = {
Example 1.3.3. solve in R the following equations:
|In(z) — 3| =2, |2* — 32| = |z|.
Solution

|In(z) =3] =2 <= In(z) —3=2 V In(z) — 3 = -2,
< In(z) =5 V In(x) =1,
= zr=¢"Va=e
Thus, the set set of solutions is the following S = {e°, e}.
|2 —3z| = |z| &= 2* —3r =2 V 2* -3z = —21,
= 2’ —4dx =0V 2> - 22 =0,
= =0V ae=4V =2

Then, the set set of solutions is the following S = {0,2,4}.

abdelhakimdehamnia @ gmail.com 9 DEHAMNIA A



Chapter 1. Real numbers

1.3.2 Radicals

Let x be a positive real number and n > 2 be a natural number, then the principal square root of a number
x is defined as

vz =y if and only if x = ¢*.
where y > 0 and , /~ is the radical symbol and « is called the radicand. In general,

{/x = yif and only if x = ™.

If n is even, then x and y must be greater than or equal to zero. If n is odd, then x and y can be any real
number.

If 2 < 0 the following roots &z, /z,... ¥/x k € N* do note exist.

Example 1.3.4. V27 =3, /-8 = —2, /16 = 2 and </—101 do not exists.

1.3.3 Integer part of a real number

Let x be a real number, the largest integer less than or equals to z is called the integer part of x and
denoted by F(z) or [z].

Example 1.3.5. [1,74] =1, |e| =2, |-2,44] = —3.

Let z be a real number, then |z | satisfies:

lz] <z <|z]+1orz—1<]|z] <=z

Moreover, for n € Z and x € R, we have

o|z]=n <<= n<zx<n+l,

oz +n|=|z]+n
olz]+|z+ i+ 424+ o+ 2] = [nal.

Example 1.3.6. solve in R the following equations |z*| = 1 and |e* — 3] = —2.

abdelhakimdehamnia @ gmail.com 10 DEHAMNIA.A



1.4. Some basic formulas in R

Solution
2% =1 <= 1<2? <2
— 1< 2| < V2
— r€]-v2,-1U[L, V2
le® —3] = -2 —2<e"—-3< -1
1<e® <2
0 <z <In(2)
z € [0,1In(2)].

1177

1.4 Some basic formulas in R

1.4.1 Sum

The sigma notation ) _ is the most easiest way of writing a very large sum of elements of a sequence in
a simple manner. A sequence is a collection of terms that follow a pattern and sigma notation » _ is used
to represent the sum of such elements. For example, the sum of elements a; such that 7 € N is written as
follows

Zai:ao+a1+a2+---

i>0

n
Moreover, if k,n € N, we read the sum >_ e* as follows: the sum of € from k& = 0 to k = n, and we
k=0

write it as
n

e =e" ettt
k=0

Example 1.4.1.

2
(a) Weread > 3%, the sum for k, star from 0 to 2 of 3 power k. Its abbreviated writing is
k=0

2
3 =30+3"+32=13.
k=0

3
(b) We read " 5k, the sum for k, star from 1 to 3 of b times k. Its abbreviated writing is
k=1

3
> B5k=5x1+5x2+5x3=30.
k=1

abdelhakimdehamnia @ gmail.com 11 DEHAMNIA.A



Chapter 1. Real numbers

A result of sum does not depending of the summation index, we can write

Y= =3
k=0 p=0 r=0
(a) i(ak+bk):§:ak+ibk. (C)ic:n-c.
k=1 k=1 k=1 k=1
(b) zn:(c cag) =c- zn: a. (d) (a+b)" = zn: Ckakpn=*,
k=1 k=1 k=0
Example 1.4.2.
3 k= k=
> 2k — k) = Z Z 204+1+243)— (02 +12+224+3%) =2
k=0 k= k=0
Z3ln Zl (1) = 3(In(1) + In(2) + In(3) + In(4)) = 4(In(1 x 2 x 3 x 4)) = 31n(4!).
i=1
4
A G ) N G S G O A G O 11 1 -7
) L A i S R Rl TS

n

ZI{;:M Zk2:n(n+1)(2n+1) Zk3:n2(n+1)2
; 6 , Sl S

> (2+3k) = Z2—|—3Zk

:(2+2+ +2)+3( +2+3+--+n)
(n+1) times amthmetzc sequence

3n(n+1)

5

=2(n+1)+

Xn:3-2’“:3zn:2’f
k=1 k=1

=32 +224+2°4 ... +27)

geometri\crsequence

2" —1
=3 =3(2" - 1).
51 = 32" 1)

abdelhakimdehamnia@ gmail.com 12 DEHAMNIA.A



1.4. Some basic formulas in R

1.4.2 Product.

The pi notation [ is used to represent the product of a bunch of terms. It is used in the same way as the
Sigma symbol described above, except that succeeding terms are multiplied instead of added:
Hai:aoxalxagx--- (11)
i>0
Example 1.4.4.
6
Hk:1><2><3><4><5><6:720,
k=1
4
[[E-D=0-Dx2-1D)xEB-1)x(4-1)=0,
k=1
-1
I = (-3)* x (-2)> x (-1)* = 36,
1=—3
11 1 1 1 1
H—:—x—x—x———
k2 3 4 5 120
k=2
(@ J](ax-br) = <H ak) <H bk)
k=1 k=1 k=1
® Har = (flo)
k=1 k=1
© [[e=c
k=1
Example 1.4.5.
5 5 5
fre - (11¢) (i)
k=1 k=1 k=1
= (1x2x3x4x5)(eD 7DD (=17
=5letee tee™!
= 120e".
DEHAMNIA.A
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Chapter 1. Real numbers

Example 1.4.6. Let n, k € N.

ﬁ<2+§)k:ﬁ l2k (@—F%)k

=1

1.5 Practice exercises

Exercise 1.1

Find the set of lower-bounds, the set of upper-bounds, the minimum, the maximum, the infimum and the
supremum if there exist of each set of the following:

A= (=39, B=]0,4], C = [~2, 400/, D =] —00,1], E = {1+ % ne Ny,

F={2+ (_;)n, n € N*}.

Exercise 1.2

Find the set of lower-bounds, the set of upper-bounds, the minimum, the maximum, the infimum and the
supremum if there exist of each set of the following:

A=1{24,-7,0,-2}, B=]2,¢e[, C = [—V2,+c[, E = {sin(z), z € R},

F:{ n ,neNandnEQ},G:{m+n, (m,n)eN*xN}.
n—1 m

Exercise 1.3

1 1
Consider the set A = {— +—,m,n € N*} .
n

m
(a) Show that A in bounded.

(b) Find the minimum, the maximum, the infimum and the supremum of the set A if there exist.

abdelhakimdehamnia @ gmail.com 14 DEHAMNIA.A



1.5. Practice exercises

Exercise 1.4

2z + 3

Let K = {
T+ 2
Determine the infimum and supremum of the set K.

, T €] —00;—=3] ¢ .

Exercise 1.5
Solve in R the following equalities and inequalities:

le¥ —2| =1, |20 — 2% < 16, |2z + 3| = |z — 1], |z — 2| < |z + 4]

Exercise 1.6

Show that Vx,y € R we have:

|z +y| < [z] + |yl

|| — |yl| < |z —yl,
« 2xy| < 2 + 97,

r+y+|r—yl
9

+y— |z -yl
5 .

* max{z,y} = , min{z,y} = =
Exercise 1.7

Using the inequality
||z = [yl < |z =yl

to show that Vx,y € R,

Vot =203 - y| + 222 < |2 — 3yl

Exercise 1.8
(a) Solve in R the following equalities:

le’] =1, [In(x)] = -1, [2* — 32| = -2.

(b) Let x,y € R. Show that
o]+ y] <z +y <o)+ |y +1.

(c) Prove that Vn € N*, and Vx € R,

abdelhakimdehamnia @ gmail.com 15 DEHAMNIA.A



Chapter 1. Real numbers

Exercise 1.9

(a) Compute the exact value of

k=1
(b) Letn € N. Calculate
2k — 1 3k ( — =y =
D (2k=1), > 3" K2kt 2k 2%
k=0 k=1 k=1 k=0 k=1 k=1
Exercise 1.10
(a) Letn € N. Calculate
noket B » | 21n(k!)
I Hvee 11| %
k=1 k=0

k=2 izzlln(i)

(b) Show that

n

Zn!ln (1)
el +1In(n!) =0, wheren! =1x2x--- X n.

)

k
=1

abdelhakimdehamnia @ gmail.com 16
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Chapitre 2
Sequences

2.1 Overview

2.1.1 Definitions

A sequence is a mapping
U, : N — R
n o Up.

It is denoted by (,)nen OF (Un)n>0- Uy is called the general term of the sequence (u,,) and

(un)nEN = {UO, Uy, U2, Uz, - }

Example 2.1.1.

2" —3
(a) Let u, = " The sequence (u,) is defined when n > 1.
n

(b) Let v, =+/n — 3. The sequence (v,) is defined when n > 3.

(c) Let w,, =

T The sequence (w,,) is defined for any n in N.
n

The ways in which a sequence can be defined.

* By an explicit definition of the general term of the sequence (u,,) i.e.: Express u,, in terms of n.
For example, u,, = n® + 2n — 1.

* By a recurrence formula, i.e. a relationship that links any term in the sequence to the one that
precedes it. In this case, to calculate u,,, you need to calculate all the terms that precede it. For

{U3 = 1,
example:

Upy1 = 4 — Uy.

Example 2.1.2.

17



Chapter 2. Sequences

1
(i) Let (uy)nen be a sequence defined as follows: u,, = :2——:_1
3
Then, ug =1, uy = 2, “2:3""
Uy = 1,

Up1 = V3+un
Then, u; = /3 +uo =2, us =3 +u =5, -

Example 2.1.3. Consider the following sequences:

(ii) Let (uy,)nen be a sequence defined as follows: {

m_n '01:1, ) U)O:lawl:l;
Uy = o , Up = v2 and w,, = - b
n+l — Wp41 = n n—1-
Un+1 1+u0, +1 1
We have
20— 0 ] 21 —1 1 2_-92 2
U _7u_ :_’/u/: R
0 30 ! 31 3 7 32 9
N2
l+v, 141 27 l+wv, 1+1 6
we =bwy; — 6wy =5—6=—1, wy =5wy —6w; =—11---

2.1.2 Boundedness and monotony of a sequence

(a) A sequence (uy,)nen is bounded below if 3m € R, Vn € N, u,, > m.

(b) A sequence (u,,)nen is bounded above if IM € R, Vn € N, u,, < M.

(c) A sequence (uy)nen is bounded if Im, M € R, Vn € N, m < w,, < M or,

3C e R, Vn e N, |u,| < C.

Example 2.1.4. The sequence u,, = n 1 is bounded.

Indeed, Vn € Nwe have 0 <n<n+1 — 0<

Let (u,)nen be a sequence.

n <l = 0<uy, <1
n+1

(a) We say that (u, ),y is increasing (resp. decreasing) if

Vn € Ny u, < gy (respatt, > Upyq).

abdelhakimdehamnia @ gmail.com 18 DEHAMNIA.A



2.1. Overview

(b) We say that (u,),en is constant if

Vn e N, uy, = Uy

We say that (u, ),ecy is monotone if it’s increasing or decreasing.

Example 2.1.5. Studying the monotony of the following sequence (u,,) such that:

- n+1
41

Unp,

e The monotony of the sequence (uy,).

- n+2 n+l  (n+2)2n+1)
T m+3 2n+1  (2n+3)2n+1)
202 +5n+2—2n%—5n—3
B (2n +3)(2n + 1)

—1

"t nentrn

Up4+1 — Un

Then, the sequence (u,) in decreasing (monotone).

2.1.3 Arithmetic and geometric sequences.

2.1.3.1 Arithmetic sequences.

A sequence (uy,)nen is said to be arithmetic if and only if

IreR, VneN, vy —u, =1.

Here, r noted the common difference of the sequence (u,,).

If (u,,)nen is an arithmetic sequence of first term 1o and common difference r, then we have

(@) Vn € N, u,, = ug + nr.

1
(b) Vn e N: u, = §(un+1 + Up_1)-

(c) If r = 0 then, (u,) is constant.
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(d) If » = 0 then, (u,) is convergent and if r # 0, (u,,) is divergent.

n ]_
(e) If S, = up + uy + - - - + u,, then, S,, = (uo—l-u2)(n-|- )

Uy = 13,

Example 2.1.6. Consider an arithmetic sequence (u,,) such that
3’U3 — Uy = 18.

(a) To determine the common difference r of the sequence (u,,), we have

Bus —us = 18 <= 3(ug + 3r) — (up + 5r) = 18
= 2up+4r =18
— 4dr=18-1206
= r=-2

(b) The general term of the sequence (u,) is u, = 13 — 2n.

n—1
(c) Writing the sum S,, = uy in terms of n. We have
k=0
n—1
Sn:Zuk—uo-i-ul-l-uQ-i- + Up—1
k=0
n
= §(U0 + 'Lbn_l)
=n(12 —n)

2.1.3.2 Geometric sequences.

A sequence (uy)nen is said to be geometric if and only if
JgeR*, Vn €N, uyi1 = q- uy,.

Here, ¢ noted the common ratio of the sequence (uy,).

If (u,)nen is @ geometric sequence of first term ug and common ratio ¢, then we have
(@) Vn € N, u? = up 1,1

(b) u, is:
-convergent if 0 < |¢| < 1.
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-divergent if |¢| > 1.
-constant and hence convergent if ¢ = 1.

(c) If S,, = uyg + uy + - - - + u, then,
-S,=(n+1) yifg=1.
1_qn+1
- Sy =ug———if g # 1.
1—q

2.2 Convergence.

Let (uy,)nen be areal sequence and ¢ be a real number. We say that:
(@) (un)nen is convergent (or converge to ¢) iff it has a finite limit /.

(b) (un)nen is divergent if it has more than one limit or lir+n U, = F00.
n—-+0o0o

Example 2.2.1. Consider the following sequences

n—+1
n

Uy = lOg( ), Uy = (_1)"’ Wy, = sin(2n), andt, = \/E

o The sequence (u,,) is convergent since lim w, =0 (exists and unique).
n—+00

e The sequence (v,) does not converge since lim v, =
n—+oo

{—1 indeterminate form n is odd,

1 indeterminate form n is even,

e The sequence (w,,) does not converge since lim w, is not exists.
n——+00

e The sequence (t,) is divergent since lir}rﬂ t, = +o0.
n—-+00

Theorem 2.2.1

Let (u,,)nen be a real sequence.
(a) If (un)nen is increasing and bounded above, then it is convergent.

(b) If (uy,)nen is decreasing and bounded below, then it is convergent.

Example 2.2.2. Let (u,,),>1 be a sequence defined as follows:

Uy = \/57
Upt1 = V2 + Up.

(does not exist).
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(a) We have 0 < u,, < 2 for alln > 1. Indeed, let P(n) the proposition defined by
Pn): 0<u, <2.
We prove by induction that P(n) is true for all n € N.

« P(0) : is true since 0 < uy = /2 < 2.
* Suppose that P(n) is true and we prove that P(n + 1) is true. We have

0<u,<2 = 2<2+4u, <4

— V2<V2Fu, <2

Thus, P(n + 1) is true.
» We conclude thatVn > 1, 0 <u, < 2.

(b) The monotony of the sequence (u,,). We have

Ups1 — Up = V2 + Uy — Uy
(VT ) (VT )
V2 F Uy +
24wy, — u?

- 2+ Uy, + Uy,

—(up + 1) (uy, — 2 .
_ (tn +1)(u )ZO,<Sll’lC€0§un§2)'

V2 4+ uy + Uy

Therefore, (u,) is increasing.
(c) We have (u,,) is bounded above by 2 and it’s increasing. Then, (u,,) is convergent. Moreover,

lim v, = lim w,=¢ = V2+/(=/

n—-+o0o n—-+o0o
— 24 (- 1?=0,
== (=2V{=-1,
= (=2(asl>0).

Then, (u,) converges to 2.

2.2.1 Properties

Let (up)nen, (Un)nen two convergent sequences such that lim w, = ¢and lim v, = ¢'. The proper-
n—-+o0o n—-+oo

ties of limits are summarized as follows:
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* lim Au, = M forany A € R.

n——+oo

o lim (u,+wv,) =0+7.

n—-+o0o

e lim wyv, =¢-70.
n—-4o00

1
e Ifu, #0forn>ngand ¢ # 0then lim — =

n—-+oo Unp,

e Ifv, # 0forn > ngand ¢ # 0then lim Un _

n—-4oo Un

L

-
£
o

Theorem 2.2.2

If (u,), € Nis a convergent sequence, then (u, ),y is a bounded sequence.

Proof. Suppose that u,, — ¢. Then for every number £ > 0 there is an integer /N so that
lup, — ] < ¢
whenever n > N. In particular we could take just one value of ¢, say ¢, and find a number N so that
lup, — €] < 1
whenever n > N. From this we see that
|tn| = [un — £+ 4] < |un — €]+ €] <1+ |£],

for all n > N. This number 1 + |¢| would be an upper bound for all the numbers |u,,| except that we have no
indication of the values for |ug|, |u1], |uz|, -, |un_1].
Thus if we write

M = max{[uol, |wl, |ual, -~ Jun—1], 1+ [}
we must have
|un| < M,
for every value of n. This is an upper bound, proving the theorem. 0

Let (u,,)nen be a real sequence.

(a) If (u,) is increasing and not bounded above, then it is divergent and lim w,, = +oc.

n—-+4o0o

(b) If (u,) is decreasing and not bounded below, then it is divergent and lirf Uy, = —00.
n—-+00o
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Theorem 2.2.3

Let (4, )nen, (Vn)nen be two convergent sequences such that
dng € N, Vn > ng, u, < v,.

Then
lim u, < lim v,.

n—-4o00 n—-+4o0o

The next theorem is another useful variant on these themes. Here an unknown sequence is sandwiched between
two convergent sequences, allowing us to conclude that that sequence converges. This theorem is often taught
as the squeeze theorem.

Theorem 2.2.4

Let ¢ be a real number and (uy, )nen, (Un)nen and (w,,),en three sequences such that

EInO € N, vn Z No, Un S Un, S Wn,
lim v, = lim w, =/,
n——+0o00 n—-+00
then the sequence (u,,),, is convergent

lim u, =/¢.
n—-+o0o

Proof. Let { be the limit of the two sequences (v,,) and (w,,). Choose n; so that

o, — ] < €
if n > ny and choose 74 so that

lw, — ) <e
if n > ny. Set N = max{ny, ny}. Note that

Uy — b < u, — 0 <w, —/,
for all n and so
—e<v,—l<u,—l<w,—{<e¢e,

if n > N. From this we see that
—e<u, —l<e,

or, to put it in a more familiar form,
lup, — €| < e,

proving the statement of the theorem. [
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sin(n
Example 2.2.3. Determine if the sequence (uy,),~o0 where u,, = L, converges or diverges.
n

sin(n) < 1

-1
Recall that for alln € N, —1 <sin(n) <1 = — <
n n
-1 1 .
Choosing v,, = — and w,, = —. We have lim v, = lim w, = 0. Therefore, lim sin(n)
n n——+oo n——+oo n-+o0 n

S

= 0 (exists and

unique). So (uy,) converges.

Example 2.2.4. Let (u,,),~0 be a sequence and x € R. Define (u,,) as follows
1 n
Un = Z | kx|
k=1

1 1 1
(a) ¥Yn > 0 we have M ——<u, < M Indeed, according to the properties of the floor, (see

n n n
section 1.3.3), we have: forallk =1,--- ;nandforallr € R :
kx —1 < |kx| < kx.

By the sum from k = 1 to k = n we obtain

n

> (kr—1) < ka <ka:>m2k 21<ZU€$ <ka

k=1 k=1 k=1
1
— r—— ( <Z kx| <z (n+ )
n+l 1 1« n+1
- — < — kx| <
2n n an:1L T <@ 2n
n+1 1 n—+1
= T ——<u, <z
2n n 2n
(b) Since
n—+1 1 T
lim =z —— ) ==
n—-+00 2n n 2
and
n+1 T
Iim |z = —
n—-+oo 2n 2
Then,
lim w =7
n—-+oo " 2

Let (uy)nen and (v, )nen be two sequences such that Ing € N, Vn > ng, u, < v,. Then,
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(a lim u, =400 = lim v, = +o0.

n—+oo n—+o0o
() lim v,=-00 = lim wu, = —o0.
n—-+oo n—-+oo

Theorem 2.2.5

Let (uy,)nen be a sequence. Then,

lim |u,|=0 = lim w,=0.

n—-+o0o n—-+o0o

—1)"
Example 2.2.5. Determine if the sequence (u,,),>0 where u, = T)T converges or diverges.
- n
Using the Absolute Value Theorem we see that
—-1)" —-1)" 1
lim |u,| = lim (=1) = ( )‘: i -
n—-+o0 n—+oo N2 4+ 2 n—-+o0 |7’L2 —+ 2| n—+oo N2 + 2

Therefore, lim |u,| = 0 which implies lim wu,, = 0.
n——+0oo n—-+00

2.3 Particular sequences

2.3.1 Adjacent sequences

Two sequences (U, )nen and (v, ),en are said to be adjacent if and only if:
e one of them is increasing and the other is decreasing.

3 nl_gloo(un —v,) = 0.

Theorem 2.3.1

If two sequences (u, )nen and (v, ),en are adjacent, then they are convergent and possess the same limit
lie
lim u, = lim v, =1/
n—-4o0o n—-+4o0o
Example 2.3.1. Consider two sequences (uy)nen+ and (U )nen+ such that
1 1
un:1+—2andvn:1——2.
n n

(a) We have (uy,) is decreasing. Indeed, ¥n € N* :

1 1 14 1 —2n—1 <0
Upt1 — Up = — ) - =" <.
mr (n+1)2 n? n’(n+1)2 =
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(b) We have (vy,) is increasing. Indeed, ¥n € N* :

1 1 2n +1
Unt1 — ¥ ( (n+1)2) ( n2) n?(n+1)32

2
() B e = vn) = 1y =0

So, from (a), (b) and (c), we conclude that (u,) and (v,) are adjacent sequences and possess the same limit
(=1

Example 2.3.2. Consider two sequences (u,)nen+ and (v, )nen+ such that

un:ln(n+1) andvnzln( n )
n n+1

(un) and (vy,) are adjacent sequences. Indeed, we have

) n -+ 2 | n-+1
Upt1 — Uy = In —1In
1 n+1 n

n? 4+ 2n ) n? +2n
=In{ ————] <0 since —— <1
n?+2n+1

So, (uy,) is decreasing. Moreover,

n+1 n
Upt1 — Up = In —In
n-+ 2 n+1

n2+2n+1
=In{ ———
n? + 2n

) n2+2n+1
>0 since ——— > 1.
n? + 2n

Thus, (v,) is decreasing.
Concerning the deference u,, — v,, we have

(n+1)2

) =0.

Then, lim (u, —v,) =In
n—-+oo n

From, the preceding results, we deduce that (u,) and (v,) are adjacent sequences.

2.3.2 Subsequence
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Let (u,)nen be a sequence and (k,) be a strictly increasing sequence of natural numbers. Then, the
sequence (uy,, ) is called a subsequence of (u, ),en.

Example 2.3.3. Consider the sequence

(Un)nzo - {U(), Uy, Uz, U3, Ug, Us, Ug, U7, * ** }

o The sequence (v,,) defined as

Vo = U1, V1 = U3, U2 = U5 "~
that means vy, = ugy41 is a subsequence of (uy,).

o The sequence (w,,) defined as
Wo = Ug, W1 = U2, W2 = Ug-" "

that means wy, = ugy, is a subsequence of (uy,).

e The sequence (t,) defined as
to = U, t1 = U1, o = Ug,l3 = Ug -~

that means ty, = w2 is a subsequence of (uy).

Theorem 2.3.2

Suppose that the sequence (u,, ),en converges to the real number ¢. Then every subsequence of (u,,) also
converges to /.

Example 2.3.4. Define a sequence (u,,)nen by u, = In(ne™2" +1).

(a) The sequence (uy,) is convergent. Indeed,

lim u, = lim In(ne " +41) = 0.
n—-+4o0o n—-+o00

(b) Defined two sequences (v,,) = (usy) and (wy,) = (u,2).

(i) (v,) and (w,) are subsequences of (uy,) since n — 3n and n — n? are strictly increasing functions
on n.

(ii) We deduce that (v,,) and (w,) are convergent and

lim v, = lim w,= lim wu, =0.
n—-4o0o n—-+4o0o n—-4o00
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Theorem 2.3.3

Every sequence contains a monotonic subsequence.

This theorem about the existence of monotonic subsequences, we give now the theorem of Bolzano-Weierstrass
about the existence of convergent subsequences

Theorem 2.3.4

Every bounded sequence contains a convergent subsequence.

Proof. By Theorem 2.3.3 every sequence contains a monotonic subsequence. Here that subsequence would be
both monotonic and bounded, and hence convergent. O]

Theorem 2.3.5

From any bounded real sequence, we can extract a convergent sequence.

1
Example 2.3.5. Let (u,)nen+ be a sequence such that: u,, = cos (%) + —.
n

(a) (uy) is divergent since

. . nm 1
lim u, = lim (Cos (—) + —)
n—-+4oo n—-+oo 2 n
= lim cos <%> ( doesn’t exists. )

n—-4o00

(b) (uy) is a bounded sequence. Indeed, we have for all n € N* :

1
_1 < cos (%) <1and0< - <1. @.1)
mn

Then, for alln € N* :
nm 1
—1§cos<—>+— < 2.
2 n

(c) According Bolzano-Weierstrass Theorem, we have for any bounded real sequence, we can extract a con-
vergent sequence.
Since (uy,) is bounded, we have for example (v,,) and (w,,) are subsequences from (u,) defined by

1
Uy = Uy, = cOs (2nm) + 1, converges to 1.
n

(2n+ D)7
2

1
Wy, = Ugpt = COS converges to 0.
2n+1 ( ) + o+ 1 g
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If a subsequence of (u,,) converges to ¢; and another subsequence of (u, ) converges to ¢, where {1 # {5,
then the sequence (u,,) does not converge.

Example 2.3.6. Consider the sequence

) {1l ly 1]

Up) = 727a3774775a .

This sequence has the constant subsequence (v,) = {1,1,1,1,- -} that converges to 1
1111

and the subsequence (w,) = {5, VIR } that converges to 0.

Thus,

(un,) does not converge.
Example 2.3.7. Consider a sequence (uy)nen such that
U, = (=1)" +e"
Defined two subsequences (v,,) and (wy,) of (uy,) such that
Vp = Uy = (—1)*" + e 2" and w,, = Ugpi1 = (—1)""T + 7271

We have

(a) (vy,) convergesto 1 and (w,) converges to — 1.

(b) Conclusion: (v,) and (w,,) are subsequences of (u,) and lim v, # lim w,.
Then,

n—-+00 n—-+4o0o

(uy,) does not converge.

If a sequence (u,,) has divergent subsequence, then one can conclude that (u,,) diverges.
If a sequence (u,,) has convergent subsequence, then one cannot conclude that (u,,) converges.

2.4 Practice Exercises
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Exercise 2.1

Consider an arithmetic sequence (u,,),>1 such that

ug + ug + 1o + u12 = 132,
Uus + ugy = 18.

(a) Determine the common difference r and the first term u; of the sequence (u,,).

(b) Express (u,,) in terms of n.

2n
(c) Calculate the sum S,, = > uy in terms of n.
k=1

Exercise 2.2

Let the sequence (u, ),en be recursively defined by:

U’O:aeRa
Un
Upy1 = ———, Vn.
uz +1’

(a) Determine «, such that the sequence (u,,) be constant.
(b) Suppose that o < 0.

(i) Prove that, Vn € N, u,, < 0.

(ii) Show that the sequence (u,,) is strictly increasing.
(c) Suppose that o > 0.

(a) Prove that, Vn € N, u,, > 0.

(b) Show that the sequence (u,,) is strictly decreasing.

Exercise 2.3

Consider a sequence (u,,) such that
uy = a € R,
5un+1 = Up — 10.
(a) Determine « such that (u,,) is constant.

(b) Let a = 1. Consider a sequence (v,,) such that

vn €N, v, =u, — Awhere A € R.
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(c) Determine A such that (v,) be a geometric sequence and then calculate the common ratio ¢ and
the first term vy.

(d) Express (v,,) in terms of n and then deduce the expression of (u,,) in terms of n.

2n+1 2n+1

(e) Calculate the sum S,, = ) v and then deduce the sum S/, = > u.
k=0 k=0
n n 1 n
(f) Calculate T, = > v3, T) = > —and P, = [] v
k=0 k=0 Uk k=0

Exercise 2.4

Calculate the limit, if there exists of each of the following sequences and determine which sequences are
convergent and which are not.

3n —2 —1)"
Up, = 52—_’_1, v, = cos(mn), w, = % and t,, = In(n) — e".
Exercise 2.5
up = a € R,
Let (un)n>0 be a sequence defined as follows: u, + 4
Unpt1 = .
3

I. Determine « such that (u,,) is a constant sequence.
IL. Suppose that « = —1.

(a) Show that Vn > 0, u, < 2.
(b) Study the monotony of the sequence (u,,).

(c) Show that (u,,) is convergent and then determine its limit.

Exercise 2.6

no1

Let (u,),>1 be a sequence defined as follows: u,, = 2 =

(a) Study the monotony of the sequence (u,,).

' m

(b) Show that ¥n > 1, u, < 2. (indication vm > 0, L — -1 = L),

(¢) Is (uy) convergent? Justify.

abdelhakimdehamnia @ gmail.com 32 DEHAMNIA.A



2.4. Practice Exercises

Exercise 2.7

Study the convergence of the following sequences:

1 cos(n) + (=1)" 2" —1
1 n — 1—(=1)" — 2 n — - ) 3 n — )
i IV E TR DA o
3”_’_5”’ ? n - o n37
Up, Z Zln(nk), 9) u, = Hn26_2k
k k=1 k=1

Exercise 2.8

Let (tn)n>1, (Un)n>1 and (wy,),>o be three sequences defined as follows:

2
\" 1\" I+ 57
:(1+—> ,Un:(l—i-—) andwn:n+ )
n n n — 3"

1. Let z € R. Use the induction proof to show that Yn € N*, (1 + z)" > 1 + nz.

2. Show that the sequence (u,,) is monotonically increasing.

3. Prove that Vn € N, v,, > 2" and deduce lim wv,.

n——+oo

(%)

4. Using the fact that n < 3",Vn € N to show that Vn € N, w,, < at(5)
3n

5. Is the sequence (w,) convergent ? Justify.

Exercise 2.9

Consider the sequences (t,)nen, (Un)nens (Wn)nen and (,)nen defined as follows

Uy = 12, Vo = 17
Un +2v, Up + 30,  Wnp = Uy — Uy, and i, = 3u, + 8v,.
e N

(a) Show that (w,),en is a geometric sequence and then express (w,,) in terms of n.

—1

(b) Calculate S,, = Z wy, and P, = H wy, in terms of n.
k=0 k=0

(c) Show that (¢,),en a constant sequence and for all n we have t,, = 44.
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(d) Show that the sequence (u,,) is decreasing and the sequence (v,,) is increasing.
(e) Conclude that (u,) and (v,,) are adjacent sequences.

(f) Express (u,) and (v,) in terms of n and then deduce 1ir+n u,, and lirf Uy,
n—-+0o0o n—-—+0oo

Exercise 2.10

nol 1
Defined a sequence (uy,),>1 by up, = > o and we put v, = u, + —.
a k=1 n
Show that (u,,) and (v,,) are adjacent sequences.

Exercise 2.11

Use the subsequence result and show that the sequence (u,,) such that u,, = sin(%") does not converge.

Exercise 2.12

Consider two sequences (uy,),~o and (v, ),>o Where

. — cos(nm) + sin(n) and 0, — cos (n_7r> '
nmw 4

1. Show that the sequence (u,,) is convergent and determine its limit.
2. Let (v,) = (usp) and (wy,) = (us,4+1). Are the sequences (v,,) and (w,,) convergent? Justify.

3. Let (t,) = (v4,). Shaw that the sequence (¢, ) is divergent and then deduce the convergence of

(Un)-

Exercise 2.13

n(—1)k+1
We define a sequence (uy,),>1 by up, = > —
k=1

Show that (v,,) and (w,, ) are adjacent sequences.

. and put v,, = ug, and w,, = Uz, 1.
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Chapitre 3
Real valued functions of a real variable

3.1 Overview

3.1.1 Definitions

Let I and .J be two intervals of R. A function f from / to J is a rule that assigns to each element x in |
exactly one element y in J.

fRL — R g:R — R

Example 3.1.1. v — In(2) and v s 143 9T functions.
The domain Dy of a function f : I — J is the set

Dy ={xel, f(x)exists}|
Example 3.1.2.
Determine the domain of the following functions:

2 _ pT

flz) = — ¢ 1 and g(r) = In(v/3 —z — 1).

e v —

Solution

(a) Determine Dy :
Di={reR: e"—1#0}={reR: —z#0} =R".

(b) Determine D, :
y,={r€eR:3—-2x>0andvV3—z—1>0}.

3—x>0 = x<3. Thus, z €] — 00, 3.

V3—-2—-1>0 = 3-2>1
= x < 2. Thus, v €] — c0,2].
Then,
D, =] — 00, 3|N] — 00, 2[=] — o0, 2].

35



Chapter 3. Real valued functions of a real variable

Graph of a function

Let f be a function defined on D;. The graph, or representative curve, of a function f is the set

Cf = {(l‘,f(l‘)), T e Df}'

formed by the points (z, f(x)) € R? in the plane with an orthonormal reference (o, 7, ;)

3.1.2 Parity and periodicity of a function

Let I be an interval or union of intervals in R. [ is said to be symmetric at the origin iff

VeeR, ze€l = (—z)€el.

Let f be a function, then
o f is said to be even if:

Vo € Dy, (—x) € Dy N f(—x) = f(x).

o f is said to be odd if:

Vo € Dy, (—x) € Dy N f(—x) = —f(x).

Example 3.1.3.
. 1+ e
1. Let  be a function defined by f(x) = .

6&7

Dy={xecR: e"#0} =R

* R it is symmetric at the origin i.e Vx € Dy we have (—x) € Dy.

* Vo € Dy we have

14e 2
6—$

621 _I_ 1
6230

e—m
14 e

Then, f is an even function.
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Vi @

2. Let g be a function defined by g(x) = 3
T

D,={reR, 1—2*>0 and 2° # 0}.

cl1-22>0 = ze[-1,1].

o 2* £ 0 = x # 0 that means v € R*.

Thus
D, =[-1,1]NnR* = [-1,0[U]0, 1].

* [—1,0[U]0, 1] is symmetric at the the origin i.e Vx € D, we have (—x) € D,.

* Vo € D, we have

Then g is an odd function.

OV.T?EDf, LU+T€Df.
oV €Dy, fla+T)= f(x).

Here, T is called a period.

Let f be a function and 7" > 0 is a positive real number. The function f is said to be T'—periodic if

Example 3.1.4. We have:

(a) cos(z + 2m) = cos(x), YV € R, then x — cos(z) is 27— periodic function.

(b) sin(2(x + 7)) = sin(2z), Vo € R, then x — sin(2x) is m—periodic function.

Base Period
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Chapter 3. Real valued functions of a real variable

Let f be a periodic function, then f has a minimal period or a smallest period, which is often called
either the fundamental period or the base period.

Example 3.1.5. Find the base period of the following function

Solution
2 . ([ 3z , 4 o
We have f(x) = cos =)~ sin 5 ) the periods of these two part are b and 5 So, the base period is

the least common multiple of these two numbers i.e 207.

3.1.3 Bounded and monotonic functions

Let f be a function defined on Dy C R. We say that:

(a) f is upper-bounded or bounded above on Dy if |IM € R, Vo € Dy, f(x) < M,

(b) f is lower-bounded or bounded bellow on Dy if [Im € R, Vo € Dy, f(z) > m,

(c) fisbounded on Dy if |IM,m € R, Vo € Dy, m < f(zx) < M|

Example 3.1.6. The function x +— 1+ 2sin(x) is bounded on R. Indeed

Ve eR, —1 <sin(z) <1 = -2 < 2sin(x) <2
= —1<1+2sin(z) < 3.

Let f be a function defined on Dy C R. Then

(a) f is strictly increasing on Dy if |Vay, 29 € Dy, 21 < x93 = f(z1) < f(x2)|.

(b) f is strictly decreasing on Dy if |V, 2 € Dy, 11 < 2y = f(x1) > f(x2) |

(c) fisnon-decreasing on Dy if |Vxq, xo € Dy, 11 <z = f(21) < f(xa) |

(d) fisnon-increasing on Dy if |Vxy, xo € Dy, 11 < 2 = f(21) > f(x2) |
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(e) fisconstanton Dy if |Vay, 2 € Dy, 1 < xy = f(x1) = f(x2)]|.

f 1s increasing f 1s decreasing

3.1.4 Composition of functions

Let f and g be two functions defined on D and D, respectively and such that Vo € Dy, f(z) € D,. The
composition of functions f and g is an operation consisting of replacing the first function’s independent
variable by the expression representing the second function’s dependent variable. The composite g of f
is denoted g o f and is called the composite of g by f.

Example 3.1.7. Let the function f be defined by f(x) = 2x + 3 and the function g be defined by g(x) = x.
At first, since f and g are polynomials we have Dy = Dy = R. So, we can calculate f o gand g o f.
e The composite (f o g) is calculated as follows:

Vr €R, fog(x) = f(g(x)) = 22" +3.
e The composite (g o f) is calculated as follows:

Ve €R, go f=g(f(z)) = (22 +3)* = 42> + 120 + 9. (3.1

Generally, the composition of functions is not commutative i.e f o g # g o f.

abdelhakimdehamnia @ gmail.com 39 DEHAMNIA A



Chapter 3. Real valued functions of a real variable

Let f and g be two functions defined on Dy and D, respectively and such that Vz € Dy, f(z) € D,.
Then

(a) The function g o f is increasing if f and g have the same monotonicity on their domains.

(b) The function g o f is decreasing if f and g do not have the same monotonicityon their domains.

Example 3.1.8.

(a) The function x s e 5 is increasing on R since x +— €® and v — x® + 5 are increasing.

1
(b) The function x is decreasing on |0, 1{U]1, +o0] since the function © — — is decreasing and
T

In(x)
x +— In(x) is increasing.

3.2 Power functions

3.2.1 Domain of a power function

Let f and g be two functions defined on D and D, respectively. A power function / is defined as follows

h(z) = [f(2)*“]

Moreover, the domain of the power function A is

Dh:DfﬂDgﬂ{$€R,f(l’)>O}.

Example 3.2.1. Determine the domain of the following functions:

h(z) = (ln(a:)) " k(z) = (1 _“’)ﬁ.

1+z

(a) Determine Domain of h. We have

Dp={xeR: x>0and7— x> 0and In(z) > 0}.

x>0 = z €0, +o0],
T—2>0 = <7 = x€]—00,7T]
In(z) >0 = x>1 = z €]1,+0].
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Then,
Dy, =]0, +oo[N] — oo, 7)N]1, +oo[=]1, 7].

(b) Determine Domain of k. We have

1 —
x>0}.

D, = eR: 1 Oand z > 0 and
= {x +z#0andx > 0an Tz

l+2#0 = z €] —o00,—1[U] — 1,400,
r>0 = z€[0,+o0]

1—2z

1+

>0 = z€|-1,1[

Then,
Dy = (] — 00, —1[U] — 1, +0o0[) N [0, +o0[N]1, +oo[= [0, 1].

3.3 Limit of a function

3.3.1 Neighborhood

A neighbourhood V of a real point xy except possibly at x itself, is any open set containing the element
xo. In particular |xg — d, xo + [ is called the §— neighbourhood of xy and |x¢ — §, xo[U]zg, zo + J] is
called the deleted 6 —neighbourhood of x.

Geometrical sense.

Imagine the real number line. The point z is somewhere on this line. Now, you go ¢ units to the left and ¢ units
to the right. The interval between these two points, excluding the points themselves, is the )— neighborhood
of xg.

3.3.2 Limit at a point
The concept of a neighborhood is closely tied to the idea of a limit. When we say:

lim f(x)="¢.

T—TQ

It means that for every positive ¢, no matter how small, there exists a positive number 9 such that if x is within
the 0 —neighborhood of ¢ (excluding x itself), then f(z) is within the e—neighborhood of ¢. This is a way to
formalize the idea that as = gets close to zg, f(z) gets close to /.

In the following we give the € — ¢ definition of the limit of a function.
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Let f : [ — R be a function defined on an interval / of R. Let / € R and xy € R be a point of [ or an
extremity of /. We say that f has ¢ as its limit at x iff,

Ve >0, 3a >0, Vo € Dy, |z — x| <a = |f(z) —{| <e¢,

and we write lim f(z) = ¢.
T—T0

= = = - = = —-— -

I

1
1 1
I I
T |
I I
I I
I I
I I
I I
I I
I I
I I
I I
| 1

4—p Xpt—»
Y (a3

lllustration of a finite limit at a point

Example 3.3.1. Show that lirq(Qx +1)=3.
r—

Solution: We have
lirq(2x+1):3 <— Ve>0,da>0,VzeR, [z —1|<a = |f(z) - 3| <e.
T—

|f(x) =3|=[2z+1-3|
= |2z — 2|
=2l —1|.

So, if |x — 1| <gthenwehave|f(x)—3| <cle
‘v’s>0,§|a:§:|x—1|<a — |2z +1)—3| <e.

That shows that lin%(Qx +1)=3.
T—
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When z goes to infinity, by definition,
o lirf fl@)=0if Ve>0,3A>0: 2> A = |f(z) (| <e.
T—r+00

o lim f(x)=/(if Ve>0,3dJA>0: 2 < —-A = |f(x) —{| <e.

T—r—00

Uniqueness of the limit.

Theorem 3.3.1

The limit 1 of a real function, if it exists, is unique.

Proof. We prove by contradiction. We assume that there be two limits ¢; and /5 such that /; # ¢5. Our goal is
to get a contradiction. By definition limit, we have

Ve >0, 3a; >0, Ve € Dy, |z — 20| <oy = |f(z) — ] <e/2,
Ve >0, dag >0, Vo € Dy, |z — x| < ar = |f(x) — o] <e/2.

Let @ = min(ay, ag) > 0. Then, there exists z € Dy such that [z — zo| < a. It follows that
[0y — Lo < |6 — f(@)| + [ f(z) — & <e.

Since this holds for arbitrary ¢ > 0 we choose ¢ = | — {»|, we must have |[(; — (5| < [¢{; — {3]. Which is a
contradiction, hence ¢; and ¢5 must be the same. O

3.3.3 Infinite limit.

Let x € I, f be a function defined on [ and x; is a real number. Then

a) lim f(x) =400,if VA >0, dJa >0, |z — 29| <a = f(z) > A.
b) gi;rgiof(x) = —00,ifVA >0, dJa >0, |z — 2| <a = f(z) < —A.
c) zﬁgoof(a:) =+400,ifVA>0,3B >0, 2 > B = f(z) > A.

d) lim f(z)=400,ifVA>0,3B >0, 2 <—-B = f(z) > A.

e) :Egl_l: (x) = —00,ifVA>0,3B >0, 2 > B = f(z) < —A.

f) xl_i)r}l()()f(:t) = —00,ifVA>0,3dB>0, 2 < —-B = f(z) < —-A

1
Example 3.3.2. Compute the following limits lim —, lim 2% and lim 23 + 2.

=0 x——00 r—r+00
Solution.
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e Looking that if v — 0, we have have two cases, v — 0~ or x — 0. Then

lim — = —00 and lim — = +o0.
z—0- T z—0t T

2

e lim z° = +4o0.
Tr—r—00

e lim z°+ 2= +4o00.
T—+00

3.3.4 Left hand and right hand limits

Let f be a function defined on I C R, x € [ and z( be a real number. Then,
a. We say that f has the left limit ¢ as x tends to x iff

The left limit of f as x tends to xg is denoted lim f(x) or lim f(z).

S0 :r—)zg

b. We say that f has the right limit ¢ as x tends to z iff

The right limit of f as x tends to x, is denoted lim f(x) or lim, f(z).

Ve >0, 3a>0,Vr € Dy, (1p—a < = <z9) = |f(x)—{] <e.

Ve >0, 3a >0,V € Dy, (10 < © <zp+0a) = |f(zx)—{] <e.

320 T

if: o
lim f(x)= lim, f(z)=¢.

w—)xo w—)xo

So, lim f(x)=¢.

T—T0

Let f be a function defined on / C R, = € I and z, be a real number. Then lim f(z) exists if and only

Example 3.3.3. Are the following functions have a limit at x?

x—3 x> 3; ||
= =3 and = — 20=0.
f(@) {ln(4—x) r <3 o and g(x) x o
Solution: we have
lim f(z) = lim In(4 —z) = 0.
r—3~ r—3~
and

lim f(z) = lim (z — 3) = 0.

z—3t z—3t
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We h li = li = 0. Then li =0.
e have lim f(x) mighf(:c) 0 enxllgf(az) 0

Concerning the function g we have

and

lim g(x) = lim

z—0~

li = li
Jig, o(e) = Jiz

|zl
r—0- X

— lim — = 1,
r—0— X

bl
z—0t T
. X

= lim — =1.
z—0t X

We have lim g(z) # lim g(x). Thus lin% g(x) does not exists.
T—r

z—0— z—0t

3.3.5 Operations of limits

Consider two functions f and g such that lim f(z) = ¢ and lim f(z) = m where xo, ¢, m € R. Then
T—T0 T—T0

e lim (f(z) £ g(z)) = lim f(z)+£ lim g(z) and lim f(z) x g(x) = lim f(x) lim g(z). Moreover,
T—IQ T—T0 T—rxo T—rx0 T—rxo Tr—xQ

,,]er}of(x) xh_{l}o g(x) }Lrgo f +g)(x) }Lrgoﬂf x g)(x)
{ m {+m {xm
+00 if m>0
+00 m +0o —c0 if m<o0
Indeterminate if m=0
—00 if m>0
—00 m —00 +00 if m<O0
Indeterminate |f m=0
+ 00 + 0o + 00 + 00
—00 —00 —00 +00
—00 +oco Indeterminate —0o0
eVA e R, lim (Af(z)) =X lim f(x).
T—T0 T—T0
O RA
e The limit of quotient of two functions is equal to quotient of their limits i.e lim = = . Moreover
v g(z)  lim g()
r—x0
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. . _ J(x)
o ) | i, o) )
— itm #0,
m
¢ m +oo if £ # 0and m = 0,
indeterminate if / =0 and m = 0.
+o00 m +o0
/¢ +00 0
+00 +oo indeterminate

Limit of composition.
Suppose that lim g(z) = ¢ and lin% f(xz) = m. Then
T—T0 r—r

lim f(g(x)) = m.

T—x0

3.3.6 Indeterminate forms

An indeterminate form is an expression involving two functions whose limit cannot be determined solely from
the limits of the individual functions. Note that

0
+00 — 00, 0 X Foo, B, —, (0M)° (400)°, and 1%,
oo 0
are an indeterminate forms.
Proprieties: Define some usual limits
1
lim In(x) = —oo, lim In(z) = +o0, lim n(x) =0,
z—0t+ T—+00 r—4oo T
1 1 1
lim zln(z) =0, lim In(z +1) =1, lim n(x) =1,
r—0t x—0 x x—1 p —
lim e* =0, lim e =400, lim — = 400,
r——00 x—~+00 T—+00 T
r—1
lim ze® =0, lim ¢ =1
r——00 z—0 €x
: , x?—1
Example 3.3.4. Calculate lim (v/x2?+ 6x + 1 — x) and lim
r—+00 z—+o00 T + 1

Solution:
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e lim (Va2 + 6z + 1 — z) is an indermined form of type oo — 0o. So, we use the conjugate we get

T—r=400

V2 +6 1— Vi +6 1
lm Ve 1 6r 11— lm VO FOzH1l-2)(Va?t 6ot 147
r—400 T—400 \/ 12 +6x+1+2x

) 6x + 1
= lim )
r——+00 6 1
|:L'| 1+—+ — +x
r
1
z(6+ —)
= lim L =3
T—+00 6 1
X ( 14+ —+ — + 1)
V r
, 22 -1 | . .
e lim ———— isan indeterminate form of type == Then,
z—+oo X+ +oo
1
e 22(1 - =)
lim = lim
T
1
el /(1= =)
= hrf
T—r+00
14 =
(1+2)
1
= lim 1 = 1
T——+00 37(1 + _)

3.3.6.1 Indeterminate forms of type (07)° and (+c0)°

Let x4 be a real number or equals to foc. If lim [f(2)]/*) is an indeterminate form of type (0*)° or
T—TQ

(4+00)° we use the equality f9 = e9™"(/) to eliminate these indeterminate forms.

Example 3.3.5. Calculate lim ™®) and lim (22)".
r—0+ T—r—00

Solution:
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o lim ") is an indeterminate form of type 0°. Then
z—0

lim xsin(z) = lim esin(x) In(z)
x—07t xz—07t
lim (M)( lim zlIn(x))
= ez~>0+ z z—0t
= 60

3.3.6.2 Indeterminate form of type 1= :

Let x4 be a real number or equals to +o0. If lim [f(z)]9*) is an indeterminate form of type 1>, we
T—TQ

have
lim [f(2)}/) = 15 = I [()}") =

T—T0 T—T0

where \ = Tim [(f(z) — 1)g(2)]

and lim (2 —/x)=1.

z—1t

1—}-1’ ﬁ 1
1—=x

1
Example 3.3.6. Calculate lim (z ++/z +1)*, lim <
z—0 z—0

Solution: )
° lirr(l) (x +Vx+ 1) “ is an indeterminate form of type 1°°. Then, lil’I(l) (x +Vx+ 1)
T— T—

1
x

= e such that

— 14/ 1 0
A= lirr(l) * tved is an indeterminate form of type 0’
T— T

_hm(a:—1+\/a:—+1)(x—1—\/x—+1)
a0 r(r—1—+z+1)

(=12 —2-1

= lim
=0 p(z —1—+/x + 1)
. x? — 3z
= lim
=0 p(z — 1 —+/x +1)
i r—3
= lim
=0y —1—+/x+1
_3
2

Thus,

8=
(NI

1irr(1)<x+\/:v—|—1> = e2.
T—
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1 (@) 1
e lim (1 + x> is an indeterminate form of type 1°°. Then, lim (1 e
-z

z—0

A=tim (LF7 g !
20 \ 1 —x sin(x)

) 2x 1
= lim -
z=0 1 — z sin(x)

) LI
2=0 1 — x sin(z)

sin(z) A
= e” such that

— X

=2 :161_)0 sin(z)

=2

Thus,

1
1 sin(z)
lim ( + a:) =%
x—0 ]_ — X

1 1

o lim (2 — /7)== is an indeterminate form of type 17°°. Then, lim (2 — \/x)*=T = e* such that

r—1t x—1t

A:IM102—¢E—D

1
1) is an indeterminate form of type O - 0o
x —

\/_(Fldetype )

(1= vr)(1+ V)

=1t (z—1)(1+ /)

_ (1—x)
=1t (z — 1)(1 4+ /x)

Thus,

Calculate a limit by using the substitution.

Example 3.3.7. hm(az —1)

is an indeterminate form of type 0 X 400 .
sin(mx)
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Puty =z — 1, thusifv — 1 we get y — 0. So

1
3:1—>H%(x )sin(mv) yl—rf(lJysin(W(y +1))
Ly y
= 1l1m ———-———-—:
y—0 sin(my + 7)
. 1wy
= lim ———
y—0 7 sin(my)
. 1wy
= lim ———
y—0 7 sin(my)
) 1 =z -1
— lim ——— = —. (Here z = my).
=0 wsin(z) 7w

T+ 2
2x

£E2
Example 3.3.8. lim <sin < )) is an indeterminate form of type 11°°.

T—+00

Puty = —, if v — 400 we get y — 0. So
x
2

. . 1 m * . . ™ 1/y2 by . o)
xl_lgloo <s1n (; + 5)) = zlll_r% (sm (y + 5)) = ¢e” ( since we have 1°°).

where

1
A = lim <sin (y + g) — 1) — (\indeterminate form of type 0)
)

. cos(y)—1, | ) T
= @1/5% )2 ( since sin (y + 5) = cos(y))
iy (c08(y) = 1)(cos(y) + 1)

y—0 y?(cos(y) + 1)

1. —sin® ~1 i
i — S W) = —, (since lim sin(y)
2 y—0 y? 2 y—=0 Yy

~1).

1/y? 2 v
Thus, lim <sin <y + z)) =e 12 Therefore, lim | sin i =
y—0 2 r——+00 21

1
%.
Corollary 3.3.1

If lim f(z) = 0and g is a bounded function. Then lim (f - g) (z) = 0.

T—T0 Tr—xQ
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1
Example 3.3.9. Compute lim 2 sin (—) .
z—0 €T

1 1
Since we have: —1 < sin (—) < 1. Then the function xr — sin (—) is a bounded function. Also, we have
T x

lim 22 = 0.
z—0

1
lim 22 sin (—) = 0.
x—0 x

The next theorem is another useful variant on these themes. Here an unknown function is sandwiched between
two functions whose limit behavior is known, allowing us to conclude that a limit exists. This theorem is often
taught as the squeeze theorem.

Thus

Theorem 3.3.2

Let E be a subset of R and f, g, h three functions such that f, g, h : E — R and consider a real number
xo a point of accumulation of the common domain £. Suppose that the limits

lim g(z) =/ and lim h(z) = ¢.

T—rT0 T—rT0

exist and that
g9(x) < f(z) < h(z)
for all x € E except perhaps at xy. Then

lim f(x)="¢.

T—xQ

Example 3.3.10. Let us prove that the limit

1
lim 22 cos (—2) =0.
x—0 x

1
Certainly we notice that the expression cos (—2> satisfies the inequalities
x

1
—|2*| < 2® cos (—2) < |23
x
are valid for all x (except x = 0 where the function is undefined). Since

. 1.3 1 3:
lim (—|z7[) = lim |2 = 0,

1
we obtain that lim x cos (—) =0.

x—0 :L'2
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3.4 Continuous functions

3.4.1 Continuity of a function at a point

Let x( be areal number and f be a function defined in a neighborhood of x(. The function f is continuous
at x( provided

lim f(z) = f(zo).

T—T0

e f is continuous on [ if it is continuous at every xy € I.
e If f is not continuous at z i.e lim f(x) # f(zo) we say that the function f is discontinuous at x.
T—rT0

g 2

F(@o)

—

f is continuous at x0 f is discontinuous at x0

Example 3.4.1.

(a) Every polynomial is continuous on R.

(b) Every rational function is continuous at each point in its domain (i.e., at each x € R at which the
denominator does not vanish).

(¢) The function x — In(z) is continuous on |0, +o0.
(d) The function x — In(z) is continuous on |0, 4+00|.
(e) The function x — +/x is continuous on [0, +00].

(f) The functions x — exp(x), x +— cos(x) and x — sin(x) are continuous on R.
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Let x( be areal number and f be a function defined in a neighborhood of x. The function f is continuous
at x( provided

lim f(z) = lim f(x) = f(oo).

=T =T
Example 3.4.2. The function
ev 2 ifr <2,
f@) =41 yr=2
T+ 2 .
ifx > 2,
2z

is continuous at xo = 2. Indeed, we have

lim f(z) = lim e ? =¢" = 1.
T—27 T2

lim f(z) = lim T2

z—2+ z—2+t 2%

=1

and
f(2)=1.

Then, f is continuous at 2.

3.4.2 Continuous extension at a point

Let o be a real number and f : E'/{zo} — R be a function. If the limit

lim f(x)=14¢

T—T0

exists then f admits an extension by continuity at xy and the function fdeﬁned by

~ {f(:v) if x € E/{x},

14 if © = x.

is continuous at .

n(z)

St
Example 3.4.3. The function x — ———— admits an extension by continuity at xo = 0. Indeed, we have
x

Df =R*
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and the limit

. sin(x
lim (z) =1
z—0 xT
. . sin(z) : . L .
exists, thus the function r — admits an extension by continuity at vy = 0 and the function
x
sin(x
N LIS )
fz) =
1 if ©=0.

is continuous at xg = 0.

Example 3.4.4. Are the following functions admit an extension by continuity at xy?
filz) = (Vo —1)"7, 2o =4, fo(z) =In(|z]), 2o =0,

-2 1
f3(..'[') = ’z _ 2’7 To = 27 f4(l’) = COS (E) y Lo = 0.

(a) The extension by continuity of fi at xg = 4 :

2
lim fi(z) = lim (\/5 — 1) @=4 s an indeterminate form of the type 1°°.
z—4 z—4

Thus lim (\/z — 1)ﬁ = e with

r—4

So lim (v/z — 1)ﬁ =el/2.
T—4

Then f1 admits an extension by continuity at xo = 4 and the function

ﬁ<x>:{(\/§_l>z4 if © # 2,

el/? ifr =2,

is continuous at xo = 2.
(b) The extension by continuity of fo at xqg = 0 : we have

lim fo() = lim In(Jz) = —o0.

So, fa cannot be extended by continuity at xq = 0.
(c) The extension by continuity of f3 at vo = 2 :
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3.4. Continuous functions

Thus, f3 cannot be extended by continuity at xo = 2.
(d) The extension by continuity of f, at xq = 0.

x—0 x—0 x

1
lim f4(x) = lim cos (—) (does not exist).

Thus, f4 cannot be extended by continuity at xq = 0

3.4.3 Intermediate value theorem

Theorem 3.4.1
Let a,b, k € R and f be a continuous function on [a, b]. If
(fla) <k < f() v (f(b) <k < f(a)),

then,
dc €la,b[: f(c) =k,

or, the equation f(x) = k admits at least one solution ¢ €]a, b|.

F(b)

F(a)

a b

Figure 3.4.1: A continuous function where L.V.T holds for multiple values in ]a, b[.

Theorem 3.4.2

Leta,b, k € R and f be a continuous and monotone function on [a, b]. If
(fla) <k < f(b) v (f(b) <k < f(a)),

then,
dle €]a,b]: f(c) =k,

or, the equation f(x) = k admits one solution ¢ €]a, b|.
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Example 3.4.5. Let f(z) = 2? — 3 and g(z) = In(x) + 2 be two functions.

(a) Prove that the equation f(x) = —2 admits at least one solution in |0, 2[. We have

e fis continuous on R, so, f is continuous on |0, 2].
* f(0)=—3and f(2) =4s0 f(0) < =2 < f(2).

Then,
de €]0,2[: f(c) = =3.

(b) Prove that the equation g(x) = 2 admits one solution between ¢~' and e. We have

1

* g is continuous on |0, +00[ so, g is continuous on [e” ", e].

e gle )y =1and f(e) =350 gle™) <2< g(e).
1
 Vz €]0, +oc[, we have g'(x) = — > 0 thus g is increasing (monotone) on [e™ ", e].
T
Then,
Jlc €le el gle) = 2.

Corollary 3.4.1

Let f be a continuous function on [a, b].
(a) If f(a) x f(b) < 0O then, the equation f(z) = 0 admits at least one solution in |a, b[.

(b) If f(a) x f(b) < 0and f is monotone on [a, b] then, the equation f(x) = 0 admits one solution in
la, b[.

Example 3.4.6. Let f(z) = cos(2x) and g(x) = x — e™* be two functions.

(a) Prove that the equation f(x) = 0 admits at least one solution in | — g, 7[. We have

. . . . m
* f is continuous on R, so, f is continuous on [——,7|.
2

e f (_Z) = —land f(7) = 1 thus, (—g) - f(m) < 0.

dc €] — g,ﬂ'[l f(e)=0.

(b) Prove that the equation g(x) = 0 admits one solution between 0 and 1. We have

* g is continuous on R so, g is continuous on [0, 1].

* g(0) = —1and g(1) = 0.633 thus, g(0) - g(1) < 0.
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* Vo € R, we have ¢'(x) = 1 + e~* > 0 thus g is increasing (monotone) on [0, 1].

Then,
Jle €]0,1[: g(e) = 0.

Corollary 3.4.2

Let a,b € R and f a function defined and continuous on |[a, b].
The direct image of the interval [a, b] i.e f([a, b]) is an interval. Moreover,

(i) if f is increasing on [a, b], then f([a,b]) = [f(a), f(D)].
(ii) if f is decreasing on [a, b], then f([a,b]) = [f(D), f(a)].

Example 3.4.7. .
e The function f(x) = In(x) is continuous and increasing on |0, +oc|, thus f is continuous and increasing
on |0, 2. Then

£70,¢€?)) =] lim f(x), f(e*)] =] — o0, 2].

z—0

1

e The function f(x) = — is continuous and decreasing on | — 00, 0[, thus f is continuous and decreasing on
x

| — 00, —1]. Then

f(l =00, =1]) = [f(=1), lim f(x)[=[-1,0[

T—r—00

3.4.4 Inverse functions

Suppose that a function f : I — J has an inverse. This simply means that there is a function g (called the
inverse of f) that reverses the mapping: If f(a) = bthen g(b) = a where a € I and b € J. We can assume that
I and J are intervals. Thus f maps the interval [ onto the interval J and the inverse function g then maps J
back to /. Not all functions have an inverse, the following theorem give us when a function admits an inverse
function.

Theorem 3.4.3

Let I C R be an interval and f be a continuous and monotone function on /. Then,

(i) f is bijective from I to f(I).

(ii) f admits an inverse function f~! defined from f(I) to I. Moreover, f~! has the same variation of

f.
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The connection between a function f : I — .J and its inverse f~! : J — I is given by

f(f @) =2, Vo e J,

or
F(f(@) =, Vo e I

Example 3.4.8. Let f(x) = eV* be a function defined on [0, +-oc|.

1) f is bijective from [0; +o00[ to f([0,400]). Indeed
* [ is continuous on |0, +oo since f is a composition of two continuous functions.
o fis increasing on |0, +oo since f is a composition of two increasing functions.

* f([0,400]) = [f(0), lim f(z)[=[1,+4o00[. Thus, f is bijective from [0, +oo] to [1,+o0].

T—r+00

2) Determine f~! the inverse function of f.

o f71:[1;+o0[— [0, +00]. Moreover, if y € [1,+oo| we have

fle)=y = " =y
= vz = In(y)
— 1z = In*(y)

[1;+o00] — [0, +o0]

o . . -1 —1.
Then, the inverse function f~" is defined as follows f~" : o In? ().

3.5 DIFFERENTIATION

3.5.1 Differentiability of a function at a point

Let f be a real valued function defined on an interval [ and let zy € I. The derivative of f at x, denoted
by f'(z¢) and defined as

Flan) — 1 L@ =1 G0)
T—T0 T — Xg
provided either that this limit exists. Moreover,If f’(x) is finite we say that f is differentiable at x¢. If
f is differentiable at every point of a set 2 C I, we say that f is differentiable on E.
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Let f be a real valued function defined on Dy C R. The domain of differentiability D? of f is the set of
R when f is differentiable at every point of it.

Example 3.5.1. .

1. Prove that the function f(x) = 2€” is differentiable at xoq = 0.
We have Dy = R and 0 € R, also

f(x) — f(zo0) o 2e® — 20

lim = lim
x—0 €T — 0 z—0 T
et =1
=2 lim
x—0 €x

= 2 (does exist).
Then f is differentiable at xy = 0 and f'(0) = 2.

2. Prove that the function g(x) = |x — 1| does not Differentiable at xo = 1.
We have Dy, = R and 1 € R also,

—g(1 -1 —-11-1
o) —g) =11
z—1 z—1 x—1 r—1

—1
:lim’x |
x—>11‘—1

1 ife— 17
-1 ifz—1

Then g does not differentiable at vy = 1.

Example 3.5.2. Prove that the function h(x) = \/x does not differentiable at xy = 0.
We have Dy, = [0, +o0] and 0 € [0, +o0], also

ha)—h(0) _ . V7

lim
x—0 xr — O x—0
. 1
= lim —
x—0 x
= +00.

Then h does not differentiable at xy = 0.

3.5.2 Right-hand an left-hand derivative
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We say that a real function f is left differentiable at z if

i $@) = f o)

T T — o

exists. The limit ¢; is called the left differentiable number of f at zy and denoted by f7 (zo).

We say that a real function f is right differentiable at z if

lim f(z) — f(xo)

z—ma' T — Zo

exists. The limit /5 is called the right differentiable number of f at z and denoted by f1, ().

Corollary 3.5.1

Let f be a function defined on Dy and zy € Dy.
f is called Differentiable at x if

fr(@o) = fr(wo).

Theorem 3.5.1

Let f be defined in a neighborhood I of z,. If f is differentiable at x, then f is continuous at x.

Let f be a function defined and Differentiable at zy. Then, the equation of tangent line of f at z is

y = f'(zo)(x — o) + f(0).

A function f is not differentiable at z if

(1 L0211

T—T0 T — .’I;O

= :I:oo) V (f is not continuous at o) V (1. (o) # fr(z0)).
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Example 3.5.3. Study the differentiability of the following functions:

e’ stx <0 2 +1 siz<0
x) = - .20 =10, g(x)= - xy=0,
/() {x—l—l stx >0, 0 9(@) {e“" stx > 0, 0

1 ' 1
h(z) = n(z) sz.x > 1, Cwo= 1.
z+1 stax<1.

1. f(z) = © o= , o = 0. We have
r+1 six>0,

c f(0)=¢€"=1
) f(m)—f(O)_ . 33+1_1_ ' _
acli>r(l)1+ rz—0 N xlif(r)lJr T = 1. Thus, fR(O) =1
o qim L@ SO F1(0) = 1.
z—0- xz—0 z—0- I

Therefore, f1(0) = fr(0). Then f is differentiable at xo = 0 and f'(0) = 1.

at xo = 0. We have

2241 six <0,
2. 9(33):{

e’ stx >0,
e g(0)=0>+1=1.
g(x) —g(0) e’ —1

[ ] 1 —_—_—mm 1 = ! pr—
$1i>%1+ z—0 :CLI(I)1Jr X L. Thus, gR(O) L
— 241-1
e qim =90 T g,(0) = 1.
0~ z—0 z—0— T

Therefore, g7 (0) # g (0). Then g is not differentiable at xo = 0.

1 x> 1
3. h(z)= n(z) sie>1, at xo = 1. We have
r+1 stx<l1.

h(1)=14+1=2, lim h(zx) = lim (z+ 1) =2and lim h(z) = lim e* =e.
z—1t z—1t z—1t z—1-

Therefore, lim+ h(z) # lim h(x). Then h is not continuous at vy = 1 which implies that h is not
T—1 =1~

differentiable at x( = 1.

3.5.3 Computations of derivatives
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A function f is said to be differentiable in an open interval |a, b] if it is differentiable at every point x
in this interval. The differentiability of f is denoted by f’.

Differentiability of usual functions: The following table is a summary of the main formulas to know, where z
is a variable.

Function | Differentiability
" nz" ! (ne€R)
I _ 1
v %
VT 2
e’ e’
Inx 1
z
COS T —sinzx
sin x cosx
I
tanx 1+ tan’z or g

If f, g are differentiable functions and )\ is any constant, then
@ (f+9)(x)=[f(z)+d (),

() (Af)'(z) = Af'(x),

© (f x g)(z) = f'(z)g(x) + f(zx)g' (),

@ 1) ()= -2 (i f2) 2 0)

f f(@)
Yy F@g@) = fo)g @) oo
©) (g) (v) = e (if g(x) # 0).

Theorem 3.5.2

Let f and g be functions. For all z in the domain of ¢ for which g is differentiable at z and f is differen-
tiable at g(z), the derivative of the composite function x — (f o g)(z) is given by

(fog)(z) =g'(x)- f'(g(x)).

Result: By the preceding theorem we can deduce the derivative of useful functions as follows
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Function Differentiability
f" nf fr! (n€R)
1 I
i 7
vai 3T
el 1 f
In f L
cos f —f'sin f
sin f f'cos f
tan f | f/(1+tan? f) = conc;f

Example 3.5.4. Determine the domain, the domain of differentiability of the following functions and then
calculate their derivatives

i e 1
filz) =In <2+x>’f2(x): cr1 ) = ey

Solution:

T
1. Th ti h that =1 .
e function fy such that fi(z) = In (2—1—1:)

* Determine the domain of f,. We have

D, =z eR,
h {x T+

x2>0 anda:+27é0}

=] — 00, —2[U]0, +o0]. (by using the table of signe).
* Determine the domain of differentiability f,. We have
D?l =] — 00, —2[U]0, +o0.

* Calculate the derivative of f,.Vx €] — 0o, —2[U]0, +-00[ we have

)

1 z
2+
B 2
- 2(2+ 7).
2. The function fy such that fo(x) — 1 ©——
. The function fs such that fs(z) = :
2 ? r+1
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* Determine the domain of fo.

r—1
‘ 120andx+17£0}

sz = {LL' € R, -
=] — 00, —=1[U]0, +00]. (by using table of signe).

* Determine the domain differentiability of f-.

e’ —1

d
DfQ:{a:GR, oy >0 andac—i-l;é()}
=] — 00, —1[U]0, +o0].

* Calculate the derivative of fy. Vx €] — 0o, —1[U]0, +o0[ we have

e — 1Y\’
1+

!
fz(l’)—T
1+
B re’ +1
201 4 )2, | C L
1+
1

3. The function f5 such that f3(x) = ﬂ
cos(2x —

* Determine the domain of fs.
D}, = {z € R, cos(2x — 3) # 0}
1
_ {mER, 2x—3#—(2k; Ly k;eZ}

—R_{w,ke Z}

* Determine the domain of differentiability of fs.

d (2k+1)m+6
Df?):R—{f, ke Zy.
2k +1 6
* Calculate the derivative of f3.Vr € R — {%, k e Z} we have

;o —(cos(2z —3))
falz) = cos?(2x — 3)
_ 2sin(2z — 3)
 cos?(2r — 3)

3.5.4 Rolle’s theorem
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Theorem 3.5.3

Let f be a function defined on Dy and let [a,b] C Dy be an interval. If f is continuous on [a, b],
differentiable on |a, b and f(a) = f(b), then

dc €la, b[, f'(c)=0]|

Otherwise, the equation f’(x) = 0 has at least one solution in |a, b[.

f(c)=0

f(a)=F(b)

Figure 3.5.1: Geometric interpolation of Rolle’s theorem.

Example 3.5.5. Let f(z) = 32* — 1123 + 122% — 42 + 2 be a function. Using Rolle’s theorem and prove that
the equation f'(x) = 0 has at least one solution in |0, 1|.

Solution:

e f is continuous on R, thus f is continuous on [0, 1].

e f is differentiable on R, thus f is differentiable on |0, 1.

e f(0)=2and f(1) = 2.

Then, by Rolle’s theorem, we get that the equation f'(x) = 0 has at least one solution in |0, 1].

3.5.5 Mean value theorem

Theorem 3.5.4

Let f be a function defined on Dy and [a, b] C Dy aninterval. If f is continuous on [a, b], differentiable
on ]a, b[, then,

Jc €la, bl (f(b) = f(a)) = (b—a)f'(c) |

Example 3.5.6. Using mean value theorem and prove that:
Vo >0, 2z < e** — 1 < 2ze.

Solution:
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(a). Let]a,b[=]0,x]and f(t) = e*.
(b). f is continuous and differentiable on R thus f is continuous on [0, x| and differentiable on |0, x| and
vt €]0,z[, f'(t) = 2te*.
(c). According to mean value theorem 3c €]0,z[: f(x) — f(0) = (x — 0)f'(c). i.e
Jc €]0, 2[: €** — 1 = 2we*....(¥)
(d). We have

cel0,z] = 0<c<zx
= l<e®*<e™
= 2x < 2xe* < 2ze* (since v > 0)

(e). From (x) we conclude that 2z < €** — 1 < 2ze**.

Then, for all positive number x we have

20 < 2 — 1 < 2xe?®,

3.5.6 Differentiability of inverse function

Let I be an open interval and f : I — .J a differentiable and bijective function and f=! : J — I its
inverse function. Then, if Vz € I, f'(z) # 0 we have f~! is differentiable and Vz € J :

1

(f_)(x):m~

Proof. Suppose that Vo € I, f'(x) # 0, we know that the connection between a function f and its inverse f~*
is given by
(@) =2, Vo € J.

So, using the derivative of a composite functions we get

U @) = (@),
| @) @) = 1,

then, Vx € J,we have the result
1

(f_)(x):m~

]
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Example 3.5.7. Let f(z) = 2® + 1. f is a bijective function from |0, +oo| to |1, +oo| (is continuous and
monotone function).

The inverse of the function f(z) = 2* + 1 with x €]0, 00 is f~!(z) = ¥z — 1 with x €]1, 00|.

Since Vx €0, +o00[, f'(x) = 2x? # 0 then

1 1 1

(f_ ) (]3) = f,<f_1(x>) = 2[31,_ 1]2 - 2(1,_ 1)2/37 Vo > 1.

3.5.7 Indeterminate forms and L’Hopital’s rule

Theorem 3.5.5

Let f and g are differentiable functions in a deleted neighborhood V of © = z(. Suppose that

t g @ =0
e lim g(z) =0,
T—T0

e foreveryz € V, ¢'(x) # 0,

e lim f(x) exists.

=0 g(x)
Then

lim @) = lim Jz)
Ao g(z) oot gla)

Example 3.5.8. Use L’Hopital’s rule to evaluate

et —1 . vr—1
lim and lim .
=0 =1t x —1

T

: o . 0
e lim is an indeterminate form of the type —.
z—0 xT 0

Let f(x) = e* — 1 and g(x) = x. Then
lim f(z) =0, limg(z) =0, f'(z) =¢€" and ¢'(z) = 1.
z—0 z—0

The conditions of L’Hopital’s Rule are satisfied. Thus,

T __ 1 T 1 /
lim ¢ = lim (e )
x—0 x r—0 33/
—lim S =1
z—0 1

o L : 0
elim lim is an indeterminate form of the type —.
z—lzs1t T — 0

Let F(x) = v/x — 1 and G(x) = x — 1. Then

lim1 F(z) =0, lirri G(x) =0, f'(x) = and G'(x) = 1.

1
2Vxr —1
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The conditions of L’Hopital’s Rule are satisfied. Thus,

Ve—=1 . (Vx—=1)
= lim lim —%

z—1t x —1 z—1z—1+ (l’ — 1)/

1
2V —1
1

= lim = +00.

rz—1

Theorem 3.5.6

Let a be a real number and f and g be two differentiable functions over | — 0o, a[. Suppose that

e lim f(z)=0,

T—r—00

e lim g(z) =0,

T——00
* forevery x €] — 00, a[, ¢'(x) # 0,

f(z)

e lim exists.

a=—o00 g(z)

Then )
im L&) gy L0

soo g(z) oo g(z)

A similar result holds when we replace +o0o by —oo in the hypotheses.

-1
Proof. Letx = - then as x — —oo we get t — 0" and vice-versa. Define two functions ¢ and 1) by

o(t) = f (‘71) and (t) = g (?) .

Both functions ¢ and ¢ are defined on some interval |0, b[ and we have
li t)=li t)=0.
A, o) = i w0

By Theorem 3.5.7, we have

_oot) P
DB T A ) ¢.2)
On the other hand,
AW __1>
g W (5
t—0+t (1) =0 (1/2)g (—71>
= tim £ (3.3)
T——00 g’(m)
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Using (3.2), (3.3) we get

lim J@) = lim L)
wmmeo g(x) =0t P(1)
W
=00 g'(x)

1
To prove the case when x — +oo we follows the similar steps by supposing x = 7 [

1
In <1+—>
x

lim ——Z%.
xT o 1
el In (1 — —)

Example 3.5.9. Use L’Hopital’s rule to evaluate

( 0
lim is an indeterminate form of the type —.
x—>+oo 0
( x
1
Let f(z < )andg x) = ln(l——).Then
x
: . —1/a? 1/x?
_ _ / _ / _
The conditions of L’Hopital’s Rule are satisfied. Thus,
_1/,2
, x . 1+1/x
lim ————% = lim ——5—
r— 400 1 r— 400 ]_/1‘2
In{1——
x 1-1/z
—(1-1
= lim ( /) —
T—+00 (1 + 1/33)

Theorem 3.5.7
Let f and g are differentiable functions in a deleted neighborhood V of © = z. Suppose that

e lim g(z) = +o0,
T—T0
s foreveryz € V, ¢'(x) # 0,

e lim /()

exists.
w0 g(z)
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Then ,
lim @ = lim / (:17)
Ao glz) ot g ()
The analogous statements are valid if o = oo or if lim g(z) = —oc.
T—T0
Example 3.5.10. Use L’Hopital’s rule to evaluate
22

I
2=+ 160 In(x)

2

e lim is an indeterminate form of the type —.
00

z—+o00 [n(x)
Let f(z) = 2% and g(x) = In(x). Then

T—+00

The conditions of L’Hopital’s Rule are satisfied. Thus,

. 72 . (x2)/
lim =
T—-+00 ln(x) T—+00 (ln(:b))’
2x
= lim —
T——+00 1/I
= lim 2% = +oc.
T—r—+00

3.6 Practice Exercises

Exercise 3.1

Determine the domain of the following functions:

) = VA2, o) =1 (253, ) = (“1)“11 i)

lim g(z) =400, f'(z) =2z and ¢'(z) = i

V—z?+4x —3

r+1 x |x]
Exercise 3.2
Determine the period of the following periodic-functions:
. x+3
f(z) =sin(2x — 5), g(z) = cos 5 , h(z)=tan(4 — 2x).
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Exercise 3.3

Study the parity of the following functions.

fo) =i (555) . ale) = g blo) = VT

Exercise 3.4

Compute the following limits:

, 5 B _ 2N . sin(mx)
wl_lgloo <\/x + \/§> : $1i>%1+ In(z) (cos®(z) — 1), il_}lq "
_ Jx _ r—2
xl—l>r-i{100 T — 17xll>r£ll (z+ 1)E(ZE + 1) '

Exercise 3.5

Determine the domain of the following functions:

fi(z) = (2* 4+ 20— 3)* 0,
1 T V—x2-3z+4
i) = (V)7 i) = (55

Exercise 3.6

Compute the following limits:

x2—1 T\ €
(@) lim (x_1> lim (vV2=2)"7, lim <€_>

z—1t T T—2~ T—+00
2
1

-1
(b) lim (“"‘1)  lim (cos(x))™7 , lim (sin (£))77 , lim (Vo +1)"7.

r—+00 T z—0 T 0+

Exercise 3.7
Study the continuity of the following functions at the indicated point z:

ee’ —1
3 ST i es 2 A at o],
f@) = 252 =0, o) = { WG+ P -,
] + 1 if 2= —1,
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yE-1
fx>0A 1
h(z) =<4 o —1 e v T xo = 1.
0 ifr=1,

Exercise 3.8

Study the continuity of the following functions on their domains:

fx) =

1

2 z)™T sil<z<2,

Exercise 3.9

1) Are the following functions admit an extension by continuity at z(? If yes, define J?

cos(mx) + 1
z—1

fi(z) =

Fu(@) = sin(x) cos (i) 0= 0.

2) Consider a function f defined on R — {2} by:

1 — cos(mx)
—_— if v <2
(x — 2)? ne ’
flz) = where a € R,
VI—V2
a2+ x+ —F— ifx > 2.
VI —2

For which values of «, is the function f extendable by continuity at x = 2? Define f

Exercise 3.10

Use the intermediate value theorem to show that:

us

(a) The equation 3sin(x) — 2* = 1 has at least one solution in ]0, Z 1.
3
(b) The equation ¢ — x = 5 has an unique solution in ]0, In(3)].

(c) The equation In(z) = % has an unique solution between e + 1 and 2e.

e ifo<ax <1, In(1+2?) ifz <0,
€Tr) =
g sin(r+ %) sixz>0.

— T x
,{E0:17 fQ(fL'):< 2 _1>< 2)27'£U0:27 f3<x)ZM7I0:O7

abdelhakimdehamnia @ gmail.com 72

DEHAMNIA A



3.6. Practice Exercises

Exercise 3.11

Let h be a function defined as follows:

’1 1 2z
—ln( te > ifx >0,
T 1+ e®

1
1=
L;(I)+:B if x < 0.
\ x

a/ Show that h is continuous at the point x = 0.

b/ Check that the equation h(x) = 0 has at least a solution in the interval | _TW, 0[.

Exercise 3.12

Study the differentiability of the following functions at z :

fl(‘r) - 31’2 —4r — 57 To = 37 fg(I) - ‘xz - 1|7 To = ]-7 f3($) - eﬁ7 Ty = 0.

Exercise 3.13

Let a, b two real number and f be a function defined by

f(x):{sﬁ siz < —1,

ar? +br +1 siz > —1,

Determine a and b so that f be differentiable at zo = —1.

Exercise 3.14

Determine the domain of differentiability of the following functions and then calculate their derivatives:

2 _ .
o) =1 (T2 ) ) =[5 le) =L i) = (o 1)

Exercise 3.15

Use L’Hopital’s Rule and compute the following limits:

. Vi +1l—vVz+1 . In(2x) . e —e®
lim , lim , —_—,
20 x 21 cos(mx)’ =0 sin(x)
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ar __ _ 1 3 _
o R SRV VT
z—0 ax? z—0+ 2+
lim Cos3(i)7 . tan (:v)
ey T — 5 w@omn (%)

Exercise 3.16

Are the conditions of Rolle’s theorem hold for the following functions?

T if0<x<1

fl(x>:m2_4x on]0,4[, f2(x):{2_x ifl <x <2, o

Exercise 3.17
Define a function f on [—1, +00[ as follows:

T2 if —1<z<0,
flz) = a,beR.
cos(rx) +ax+b ifx>0.

1. Determine a and b such that f is continuous and differentiable at xy = 0.
1
2. Puta = - and b = 0. Using Rolle’s theorem and show that f’(z) = 0 has at least a solution in
] —-15 1 [
16 7210

Exercise 3.18

Use the mean value theorem and show that the following inequalities are hold.

.V >0, z+1<e”<xe®+1

2 — In(3 —
2. Vo <2, x<1n(3—93)<2—:17 then conclude the limit: lim M
3—x z—2= T —2
—1 —1
3.‘v’x>1,\/§— :1:—1<:E .
2\/x 2
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Exercise 3.19

Let f be a function defined on R by

1
fz) = Ex5+2x2 -1

1. Calculate f’ the derivative of f over its domain of differentiability .
2. Set up the table of variations related to f over its domain.

3. Conclude that f is a bijective function from [0, +oo][ to [—1, +-00].

4. Determine the Domain of f~! and then conclude the variation of f~!.

11
5. Calculate f(1), f/(1) and then conclude f~! (E) .

11

11
6. Deduce (f~1) <—) after verifying the differentiability of f~! at o = 10

10

Exercise 3.20

Let f : R — {3} — R* be a function defined by f(z) = o 1 T

1) Set up the table of variations related to f over its domain.

2) Conclude that f is a bijective function from R — {3} to R*.

3) Determine the inverse f~! (the starting set, the arrival set and the expression).
4) Conclude the variation of f~! (without using the table of variations).

5) Show that f~! is differentiable and then calculate (f~')’ by two methods.
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Chapitre 4
Elementary functions and applications

4.1 Exponential and logarithmic functions

4.1.1 Exponential function

We call exponential function the unique differentiable function on R such that f* = f and f(0) = 1. We
denote this function by

exp: R — 0, +o0]
r — e’

Properties:
1.« The exponential function is continuous and differentiable on R and (e”) = e”.
* The exponential function is strictly increasing on R. ¥
e Vx e R, e > 0. /
2. For all z,y in R and for all n in Z, we have
° ex . ey — €x+y’ 1
61
o — — ¥y - - 5 .
ey Y 1] X

e lim e*=0and lim e* = +4o0.
T——00 Tr—+0c0

Figure 4.1.1: The graph of exponential function.

4.1.2 Logarithm function

The function x — ¢€” is continuous and strictly increasing from R to |0, +oo], therefore achieves a
bijection. Thus, it admits an inverse function called logarithm function and defined as

In:]0,+00[ — R
r — In(x).’

Properties:

76




4.1. Exponential and logarithmic functions

1. e« The logarithm function is continuous and differentiable on |0, +oco[ and (In(z))" =

* The logarithm function is strictly increasing on |0, +00].

e In(1) =0, Vx €]0,1], In(z) < 0and Yz > 1, In(z) > 0.
2. For all z,y in |0, +oo[ and for all n in Z, we have

e In(z - y) = In(z) + In(y),

T

In

-1 0 1

‘ In (g) = In(z) — In(y), )

e In(z™) = nln(x).

-2

-3

e lim In(z) = —ocoand lim In(z) = +o0.
z—0t z—+00

Figure 4.1.1: The graph of logarithm function.

4.1.3 Exponentials and Logarithms of base a

4.1.3.1 Exponential of base a

f: R — ]0,400]
r — a® =ern@ -

For any positive number a such that a # 1. An exponential function f of base a is defined as

If a = e the exponential function of base a is exactly the exponential function.

Properties: The function x — a® is continuous, differentiable and satisfies:

* if @ > 0 the function x — a” is strictly increasing and lir}rq a® = +00,
T—>+00

* if 0 < a < 1 the function x > a” is strictly decreasing and lim a* = 0.

Tr—-+00

4.1.3.2 Logarithm of base a
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Chapter 4. Elementary functions and applications

For any positive number a such that a # 1. An logarithm function of base «a is denoted log, and defined
as

log, : 10,400[ — R

r — log,(z) =

Properties: The function x — log,(z) from ]0, +o0[ to R is continuous, differentiable and satisfies:

* (log (1)) =

¢ if a > 1 the function = +— log,(z) is strictly increasing.

* if 0 < a < 1 the function = — log,(z) is strictly decreasing.

4.2 Trigonometric functions and their inverses

4.2.1 The function sinus and its inverse.

4.2.1.1 The function sinus

The function sine is the function defined by sin : R — [—1, 1] which, to any real x, associates the real
sin(z).

The representative graphs of x — sin(x) over R is the following:

Figure 4.2.1.1: The graph of the function sine.

Example 4.2.1.
. (T ) LT 1 . (T V2
sin <§) = 1,sin(0) = 0, sin <6> =3 and sin <Z> =5
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4.2. Trigonometric functions and their inverses

4.2.1.2 The function arcsinus

. . . . . . T T
The function z +— sin(x) is continuous and strictly increasing from [—5, 5} to [—1, 1], therefore

achieves a bijection. Thus, it admits an inverse function defined as

T T

i [—1,1] — [——,—].
arcsin : | ] 55
The arcsinus function also denoted sin™! .

Example 4.2.2.

1 2
arcsin(1l) = g, arcsin(0) = 0, arcsin (5) = z, arcsin (%) =

| arcsin

sin |
1
/ : s 4

R s 1

7 (a) 21 (b)

w3

15 {—qr

2

Figure 4.2.1.2: (a) represents the graph of sin function on [—g, g] and (b) represents the graph of arcsin

function on [—1, 1].

Here, the functions = — arcsin(z) and x — sin(x) are symmetrical with respect to the line y = .
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The arcsin function satisfies the following properties:

» arcsin function is odd, continuous and increasing on [—1, 1].

1
e arcsin function is differentiable on | — 1, 1[ and Vz €] — 1, 1], arcsin’(z) = —.
|~ 11 [and Vi €] — 1,1 aresin' () = =

e ifz € [-Z,2] wehavesin(z) =y <= =z = arcsiny.

Vo € [-%, %] we have arcsin (sin(z)) = .

* Vz € [—1,1] we have
sin (arcsin(z)) =
and
cos(arcsin(z)) = v/1 — 22 ( according to the equation cos®(arcsin(z)) + sin®(arcsin(z)) = 1).
—_—

e

Example 4.2.3. .
—1

° zl_lgloo arcsin(i n 1) = arcsin(1) = g

. 1 V T + 1 -1 \/§ v
e lim sin — sin A

T—2 €T 2 3

o1
0

e lim sin” (z) is an indeterminate form of type —.

z—0 xT 0
Put y = sin~ ' (x) we get v = sin(y). If x — 0 we have y — 0. Therefore,

. sin(z) . Yy
lim ———= = -
z—0 T y—0 sin(y)
) 1
=lim — = 1.
y—0 sin(y)
y
' -1 0
e lim COS(CLTCSZZ@)) is an indeterminate form of type —. We have
z—0 T 0
Vr € [-1,1], cos(arcsin(z)) = V1 — 22
Then
. cos(arcsin(z))—1 . VJ1—22-1
lim =lim ———
x—0 1,’2 z—0 1}2
. —x?
= lim
=0 22(y/1 — 22 + 1)
1
=5
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4.2. Trigonometric functions and their inverses

4.2.1.3 Some results of the composition arcsin o U

In the following we talking about the composition between the arcsinus function and an other function U defined
on Dy C R. Let f be a function defined by

f(z) = aresin(U(x)).

a) The domain of f.

The domain of f is

D;=Dyn{zecR:-1<U(z) <1}.

if Dy = R we write

Di={reR:-1<U(x) <1}

Example 4.2.4. Determine the domain of the following functions
fi(z) = arcsin(v/z — 2) and f>(x) = arcsin (2In(x) — 1).

e The domain of f1 is
Dy =[0,40[N{z €R: -1 <z —2<1}.

We have —1 < \/r —2 <1 = 1 <2 <09. Thus,
Dy = [0,400[N[1,9] = [1,9].

e The domain of fs is
Dy, =]0,4o0[N{z e R: —1 <2In(x) —1 < 1}.

We have —1 < 2In(x) — 1 <1 = 1 <z <e. Thus,

Df2 = [1, 6].

b) Continuity of f

Corollary 4.2.1

If U is a continuous function then, the function f is continuous too on Dy.
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Example 4.2.5. The function f3 such that f3(x) = arcsin(e® — 1) is defined and continuous on | — 0o, In(2)]
since we have

Dj={zreR: -1<¢e"—1<1}

and the function x — e* — 1 is continuous on R.
c) Differentiability

Corollary 4.2.2

If z — U(x) is a differentiable function and —1<U(z)<1, then, f is differentiable and

U'(z)

V1—=U%(z)

Ve e D}, f'(x) =

Example 4.2.6. Determine the domain and the domain of differentiability of the following functions and then
calculate their derivatives.

g(x) = arcsin(e® — 2) and h(z) = arcsin(vx + 4 — 3).

1. The function g :
* Determine the domain of g :

D,={zeR, —-1<e" —2<1}
= [0,In(3)].

* Determine the domain of differentiability of g :

D,={reR, -1<e*—2<1}
—10,In(3)].

* Calculate the derivative of g. For all x in |0, In(3)[ we have

oy (" =2)
g'(x) = o 2
N V1 — (2 —4de* +4)

2. The function h :
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* Determine the domain of h :

Dy =[-4,+o]U{r eR, -1 <V +4-3<1}
= [0,12].

* Determine the domain of differentiability of h :

Di =] -4, +oolU{z €R, —1 < V2 +4-3<1}
=0, 12[.

* Calculate the derivative of h. For all x in |0, 12[ we have

Ty
h(z) =
\/1—(\/:10—1—4—3)2
1

2V + 4

CVoVrtd—z—12
1

IENCEY NN e DY

4.2.2 The function Cosinus and its inverse.

4.2.2.1 The function cosinus

The function cosine is the function defined by cos : R — [—1, 1] which, to any real z, associates the real
cos(x).

The representative graphs of x — cos(x) over R is the following:

Example 4.2.7.

cos(0) =1, cos(m) = —1, cos(g) =3 and cos(%) =

4.2.2.2 The function arccos
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The function = +— cos(z) is continuous and strictly decreasing from [0, 7] to [—1, 1], therefore achieves
a bijection. Thus, it admits an inverse function defined as

arccos : [—1,1] — [0, 7] .

The arccosinus function also denoted cos™! .

Example 4.2.8.

1
arccos(1) = 0 arccos(—1) =7 arccos(§) =T and arccos(

s
NE

The representative graphs of x — cos(x) and x +— arccos(z) are as follows:

arccos

.:1 0 (b) 1

Figure 4.2.2.2: (a) represents the graph of cos function on [0, 7] and (b) represents the graph of arccos
function on [—1, 1].

Also, the functions x — arccos(x) and = — cos(z) are symmetrical with respect to the line y = x.

The arccosinus function satisfies the following properties:

* arccos function is continuous and decreasing on [—1, 1].
* arccos function is differentiable on | — 1, 1[ and Vz €] — 1, 1], arccos/(z) =

 if x € [0, 7] we have cos(z) =y <= x = arccosy.
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* Vz € [0, 7] we have arccos (cos(z)) = .
* Vx € [—1,1] we have
cos (arccos(z)) =

and

sin(arccos(x)) = V1 — z2.

4.2.2.3 Some results of the composition arccos o U

As the preceding we have some results about the composition between the arccosinus function and an other
function U defined on D;; C R. Let g be a function defined by

g(x) = arccos(U(x)).

a) The domain of g.

The domain of g is

Dy=Dyn{zcR:-1<U(x) <1}

if Dy = R we write

Dy,={reR:-1<U(x) <1}.

b) Continuity of g

Corollary 4.2.3

If U is a continuous function then, the function g is continuous too on D,,.

Example 4.2.9. Determine the domain of the following functions
g1(z) = arccos(z? — 8).

The domain of g, is
D, ={zeR:-1<2*-8<1}.

We have

—1<22—8<1 = V7<|z|<V9
= (—V9 <2< V7))V (VT <2 <V9).
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Thus,

Dy, = [-V9, VT U [VT7,V9].

Moreover, g, is continuous on [—\/_ , —\/7] U [\/7 , \/g] since the function x — x* — 8 is continuous.

c) Differentiability of g
Corollary 4.2.4

If z — U(x) is a differentiable function and —1<U(z)<1, then, g is differentiable and

~U'(z)

V1—=U2(z)

Vo e D}, ¢'(x) =

Example 4.2.10. Determine the domain and the domain of differentiability of the following function and then
calculate its derivative.

g2(x) = arccos(2 — e”).
* Determine the domain of g :

D, ={zeR, -1<2—¢" <1}
= [0, In(3)].

* Determine the domain of differentiability of g :

Da={reR, -1<2—-¢€" <1}
=10, In(3)[-

* Calculate the derivative of go. For all x in ]0,1n(3)[ we have

/ o _(2 B ex),
ga(x) = —2_e)p
T /T (® —dev 1 4)

V- —3)

4.2.3 The Tangent function and its inverse.

4.2.3.1 The tangent function
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2k+1
The tangent function is the function defined by tan : R\ {#, ke Z} — R which, to any real
sin(x)

cos(z)

x, associates the real tan(z) such that tan(z) =

The representative graphs of x — tan(x) is the following:

: § tan

Figure 4. 2 3.1 The graph of tangent functlon

Example 4.2.11.
tan(0) = 0, tan (g) = V3 and tan <%> =1

4.2.3.2 The function arctan

s ™
The function x — tan(z) is continuous and strictly increasing from | — BL +§[ to R, therefore achieves

a bijection. Thus, it admits an inverse function defined as

arctan : R —] — g, +g[

The arctan function also denoted tan~! or arctg.

Example 4.2.12.
arctan(0) = 0 arctan(v/3) = g and arctan(1) = %

The representative graphs of x — tan(x) and x — arctan(z) are as follows:
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tan

-3

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
-4 1
1
1
1

(a)
Figure 4.2.3.2: (a) represents the graph of tan function on | — g, —I—g[ and (b) represents the graph of arctan

function on R.

The functions x — arctan(z) and x — tan(x) are symmetrical with respect to the line y = 2. Moreover

e lim arctan(z) = ~Tand lim arctan(zx) = T
T——00 2 Tr—+00 2

—Tr m
* the graph of the arctan function admits an horizontal asymptotes y = - over —oo and y = 5
over +00.

The arctangent function satisfies the following properties:

* arctan function is odd, continuous and increasing on R.

1
1422

* arctan function is differentiable on R and Vx € R, arctan’(z) =

o ifoe]— g,-i-g[we have tan(x) =y <= x = arctany.

s Vr €] — g, -l—g[ we have arctan (tan(z)) = .

* Vz € R we have tan (arctan(z)) = x.
)= -

=5

* Vz < 0, arctan(x) 4 arctan(

8=
SIE]

e Va > 0, arctan(z) + arctan(

8] =
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4.2.3.3 Some results of the composition arctan o U

As the preceding, in the following we talking about some results concerning the composition between the
arctangent function and an other function U defined on D;; C R. Let h be a function defined by

h(z) = arctan(U(x)).

a) The domain of h.

The domain of / is exactly the domain of U which means

b) Continuity of

Corollary 4.2.5

If U is a continuous function then, the function A is continuous too on D;,.

Example 4.2.13. Determine the domain of the following functions
hi(z) = arctan(v/2 — x).
The domain of hy is

Dy, ={reR:2—2>0}
=] — 00, 2].

Moreover, hy is continuous on | — 00, 2] since the function x +— /2 — x is continuous.

c) Differentiability of /

Corollary 4.2.6
If x — U(x) is a differentiable function then, h is differentiable and

U'(x)

Example 4.2.14. Determine the domain and the domain of differentiability of the following function and then

calculate its derivative.
V1-— a:)

T

ho(z) = arctan (
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* Determine the domain of hs :

Dp,={r€eR, 1—2>0 andx # 0}
=] — o0, 1] NR"
=| — 00, 0[U]0, 1].

* Determine the domain of differentiability of hs :

Df ={reR,1—2>0 andx # 0}
=] — o0, 1[NR*
=] — 00, 0[U]0, 1.

* Calculate the derivative of hs. For all x in] — 0o, 0[U]0, 1] we have

()

hy(x) =

4.2.4 The cotangent function and its inverse.

4.2.4.1 The cotangent function

The cotangent function is the function defined by cot : R\ {k7, k € Z} — R which, to any real z,

associates the real cot(x) such that cot(x) = :
tan(z)
The cotangent function also denoted ctg.

Also, can write the cotangent function as follows

The representative graphs of x — cot(x) is the following:
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Figure 4.2.4.1: The graph of cotangent function.

Example 4.2.15.

cot (g) =0, ctg (g) = V3 and ctg (%) =1

4.2.4.2 The function arccotangent

The function = +— cot(x) is continuous and strictly decreasing from |0, 7 to R, therefore achieves a
bijection. Thus, it admits an inverse function defined as

arccot : R —]0, 7.
The arccotangent function also denoted cot™! or arccty.
T

Since we have for any real number x, cot(z) = tan (5 — x) , we can defined the the inverse function

arccot as follows: -
Vz € R, arccot(z) = 5 arctan(z).

Example 4.2.16.
arccot (0) = g arccot(v/'3) = % and arccgt(1) = %

The representative graphs of x — cot(x) and = +— arccot(z) are as follows:
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| i
cotan | """""""""""""""""""""""""""""""""""""""""
: \L}\ arecot
! i ¥
0 n Law 0
2 : (b)
(a) |

Figure 4.2.4.2: (a) represents the graph of cotangent function on |0, 7r[ and (b) represents the graph of arccot

function on R.

* lim arccot(x) =mand lim arccot(z) =0
T——00 T—+00

y = 0 as x approaches +o0.

The functions x — arccot(x) and x — cot(x) are symmetrical with respect to the line y = 2. Moreover

* the graph of the arccot function admits an horizontal asymptotes y = 7 as x approaches —oo and

The arctangent function satisfies the following properties:

* arccot function neither even nor odd, continuous and decreasing on R.

-1
* arccot function is differentiable on R and Vz € R, arccot/(z)

* if x €]0, 7| we have cot(z) =y <= x = arccoty.
* Vz €]0, 7[ we have arccot (cot(z)) = z.

* Vz € R we have cot (arccot(z)) = .

T 1ta?
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4.2.4.3 Some results of the composition arccot o U

As the preceding, in the following we talking about some results concerning the composition between the
arccotangent function and an other function U defined on Dy C R. Let & be a function defined by

k(x) = arccot(U(x)).

a) The domain of %.

The domain of k is exactly the domain of U which means

b) Continuity of k

Corollary 4.2.7

If U is a continuous function then, the function & is continuous too on Dj,.

c) Differentiability of &

Corollary 4.2.8

If x — U(x) is a differentiable function then, k is differentiable and

—U'(x

Example 4.2.17. Determine the domain and the domain of differentiability of the following function and then

calculate its derivative.
k(x) = arccot ( ln(x)) :

* Determine the domain of k :
Dy ={z € R, In(x) > 0}
={zeR, z>1}
= [1,+o0[.

» Determine the domain of differentiability of k :

Dy ={x € R, In(z) > 0}
={reR, z>1}
=1, +o0].
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* Calculate the derivative of k. For all x in |1, +00[ we have

) - ( ln(ac)> 2
1+( ln(:c))
1/x

_ 9 In(x)

1+ In(x)
-1

2¢/In(z)(1 + In(x))

4.3 Hyperbolic functions and their inverses

4.3.1 The functions sinus hyperbolic and cosinus hyperbolic

e The sinus hyperbolic function denoted s/ and defined from R to R as follows

x —Z

e

sh(z) = — ¢

2

e The cosinus hyperbolic function denoted ch and defined from R to [1, +o0] as follows

et 4+ e "
2

ch(x) =

The representative graphs of the function x — ch(x) and = — sh(x) are as follows

ch sh

44

Figure 4.3.1: The graph of sh and ch functions.
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1. Forall x € R, we have

* the function = — ch(z) is even and z — sh(z) is odd.

* the functions « — ch(z) and x — sh(z) are continuous
* the functions z — ch(z) and x — sh(z) are differentiable and for all z € R,

ch'(z) = sh(x) and sh'(z) = ch(z).

2. ch(0) =1, lim ch(x)=+ooand lim ch(x)= +o0

T—r—00 T—r+400

3. sh(0) =0, lim sh(z) = —ocand lim sh(z)= +o0
r——00 r—+00
4. forall x € R,
ch?(x) — sh*(x) = 1.

Example 4.3.1. Compute the following limits:

lim (sh(z)+ ch(z)) and lim sh(2x).

r——00 z—0 €x

Solution.

e lim (sh(z)+ ch(x)) is an indeterminate form of type oo — oo, thus
T——00

lim (sh(z)+ ch(z)) = lim (em —e n e’ + e—x)

T—r—00 T—r—00

e lim —Sh(ZJU)

x—0 x
Thus, we can use L’Hopital’s rule to calculate this limit. We have:

. . . 0
is an indeterminate form of type —.

lim sh(2x) — tim 2ch(2x)
x—0 x z—0 1
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4.3.2 The function tangent hyperbolic

The function tangent hyperbolic denoted ¢th and defined from R to | — 1, 1] as follows

sh(x) e*—e™®
th(x) = = .
(z) ch(z) e*+e®

The representative graph of the function tangent hyperbolic is

Figure 4.3.2: The graph of tangent hyperbolic function

The graph of tangent hyperbolic function admits an horizontal asymptotes y = —1 as x approaches —oo
and other y = 1 as x approaches 400 i.e

lim th(x) =—1and lim th(z)=1.

T——00 T—+00

* The function tangent hyperbolic is odd and continuous on R.

* For all real number x the function = — th(z) is differentiable and we have

thi(w) = ch21(96) '

* th(0) = 0 and for all real number x we have —1 < th(z) < 1.

Example 4.3.2. Consider two functions f and g defined by

1 —th(x)

fla) = and g(x) = (VF(@)).
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e Domain of f.
Dy={x€R: 1+th(z) #0} =R.

o Show that g is well defined. VYx € R, we have

—1<th(z) <1l = (0<1—th(z)) and (0 < 1+ th(x))

1 —th(z)
1+ th(z)
= f(z) >0
Thus g is well defined.
e Check thatVxr € R, g(x) = —x. We have
1
g(@) =In (V/F@)) = 5 n(f(@))
1 _
1. 1 —th(z)
2 1+ th(x)
- et — e~
™ e te”
i
et +e "
1 (26‘*”‘”)
=—1In
2 2e”
= —x.

The hyperbolic cotangent function, denoted coth and defined on R* by:

coth(zx) = )’

4.4 The inverse hyperbolic functions

4.4.1 The argument sinus hyperbolic function

The function x — sh(x) is continuous and increasing from R to R. Then, it’s a bijective function and
its inverse function denoted argsh or sh~!.

The representative graphs of the function x +— sh(x) and x — argsh(z) are as follows
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¥ s
21 sh Jy==
4
s
’ ’ argsh

Figure 4.4.1: The graph of argument sinus hyperbolic function and its inverse

The functions = — sh(z) and z — argsh(x) are symmetrical with respect to the line y = z.

* The function x — argsh(z) is defined and continuous from R to R.

* The function x — argsh(z) is differentiable on R and Vx € R, we have

1

(argsh) (z) = T

* Since the function z — sh(x) has a exponential expression we guess that its inverse x +— argsh(z)

has a logarithmic expression

* By follows the steps to determine an inverse function we obtain that

argsh(z) = In(z + V1 + 22).

Example 4.4.1.
argsh(0) = 0 since sh(0) =0

argsh (Z) = n(2) since sh(in(2)) =

otherwise,

argsh(0) = In(0 +v1+0%) =1In(1) =

3 3
argsh (Z) =1In 4
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4.4.2 The argument cosinus hyperbolic function

The function = +— ch(z) is continuous and increasing from [0, +-o00[ to [1, +oo[. Then, it’s a bijective
function and its inverse function denoted argch or ch™*.

The representative graphs of the function x — ch(z) and = +— argch(z) are as follows

o

Figure 4.4.1: The graph of argument cosinus hyperbolic function and its inverse

The functions = — ch(z) and x — argch(z) are symmetrical with respect to the line y = x.

* The function x — argch(x) is defined and continuous from [1, +o00[ to [0, +-00[

* The function x — argch(x) is differentiable on |1, +oo[ and Vx €]1, +00[, we have

1

(argch) (x) = T

* The logarithmic expression of the function = — argch(x) is as follows

argch(z) =In(z + Va2 — 1).

Example 4.4.2.

argch(1) = 0 since ch(0) = 1

argch (Z) =In(2) since ch(In(2)) = Z
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otherwise

argch(l) =In(l14++v12—-1) =1n(1) =0,

5 5 5)°
argch <é_l> =In 1 + (Z) — 1] =In(2).

4.4.3 The argument tangent hyperbolic function

The function = +— th(x) is continuous and increasing from R to | — 1, 1[. Then, it’s a bijective function
and its inverse function is denoted argth or th™!.

* The argument tangent hyperbolic function is defined and continuous from | — 1, 1[ to R.

* The function x — argth(z) is differentiable on | — 1, 1[ and Vx €] — 1, 1],

B 1
1 =22

(Argth)'(x)

* The logarithmic expression of the function = — argth(x) is

argth(z) = %ln <1 —|—x) :

11—z

The representative graphs of the function x +— th(x) and x — argth(z) are as follows

Figure 4.4.3: The graph of the argument tangent hyperbolic function and its inverse.
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Example 4.4.3.
argth(0) = 0 since th(0) = 1,

argth (g) = In(2) since th(In(2)) = %
otherwise,

argth(l) = %hl (i()) =In(1) =0,

) _ %m (1+§> _ %111(4) — In(2).

ol W

argsh (

4.5 Practice Exercises

Exercise 4.1

Determine the Domain and the domain of differentiability of the following functions and calculate their
derivatives.

fi(z) = arccos (2_1_%) , fa(x) = arcsin (In(x) — 1), f3(x) = arctan (M) :

r—1

fa(z) = arcsin (e® — 1), f5(z) = arccos (x——i-1> , fe(x) = arctan ( 1- 1n(:1:)>

Exercise 4.2

Using the L’Hopital’s Rule and compute the following limits:

arcsin (In(z) —1) .. 2arctan(va? —1) —7
im , lim
z—e r—e z—-+00 1 —th(x) 20+ argsh(x?)

Exercise 4.3

Consider a function g defined by
g(x) = arcsin(3z — 42%)

)
1. Show that 3z — 42® — 1 = —4(z — 3)*(z + 1) and 3z — 42® + 1 = 4(z + 5)*(1 — z).
2. Determine the Domain of g.
3. Determine the domain of differentiability of g and then calculate ¢’ the derivative of g.

4. Let h be a function defined by h(x) = g(z) — 3arcsin(z).
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(a) Determine the domain of differentiability of 4 and then calculate /' the derivative of h.

(b) Conclude that h in a constant function and then determine his value.

Exercise 4.4

Let f(x) = arcsin(In(y/z)).

1) Determine the Domain and the Domain differentiability of the function f
2) Calculate f’ the differentiability of f.

2) Prove that f is bijective from D; to K and determine K.

3) Determine f~! (starting set, arrival set and the expression).

Exercise 4.5

Determine the Domain and the domain of differentiability of the following functions and then calculate
their derivatives.

fi(z) = sh (:Ul_x) , fao(x) =ch (ﬁ) , f3(z) = th(x — e%),
i) = argsh(a?) (o) = argeh(sh(e), fle) = argth (=2,

Exercise 4.6

Let f be a function defined by
f(z) = arctan(ch(x))

1. Determine the Domain of f.

2. Show that f is continuous and even on Dy .

3. Determine the domain of differentiability of f and then calculate f’ the derivative of f .
4. Set up the table of variations related to f over it’s Domain.

5. Using the intermediate value theorem (I.V.T) and show that:

The equation f(x) — 72 = 0 has at least a solution in ]0; In(10)[.

6. Calculate the limit lim M

T——+00 e
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Exercise 4.7
1. Prove that Vo € R, sh(2z) = 2sh(x)ch(x).
2. Find all values of x € R that satisfy sh(2x) — 3th(x) — sh(xz) = 0.

Exercise 4.8

2
Let f be a function defined by f(z) = argth (m) )

(a) Determine the Domain of f.
(b) Determine the domain of differentiability of f and then calculate f’ the differentiability of f.
(c) Set up the table of variations related to f over it’s Domain.

(d) Give the expression logarithmic of f.

Exercise 4.9

Let f be a function defined by f(z) = argch(\/z).
(a) Determine the Domain of f.
(b) Show that f is continuous on Dy.
(c) Determine the domain of differentiability of f and then calculate f’ the differentiability of f .
(d) Set up the table of variations related to f over it’'s Domain.
(e) Give the expression logarithmic of f.

(f) Using the mean value theorem (M.V.T) and show that

r—1

NN < Argeh(y/x).

Vo > 1,

Conclude the limit lim M
x—1 xr — 1
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Chapitre 5
TAYLOR Expansions

5.1 Negligible function

Let f and g be two functions defined on a set D and 2y € R or equals £oo. We say that f is negligible
with respect to g in the neighborhood of x if there exists a function € : D — R such that Vz € D,

f(z) = g(z)e(x) with lim e(z) = 0.

T—TQ

We denote [ = o(g) as © — xq or f(x) = o(g(x)) as © — x or simply f(x) = o(g(x)).

Note (in practice). If g does not vanish near xy (except possibly at x), saying that f is negligible with respect
to g near x is equivalent to saying

lim M =0.
=z g(x)
Example 5.1.1.
. , . sin(x) —z
* sin(z) — x = o(x) when x — 0 since lim ———— = (.
z—0 T
_ . In(z)—z+1
In(z) —z+1=o((x — 1)) when x — 1 since glg_}rq —V—1 = 0.
e Let f(z) = z and g(x) = x*. Then
im 2 i L= Lo,

T—+00 g(q;) T—r—+00 x2 r—+00 I

so f=o(g)asz— +o0, Le.
z = o(z?).
More generally, one can show similarly that x™ = o(xP) as x — +00 whenever n < p.

Example 5.1.2. Show that cosx — 1 + % = o(x?) when x — 0.

2

cosr — 1+ — 22
If lim, 0 5 2 — 0 we have cosz — 1 + 5 = o(x?) when z — 0 So
x
2 2
cos:c—l—i—%_cosx—l %_cosx—l 1
a =g taEs gty




5.1. Negligible function

and

cosz—1 . cos®(zr)—1 -1 sin?(x)
———— = lim =
x? =0 22(1 + cos(z)) (1 +cos(x)) a2
int
Since lim SmE_ 1, we obtain
t—0 ¢
cosx — 1+ £ 1 1

im— "2 924 -
ilgtl) x? 2 o 2 0.

2

Therefore cosx — 1 + % = o(z?) as z — 0.

Properties

Let f, g, h, f1, f2, 91, g2 be functions defined on the same set D and xy € D (or on the boundary).

1. If f =o0(g) asz — zgand g = o(h) as x — xg, then f = o(h),,, (transitivity)
2. If fy = o(g1) asz — zgand fo = o(g2) asx — xg, then fi-fo = 0(g1°92)z—z, (product allowed)

3. If f1 = 0(9)s—sa, and fo = 0(g) as x — xg, then f1 + fo = 0(9)z—z, (sum allowed... or almost)

1

f) as T — Xy

4. If f = o(g) as © — z¢ and f, g do not vanish near x, then é = o(

Proof. Everything is proved by taking the quotient or playing with the definition. For example, for 3.: If
fi=o0(g) and f> = o(g), then fi(z) = e1(z)g(z) and fo(z) = e2(x)g(x), thus

(fi+ f2)(x) = (e1(x) + e2(x)) g(x) =: () g(x) withe(x) — 0asx — xo,

so f1+ fo =o0(g) as x — . ]

Let f and g be two functions defined on a set / C R, and let =, be a limit point of /. We say that f is
equivalent to g as * — x(, and we write

f@) ~g(x)  asz — o,

if and only if
tim 1) —

O
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provided that g(x) # 0 near xo.

The relation f(z) ~ g(x) is equivalent to saying that

flz) =g(x) +o(g(x)) asz — zo.

Example 5.1.3. When x — 0, we have the following equivalences:

2
x
sinx ~ x, 1—cosx~?, e’ ~1+ux, In(1 + 2?) ~ 2°.

5.2 Finite Expansions

5.2.1 Definitions

Let / be an interval and f : I — R a function. Let x( be an element of I or one of its endpoints. Let n
be a natural number. We say that f admits a finite expansion of order n at x if there exist real numbers
ag,ay, . ..,a, and a function € : I — R such that

f(z) =ap+ai(x —xo) + -+ an(r — x)" + (x — x9)"e(z) and h_}m e(x) = 0.
T—T0
e The polynomial P, (x) = ag+ai(x —x¢) +- - -+ a,(x —x0)" is called the main part of finite expansion
at zero.
o (x — x)"e(x) is called the rest of finite expansion at zero.

Example 5.2.1. Since 1 — 2" = (1 —2)(1 +x +--- + "), we have

1 — xn—l—l
=1l4+x+4+ - +2",
11—
thus
:L.n—l-l
=1l+a+a*+ - +a"+ :
11—z 1—x
Therefore the function
1
fla) = -
admits a finite expansion at 0 of order n, with in this case
x
e(r) = T
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Properties

(1) Uniqueness: If f admits a finite expansion at z, then it’s unique. That is, if
flz)=ap+a1(x —xo) + -+ an(x — 29)" + (x — x)"e1 ()
and
f(x) =bo+bi(x —xg) + -+ + by — x0)" + (x — 20)"ea(x),

with lim, ., €1(2) = lim,_,,, €2(x) = 0, then ag = by, a; = by, ..., ap, = by,.

(2) Truncation: If f admits a finite expansion of order n at x,
f(x) =ao+ai(z —xo) + -+ an(x — 20)" + (x — 20)"e(2),
then for any p < n, f also admits a finite expansion of order p obtained by truncation:
f(x) =ao+ ai(z —x0) + -+ ap(x — x0)" + (x — z0)Pep(),
where ¢,(z) = (v — z¢)" Pe(z).

(3) Necessary condition. If f admits a finite expansion at x¢, then lim, ., f(z) exists and equals aq. This
provides a criterion to show that a function does not admit a finite expansion.

(4) Differentiability. If / admits a finite expansion of order n > 1 at z,
flx)=ao+ a1(x —xz0) + -+ an(x — 20)" + (x — x9)"e(),

then f is differentiable at x( and its derivative is given by f'(x¢) = a;.
(5) Polynomial case. If f is a polynomial of degree n, then its finite expansion at any point x is itself.

(6) Parity. Let f admit a finite expansion of order n at the origin (at zero):
f(x) = ap+ a1 + asz? + -+ apz" + z"e(x), e(x) _0> 0.
T—

Then:

1. If f is even, all coeflicients of odd degree vanish:
ap=az=as=---=0,
and the expansion contains only even powers of x:
f(z) = ag + agx® + agx* + - + agpmgp + 2%e ().
2. If f is odd, all coeflicients of even degree vanish:
ag=as =a4 =---=0,
and the expansion contains only odd powers of z:

f(@) = az + az2® + as2® + -+ - + agpy 2™ + 2 e().

5.2.2 Functions of class C"
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Let I C R be an open interval. For n € N*, we say that:
e f : I — Ris a function of class C" on I if f is n times differentiable on I and (™ is continuous.
Here, (™ is the n-th derivative of f i.e

f(O):f7 f(l):fI> f(2):f”7

e fisof class C° on [ if f is continuous on /.
e fisof class C* if f is infinitely differentiable on /.

Example 5.2.2. Let f(x) = 2° + 22* — 2% + 22 — 1 be a function. We have

fY(z) = 52* + 82° — 32% + 2,
f(z) = 2023 + 242° — 6z,
F3(z) = 6022 + 482 — 6,

f () = 1202 + 48,

fO () = 120,

fOz) =0,

Then f is a function of C* on R.

5.2.3 Taylor series

Theorem 5.2.1

Let f be a function of class C" on I and zy € I. Then, the Taylor-Young expansion of up to degree n
associated with the function f at z is

f(2) ()
2!

f(n) (o)

(x—mo)* + -+ + .

Fxo) + [P (o) (z — m0) +

(z —20)" + o(x — x0)"),
where o is a function defined on [ such that

xlig;lo o((x —zp)") = 0.

Example 5.2.3. The Taylor-Young expansion up to degree n associated with the function x — e* at o = 1 is

1 1

efc:el+el(x—1)+%(x—1)2+---+%(m—1)n+o((x—1)").

Since
f'(x) =e®, f"(x) =e"and f™(x) = e®, Vn € N.
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5.3. Finite expansion at the origin (at zero)

5.3 Finite expansion at the origin (at zero)

Let f be a real valued function. The function f is represented by a finite expansion at zero if there exist
real numbers cg, ¢, - - - , ¢, and a real valued function ¢ such that

f@) =ct+ar+ 021‘2 + 03x3 4o+ xn€<x)

where lim e(z) = 0.
T—T0

Note that z"¢(z) = o(a™).

Example 5.3.1. Consider the following finite expansion 1 + 2x — 4x° + 423 + 2%¢(x).
e The main part of this finite expansion is 1 + 2z — 4x? + 423.
e The rest of this finite expansion is v3¢(x).

5.3.1 Maclaurin series

5.3.1.1 Definitions

The Maclaurin series is a special case of Taylor series expansion of a function centered at x = 0. If a
function f is infinitely differentiable at x = 0, then its Maclaurin series is

(2) (3) (n)
f 2!(O)xQJr f 350)x3-.-+fn—!(0)x”+o(x”)’ 5.1)

F(0) + fO(0)x +

where lim o(z™) = 0.
z—0

Example 5.3.2. Consider the function f(x) = cos(z). We want to find the Maclaurin series of this function.
The first derivatives of f are

fO(x) = —sin(z), fP(x) = —cos(z), ¥ (z) =sin(x), -

Since sin(0) = 0, then, the Maclaurin polynomial of degree n associated with f is

2 ot v a2y .
cos(x) :1—5—1—1—---—%(—1) N + o(z")
2
The Maclaurin series of degree 2 is given by cos(z) =1 — % + o(z?)
27 4
The Maclaurin series of degree 5 is given by cos(z) = 1 — % + a0 + o(z)
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5.3.1.2 Basic Maclaurin expansion

Here, are Maclaurin series expansions, which can be found by using formula (5.1) for some commonly used

functions.

n!
thltw)=a—F g - (2D o)
2 3 "

an(l—x):—x—%_%_ —%—I—O(l'n)

— x2 £E4 n x2” In+1
. COS(QZ) =1- 5+ T + (_1) o 0($ )

T x3 ,7;5 n xQn 1 n

. Sm(x) STl + T + ( 1) (2n++1)' 4 (.TEQ +2)

e L=l4atat 42"+ o(a")

23
* Vit+az= 1-|————g; _|_1_6...+0(xn)
3
X € n
*Vli-r= 1_5_%952_1—6' + o(z")

.ch(:c):1+§+%+...+%+0(x2n+1)

2n+1

3 5
oSh(a}'):%+%+%+...+(2n+l)'+ o(x27+2)

3

'th()—x—%+ x5—ﬁx7+ -+ o(x")

o Jr1><3><---(2n—1)$2n+1
g 2X4x - x2n 2t

+ o(x?"12)

o Arcsin(z) =z + %% +

colw

(:L,2n+2)

o Arctan(z) = x — %3 + %5 N (_1)7195:‘_:11
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5.3. Finite expansion at the origin (at zero)

5.3.2 Algebraic combinations of finite expansions
Let ag,ay,--- ,an,bo, by, -+ ,b, are real numbers and f, g be two functions such that
f(z) = ag + a17 + agx® + asx® + - - + apz" + o(a™)

and
g(x) = by + bz + byx® + byx® + - + byx™ + o(z").

5.3.2.1 Sum and difference

* The sum f + g or the difference f — ¢ has a finite expansion of the form:

(ftg)(x) = (ap£by)+ (a1 £ by)x+ -+ (an £ by)x" + o(a™).

* Let A be a real number. The constant multiple A f has a finite expansion of the form:

M(x) = Aag + Aarx + - - - + Aa,z" + o(2").

Example 5.3.3. Let f(z) = €* and g(x) = v/x + 1 be two functions.
The finite expansions of [ and g of degree 2 at zero are as follows:

2 362

f(x):1+x+%+o(x2) and g(x)zl—l—g—g—l—o(:ﬁ).

Thus, the finite expansion of degree 2 at zero of f — 2g is
2 2

x? r x ) 3z )
|:1+l‘+?} —2|:1+§—§:|+0(:E)——1+T+0(1‘)

5.3.2.2 Product

The finite expansion at zero of f X g is obtained by keeping only the monomials of degree n or less, that
means the product f(x)g(x) admits a finite expansion:

f(@)g(x) = co+ 1wy + cax® + - + cpa™ + o(z") asx — 0,

where the coeflicients c,, are given by the convolution

Cmp = Zaibm_i (0 <m <n).
i=0
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Chapter 5. TAYLOR Expansions

Example 5.3.4. Let f(z) = cos(x) and g(z) = sin(x).

We have
22
cos(x) =1— 5 + o(z?),
and
2 3
sin(z) = x — % + o(z?).

Then the finite expansion of degree 3 at zero of f X g is

5.3.2.3 Quotient

The quotient i where ¢(0) # 0 has a finite expansion at zero of degree n and obtained by the euclidean
g

division according to the increasing degrees to order n of the polynomial (ag + a1z + asx® + azx® +
-+ -+ c,z") by the polynomial (by + b1 + baz? + bgz® + - - - + b, z").

3 4
Example 5.3.5. Compute the finite expansion at zero of degree 3 of the function f such that f(z) = %
ch(x
We have
2
P rr+d=4+2+2°+o0(z®) and ch(z) = 1+%+0(:§3).
Thus,
4 +x +ad|1 42
—4 —222 4 +x 227+ 2
r —22% + 23
2 x3
222 +axt
a3 4
TS T

Then, f(z) =4+ x — 22>+ 2 + o(z?).
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5.3. Finite expansion at the origin (at zero)

5.3.2.4 Composite

Let I C R and J C R be neighbourhoods of 0. Let

fil—J h:J—R

be functions such that 1111(1) h(x) =0and 0 € I N I. Assume there exists an integer n > 1 for which the
T—

following finite expansions hold:

h(z) = bix + box® + b3’ + -+ - + bz + 0(z™), asx — 0,
fly) = a0+ ay +asy’ + - +ay" +o(y"), asy—0,

where a;,b; € R. Then the composite f o h : I — R admits a finite expansion at 0 of order n. More
precisely,

f(h(z)) = co + 1zt + cz® + - - ™ + o(2") ifz —0,

where each coeflicient ¢, is obtained by substituting the polynomial part of / into the polynomial part
of f and collecting terms of degree m (i.e. perform the formal substitution and keep only monomials of
degree < n).

Example 5.3.6. Consider the function f(x) = (),
Give the finite expansion of degree 3 at zero of f.
3

We have sin(z) = © — Ty o(x3) and sin(0) = 0. Put U = sin(z) we get

6

sin(x) U U2 ° 3

e =e :1+U+7+F+O(U)"'(*)

Calculating U? and U3:
23 3
U?=UxU= (x—g) (m—g> + o(z?) = 2° + o(z?).
23

UP=U*xU=2"x ($_E) + o(2%) = 2% + o(2?).

Replacing these results in (x) we get

3
esm(m):l_’_(m_%)_}_l'

22
:1+m+?+0(x3).
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Chapter 5. TAYLOR Expansions

5.4 Derivation and integration of finite expansions

5.4.1 Derivative of a finite expansion
Let f be a function admitting a finite expansion of order n at z:
f(@) =ap+ a1(z — x0) + ag(x — 20)* + -+ + an(r — 20)" + (x — 10)" (),

where £(z) —— 0. Then f is differentiable near z,, and its derivative f’(x) admits the finite expansion of
T—T0

ordern — 1:

1

f(z) = ay + 2ax(x — 30) + 3as(x — 20)® + -+ + nap(z — 20)" "+ (z — 20)" ey (),

where €;(z) — 0 as © — .

Remark 5.4.1

The derivative of a finite expansion is obtained by term by term differentiation of the polynomial part,
and the order decreases by one.

Example 5.4.1. Consider a function f such that f(x) = e**. The finite expansion of [ near 0 of order 4 is:

(2z)* | (2z)°  (22)
flo) =120 5+ 4 = o),
ie.
4 ., 2
f(x) =1+ 22+ 22% + §x5 + §x4 + o(x"). (5.2)
Compute the derivative: we have Vx € R :
fl(z) = 2e*.

The finite expansion of f' near 0 of order 3 is:

21)? 21)3
f(x)=2 <1+2x+% +(3L')+0(:1:3),)
8
=2+ 4z + 42° + gaz?’ + o(z?)
Differentiating the finite expansion in (5.2) with respect to x and we get

8
fl(x) =2+ 4x + 42° + §x3 + o(z?)

which is exactly the finite expansion of order 3 of the derivative near 0.
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5.4. Derivation and integration of finite expansions

5.4.2 Integration of a finite expansion

If f admits a finite expansion of order n at x:
f(x) = ao+ a1(z — x0) + as(z — 20)? + - + an(x — 20)" + (x — 20)"e1 (),
then its primitive F' defined by

F(z) = / oL

admits the finite expansion of order n + 1:

a a an,
é(m—xo)2+—2(a£—xo)3+---+

3 (z = @0)" " + (z — 20)"ea(2),
where e9(z) — 0 as © — .

F(x) = ag(z — x0) +

Remark 5.4.2

Integrating a finite expansion increases the order by one, and each coefficient is divided by its new
exponent.

Example 5.4.2. Consider a function f such that f(x) The finite expansion of [ near 0 of order 4 is

T 1ta?
1
1+ 22

We know that any primitive of the function f is

=1-—2"+2"+ o(a"). (5.3)

F(z) = arctanz + C,

for some constant C'. Thus, by integrating term by term (5.3) we get

5

1 oz 5
/1”2“:“3*3*0@)'

Therefore, we deduce the finite expansion of arctan x near 0 of order 5:
3 ad 5
arctanx = r — — + — + o(x”).

3 )

5.4.3 Finite expansions at a point z( # 0

A function f admits a finite expansion of order n at z if and only if the function
g(h) = f(wo+1)
admits a finite expansion of order n at 0. More precisely, if
g(h) =ag+art+ -+ apt" +t"e(t)
is the finite expansion of g at 0, then
f(x) =ap+ai(x —x0) + -+ an(r —z0)" + (2 — 20)"e(z — 20)

is the finite expansion of f at z.
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Chapter 5. TAYLOR Expansions

In practice. If we know how to compute the finite expansion of f at 0, then the finite expansion of f at any
point x, can be deduced from that of f(xy + h) at 0.

A function f can be represented by a finite expansion at point o # 0 if the function ¢ — f (¢ + ) with
t = x — x( can be represented by finite expansion at zero. Moreover, the finite expansion of f at z is:

f(@) = aog+ a1(xz — x0) + az(x — 20)* + ... + an(x — 20)" + o((x — 20)")

2
Example 5.4.3. Let f(z) = o Give the finite expansion of f of degree 3 at xq = —1.
x
Putt =x — (—1) =x+ 1. If © = —1 then, t = 0. Moreover

2 2 1
fl) = 5o = =9
2+ 2+ (t—1) 1+t
The finite expansion of 1 is 1 —t+t*— 13+ o(t?). Thus,
1
2. —— =22t +2t> 2t + o(t?).
1 + + o(t”)
So,
flz)y=2-2(x+1)+2(x+1)>=2(z+1)* + o((z + 1)%).
Yields

flx)=—22+2(x+1)*—2(x+1)* +o((z +1)*).
Example 5.4.4. Compute the finite expansion of the function f(x) = cosx at the point %.

We consider the function g(h) = cos(3 + t) and look for its finite expansion at 0 up to order 3.

We know that
™ ™ .o,
coS (— + t) = Ccos — cost — sin 5 sint.

3 3

Using known expansions near (:

t2 A
cost:1—§+0(t2), Sint:t—€~|—o(t3),
we obtain ) \/_ ;
1 t 3 t
H==(1-=)—-22(t-= ¢
that is,
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5.5. Application of finite expansion

Since the computation of the finite expansion at any point x reduces to that at 0, we shall henceforth only study
the case of finite expansions at the origin.

5.4.4 Finite expansions near infinity

A function f can be represented by a finite expansion near infinity (+00) if the function ¢ — f (%) with

1
t = — can be represented by finite expansion at zero and
X

B ap Qs a, 1
f(z) =ap+ prul s SRS S +0<xn)'

Example 5.4.5. Let f(x) = Ll Giving the finite expansion of [ of degree 3 near +oc.
x —

1
Put t = —. Thus, if v — +00 thent — 0 and we have
x

x 1/t 1

= = = 5'4
J@) = =11~ 1= >4
The finite expansion of T is 1+t+t2+83+o(t?).
From (5.4) we deduce that
1 1 1 1
f(x):xi1:1+5+ﬁ+ﬁ+0(ﬁ) with x near + oo

5.5 Application of finite expansion

5.5.1 Compute limits

Finite expansion is very effective in removing indeterminate forms for calculating limits. Generally we use the
finite expansion of degree 2.

V1+3z—+1-32

0
Example 5.5.1. lim is an indeterminate form of the type —.

z—0 ln(1+:1:) 0
We have

3 92
. \/1+3$:1+§—%+$26($).

3 922
. \/1—3$:1—§—%+x25(93)

22
. ln(1+x):x—?—l—m26(x),
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Chapter 5. TAYLOR Expansions

Thus,

1+3x 92 . 3 922 2% (2)
— - ) - (1-=-= x2e(z
\/1+3x—\/1—3x_hm 2 8 2 8

lim 5
e In(1 + 3z) e T — 4 2% (z)
2
i 3 —|2— 2%e(7)
x—0 x
-5 + 22¢(x)
= i — ki @) g
0] — 5 + ze(x)

s+l

. . . 0
is an indeterminate form of the type —.

Example 5.5.2. lim 0

z——1sin(z + 1)
Putt = x + 1. Thus, if v goes to —1 then t goes to O and

1 —ett . 1—é
lim ———— =lim——.
s»—1sin(z + 1)  t=0 sin(t)

Moreover, we have the following finite expansions:

el =1—(1+t+5)+%(t) = —t— L +12%(t).

o sin(t) =t + t%(t).

Then,
Cl—et ot (1)
lim —— = lim
-0 sin(t) 50t +t2e(t)
. —1—L4te(t)
= lim =
t—0 1+ g(t)
Example 5.5.3. i (a: —2%In (1 + %)) is an indeterminate form of the type 0 - 00).
Tr——00

1
Put y = —. Thus if x goes to —oo then t goes to 0 and we have
x

r—2*In <1+1) = l—%ln(ljty)
x y oy
=§—% [y—y;ﬂty%(y)}
=5 <)
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5.5. Application of finite expansion

Therefore,

1 1
. 2 - _ T L
A (9’ v in (Hx)) P {2 5(?/)]

5.5.2 Tangent and position

Let f be a function has a finite expansion at z( of degree k with £ > 2 such that

f(z) =co+cr(x —x0) + e — m0)? + - + culw — 20)* + o((z — 20)").

where ¢;, © = 0, - - - | k are real numbers. Then, the graph representing the function f admits at the point
(xo, f(z0)) a tangent of equation:
Yy =co+ci(x—xp)

which is the finite expansion of degree 1. The position of the graph relative to its tangent is given by the
sign of the principal part of f(z) — y.

Example 5.54. Let f(z) = /1 + 2x.

» Use the finite expansion and determine the equation of the tangent of a function f defined by at the point

(0, f(0)).

* Determine the position of the graph relative to this tangent near (0, f(0)).

Solution:

o We have )

\/1—}—2.%:1—{—33—%—{—0(372).

Thus, the tangent equation near (0, f(0)) is
y=1+ux.

2
e We take the principal part of the difference f(x) — y we get —% < 0. We conclude that the graph (Cy) is

below its tangent near (0, f(0)).

Example 5.5.5. Consider a function g defined by g(x) = sin(x — 1).

* Use the finite expansion and determine the equation of the tangent of the function at the point (1, g(1)).

* Determine the position of the graph relative to this tangent near (1, g(1)).

abdelhakimdehamnia @ gmail.com 119 DEHAMNIA A



Chapter 5. TAYLOR Expansions

Solution:
e Putt = x — 1. Since x approaches 1 so, t approaches () and

3

sin(x — 1) = sin(t) = £ — % +o(f).

Thus,
(. —1)°

sin(z —1)=(z—1) — 5

+o((z —1)%).

Then, the tangent equation near (1, g(1)) is
y=x—1.

—-1¥ |<0ifz<1
e We take the principal part of the difference g(x) — y we get g(x) — y = —(x ) { if x )

6 >0 if v > 1.

» Ifx < 1, the graph (C,) is below its tangent near (1, g(1))

o Ifx > 1, the graph (C,) is above its tangent near (1, g(1)).

5.5.3 Asymptote and position

Let f be a function has a finite expansion as  — oo of degree k with & > 2:

C1 Co Ck. 1
f(:L’)=a:L’+Co+;+P+~-+E+O(E>.

where a, ¢;,i = 0, - - - k are real numbers. Then, the graph representing the function f admits as z — oo
an asymptote of equation:
Y = axr + ¢.

The position of the graph relative to its asymptote is given by the sign of the principal part of f(x) — y.

* If a # 0 we have an oblique asymptote.

 If a = 0 we have an horizontal asymptote.

Example 5.5.6. Let consider two functions f and g such that

2 2+ 3

fl@) = = and g(x) =

r—1"

* Determine the equations of the asymptotes (A1) and (As) as x — £oo of f and g respectively.
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5.5. Application of finite expansion

* Discus the position of the graphs relative to their asymptotes near +o<.

1
Solution: Putt = —. Thus, if x goes to 00 then t goes to (.
x

e We have
2z 2/t 2

I = 3 = -1 " 1=

The finite expansion of is 1+t+t2+t3+o(t?).

1—t
From (5.5) we deduce that

f(z) =2+ 2t + 2% + 2t + o(¢?)

Then the equation of (A1) as © — 00 is

(Ay) :y=2.

(5.5)

2
Moreover, we have f(x) —y = — ( principal part). Then, the graph (Cy) is below its asymptote (A1) as
x

x — —oo and above the asymptote (A1) near +0oc.

» Concerning the function g we have

The finite expansion:

11432 1 1

- == 1+ 3¢?
t1—t tl—t(+ )

= S(L+t+ 24+ 2e()(1 + 32 + 2e(b))

(141t + 4 + t(t))

SO S A e

+ 1+ 4t + te(t).
We deduce that

1
g(x):¥+1+4t+o(t

)
(5)
=zrx+14+—+o0(—|.
x x
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Chapter 5. TAYLOR Expansions

Thus, the equation of (Ay) as © — 00 of g is

4
Moreover, we have g(x) —y = — ( principal part). Then, the graph (C,) is below its asymptote (As) as
x

x — —oo and above the asymptote (Ay) near +00.

5.6 Generalized finite expansion by regularization

Let f be a function defined in the neighbourhood of 0, except perhaps at 0. We assume that f does not admit
a finite expansion in the neighbourhood of 0, but that the function x? f(z) admits such an expansion. We can
then write in the neighbourhood of 0

2P f(x) = ag + a17 + agx® + - - + a,z" + o(z™).

Thus )
flz) = P [ao +a1r + asr® + -+ apa™ + o(x”)] )

Hence f admits a generalized finite expansion of order n — p at 0.

1
Example 5.6.1. Let f(x) = —. Then [ does not admit a finite expansion at 0 (since f(x) — +ocasx — 07).
x
But for p = 1 we get
1
D — . —_ = 1
Pi) = =1,
which admits the trivial finite expansion
z f(x) =1+ 0(1) as x — 0.
Thus [ admits a generalized finite expansion of order 0 with p = 1.

Example 5.6.2. Consider the function

e —1
fay =5
Multiplying by z° gives
) 2 23
x f(x):e’”—lzx—i-?—l—g—l—---—ko(x”).

Hence

1 1 =z n—2
f(ﬂ?)—;+§+g+"'+0($ ),

which shows that f admits a generalized finite expansion of order n — 2 at 0.

Example 5.6.3. Let

sinx
fla) =2
Multiplying by x® we obtain
(o) = s L o(e?)
2 f(r) =sinz = — = 4+ — + o(z”).
6 120
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5.7. Practice Exercises

Thus . . )
z 2
f(x)——2—6+ﬁo+o(x ),
which is a generalized finite expansion at (.
Example 5.6.4. Take
1 —coszx
fla) = —2
Multiplication by x* gives
2 4
4 x 4
" f(x) COST = 24+0(9c )
Hence
F(&) = 5o — 5 + o)
222 24 OV

which is a generalized finite expansion of order 0 at 0.

5.7 Practice Exercises

Exercise 5.1

1. Find the Taylor series of degree n for the following functions:
filz) =2 =322 + 1, 3o =1, fo(z) = we”, 29 = —1,
1
fa(x) = T = 1, fu(x) =In(x — 1), xo = 2.

2. Find the Taylor series of degree 3 for the function f(x) = sin(z) at xy = 7.

3. Find the Maclaurin series of indicated degree for each of the following functions:

f(x) =cos(mz), n=4, g(x) =In(2+2x), n=3, h(zx) =Vr+3, n=2.
Exercise 5.2
Give the finite expansion at zero of indicated degree for the following functions
fi(z) =5+ x +th(z) — sin(x) + arctan(z), n =3, fo(zr) =V1—2—+V1+2z, n=23,
2 _ 2
fs(z) =tan(z) - €, n =3, fi(z) = ] ’ ,n=23, fs(x) =ch(x)V1+2x, n=2
-
In(1 + z) 2 + cos(z) e
fﬁ(m) 1+8h(l’)’ n ) f7($> .1'3—|—$—|— 1’ n ’ f8(x) 1—|—€x7 n )
fole) = sh(1 ), n =3, fuolx) = (2 + th(w) n =3, fulx) = -0 n
x)=sh(l—-¢"), n= ) =1In x)), n= T)=—""—, n=2
9 ) » J10 ) ) J11 1 —|—2tcm(:ic)’
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Exercise 5.3

1. Determine the finite expansion at z, of indicated degree for the following functions

f(z) =ch(2x — 1), g =

cn =4, g(x) = sin(x).z0 = 5. n =4,

| —

In(z)

Mz) = 1 —sh(l—ux)

,o=1,n=3.

2. Determine the finite expansion as x — oo of indicated degree for the following functions

r—1

1> , (near + 0o, n =3), g(zr) = Va? ~ zer, (near + oo, n = 2),

f(x)=1In (x—l-
h(z) =z + V14 22, (near — oo, n = 4).

3. Using the finite expansion and compute the following limits:

i VL2 =1 @) e VI 2,

20 tan(z)e® " a—1 1+ cos(mx)’ z——o0

Exercise 5.4

e?)x

Consider the following function f(z) = T+ (1 + 220
n x

1. Give the finite expansion of degree 3 at zero for the function f.

2. Check that 4f1(0) + 3f@(0) + £3)(0) = 0.

o(z) = of (1) |

Find the finite expansion of degree 2 near +oc for the function g.

3. Let g be a function defined by
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Chapitre 6
Integrals and Primitives

6.1 Primitive functions

Let I be a non-empty open interval in R and f be a function defined on /. A primitive (antiderivative)
of f is a function F' defined and differentiable on I such that:

F'(z) = f(z) forall z € I.

The derivative of function f denoted f’ and generally the primitive of f denoted by F.

Let a be a real number, f a function defined on [ and F' its primitive. Then,
i) f has an infinity primitives of the form F' + ¢, where ¢ € R.
ii) The function z — F(z) — F'(a) is the unique primitive of f which cancels out at a.

iii) We say that G : I — R is a primitive of f on [ if and only if the difference G — F' is constant on /.

Theorem 6.1.1

If f is continuous on 7, then f has a primitive function F' on /.

Let f be a real function. We introduce the symbol

[ .

called the indefinite integral of f with respectto x. If F'is an antiderivative (primitive) of f on an interval
I ie.
F'(z) = f(z) forallx €I,

then we write

/f(x)da: = F(z)+C,

where C' € R is an arbitrary constant (constant of integration).
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Chapter 6. Integrals and Primitives

If F is a primitive function of f and G is a primitive function of g on an interval I and «, 3 € R, then

[ las@) £ g(a))do = a [ 1o dxiﬁ/

= aF(x) + fG(x)

The following table lists the primitives of the usual functions:

Function Primitive Domain
0 c R
a ax+c R
2", neN | (1/(n+1))z"+c R
cos(z) sin(x) + ¢ R
sin(z) —cos(z) + ¢ R
I
- Lnlz|+c R*
x
e, a e R (1/a)e"+c R
1
1 +1x2 arctg(z) + ¢ R
72 _{_ a2 %ng”(f) +c a# 0and x € R.
t R—-{(2k+1 kelZ
cos?(x) ang(x) +c {(2k + ) €7}
1
th R
ch?(z) () +c
/—1 in(z) + | —1;1]
—— arcsin(x) + ¢ —1;
1 —1 22
— arccos(x) + ¢ —1:1
N (@) |- 11
— argsh(x) + ¢ R
Va2 41 gsh(z)
1
o argch(z) + ¢ ]1; 00|

Example 6.1.1.

1
(2% 4 22)dw = 5933 +2%+c

(cos(z) + sin(x))dx = sin(zx) — cos(x) + ¢

——

Let U be a differentiable function on /. According to the composite of functions, we have the following table:
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6.2. Definite integral.

Function Primitive Remarks | Function Primitive Remarks
7
u/’ xu”, n€N o 11u”+1 +c / . _1:“2 arctg(u) + ¢ /
E,neN,n> 1 m—i—c, u#0onl | u'ch(u) sh(u) /
u'e” e'+c / u'sh(u) ch(u) /
u u
NG Vu+ e u>0on/ O th(u) + ¢ /
u u
— Inlu|l + ¢ u#0on] | —— | arcsin(u)+c| —-1l<u<l1
—u
u'cos(u sin(u) + ¢ / ——— | arccos(u) +c | -1 <u<l
(w) (w) T | oreenst)
U
u' sin(u —cos(u) +c¢ / ——— | argsh(u) +c /
) (w) | )
ug— - argch(u) + ¢ u>1 ] iLUQ argth(u) +c | —1<u<1
Example 6.1.2.
2 a3 1 2 2
zee” dx = 3 3x“e” dx
1 .3 .
=—¢ c
3 )

/ xdx B / 2xdx
Vitzz ) 2V1+ a2

= m +c.
6.2 Definite integral.

6.2.1 Definitions

Let f be a continuous function on [a, b] and F its primitive. A definite integral is denoted by

[ s

a

Here:

- a is called the lower limit of integration,
- b is called the upper limit of integration,
- f(z) is the integrand,

- dx is the differential.
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Chapter 6. Integrals and Primitives

Its value is the difference between the values of F' at the end points i.e

a

/a ’ f(a)da = F(b) — F(a) = {F(x)] )

Example 6.2.1.
In(2) in(2)
1
/ eXdr = 3 / 2e%% dx
0 0
1 2z ln(2)
_ 9 [6 ]0
— Z(elm 1) = =,
5 ) =3

in f. We have for example

(c) It immediately follows that [* f(z)dz = F(a) — F(a) = 0.

(@) [ f(z)dx denotes a function from I to R while the integral fab f(z)dz denotes a real number.

(b) In the notation f; f(z)dz, the variable z can be replaced by any other variable without occurrence

/abf(x)dx = /abf(t)dt = /abf(y)dy _

F(z) = / F(t)dt

is the primitive of f which cancels at point a.

Let f be a continuous function on I and a € I. Then, the function F’ defined by:
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6.2. Definite integral.

Example 6.2.2. Consider a function f such that

1
Find F the primitive of f such that and F(1) = 0.
By definition we have:
|
F(z) = ——dt
(x) i
= {Ln|t — 4]+ c}
1

Let f and g be two integrable functions on [a, b] and «, 3 are real numbers. Then,
D [, [af(@) £ Bg(x)]dz = a [} f(x)dw + B [} g(z)dx
i) [, fa)de = — [} f(a)de

c b

iii) Ve € [a, b], ff(:v)d:v—l—fbf(st)dx: [ f(x)dz.

a a

iv) If f(x) >0V € [a, ], thenfbf(x)dx > 0.

v) If f(x) > g(x)Vz € [a, b], then jzf(x)da: > fg(m)dm.

b

[ f(z)dx

a

vi)

< FIf (@) da.

6.2.2 Riemann Sums

Suppose f is a function on [a, b]. Suppose further that f(z) is positive on [a, b]. We define

b
/ f(z)dx by the area between f(x) and the x—axe for all z in [a, b].
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Chapter 6. Integrals and Primitives

!
T

il b

An approximation of area by the Riemann integral of a function f over the interval [a, b].

Basic idea:
A Riemann sum is a way of approximating an integral by summing the areas of vertical rectangles and has the
form

Area = /f flx)Az + f(ag) Az + -+ - + f(x,)Az.

Here Ax represents the width of each rectangle. This is given by the formula

b—a
n

Ax =

where n is the number of rectangles.
When n goes to infinity, we hope that we can obtain the exact value of the area

A=l S

The x-values x1, xs2, 73, - - - , x, are chosen from the rectangles according to some rule. The three most common
rules are:

a. Use the left endpoint of each rectangle.

b. Use the right endpoint of each rectangle.

c. Use the midpoint of each rectangle.
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6.2. Definite integral.

Left Right Midpoint
)(i*= X Xi*= X, Xi*= X+ X

2

-~

va

3—1
Example 6.2.3. If [a,b] = [1,3] and n = 4 then Ax = —— = 0.5, so the subintervals would be

4
[1;1.5], [1.5;2], [2;2.5] and [2.5; 3]. In this case:

a.The right endpoint rule would give

F(15)0.5+ £(2)0.5 + £(2.5)0.5 + £(3)0.5.

b .The left endpoint rule would give

F(1)0.5 + £(1.5)0.5 + £(2)0.5 + f(2.5)0.5.

c.The midpoint rule would give

F(1.25)0.5 + f(1.75)0.5 + f(2.25)0.5 + f(2.75)0.5.

1 125 15 175 2 225 25 2.75 3

Example 6.2.4. Let f(x) = —2®+4x and [a,b] = [0, 4]. Approximate the area under (C'y) and above the x-axe
withn = 4.
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The exact value of the area is

0
—3 32
:{_x +222 == u-a.
3 0 3

4—-0

Approximation by Riemann sum: we have Ax = T 1.

a.Left Riemann sum:
Area =~ f(0).1+ f(1)1 + f(2).1+ f(3).1 = 10.

b .Right Riemann sum:
Area =~ f(1).1+ f(2).14 f(3).1+ f(4).1 = 10.

c.The midpoint Riemann sum:
Area =~ f(0.5).1+ f(1.5)1 4 f(2.5).1 + f(3.5).1 = 11.

6.3 Techniques of integration

6.3.1 Integration by parts

Theorem 6.3.1

Let f, g : [a,b] — R, be two functions with continuous derivatives f’ and ¢’ on [a, b]. Then,

/ f(2) - g (@)dx = [f(z) - g(@)]’ — / f@)-g@)dz (%)

Generally, if U and V' be two functions with continuous derivatives dU and dV', we have

/UdV:U-V—/VdU. (%)
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6.3. Techniques of integration

From (x) and (*x) we obtain:

{U:aﬂx) i {dU::fmmdx
dV = ¢'(z)dx V =g(x)

Example 6.3.1. Use the integration by parts and find the following integrals

e

/xe’”da: and /x2ln(x)dx.

1

In the integral [ xe*dx, we put * — . Then,
dV = e*dx V=e"
/:vexdx =ze’ — /e”’”d:v
=zxe’ —e" +c
=(x—1e"+c.
) U=1 dU = &
Example 6.3.2. In the integral [ 2*In(x)dx we put n(z) — F  Then,
1 dV = 2?dx =z

e

/len(x)dx: %ln(x)] — 6 T

1 1

(a) If the integral is written as the form

/ P(z)e* dx, / P(z)sin(ar) dx, /P(a:)cos(am) dx
where P is a polynomial and a € R in this case we put

U= P(x)
dV = e*dx or dV = sin(ax)dz or dV = cos(ax)dx.
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(b) If the integral is written as the form

/f(ﬂf)ln(a:)das, /f(a:)arcsin(a:)da:, /f(a:)arctan(a:)da:~-

where f is a function has a primitive in this case we put

U = In(x), arcsin(z), arctan(x) - - -ect
dV = f(x)dx

Example 6.3.3. Calculate the following integral:

/Qarctan(:c)d:c.
We put
U = arctan(x) dUu = _dr
then 1+ 22
dV = 2 V= 9z
Thus,
/2 tan(z)dz = 2z arctan () / 22
arctan(z)dr = 2x arctan(x L

= 2rarctan(z) — In(1 + 2%) +c.

6.3.2 Integration by substitution

Let f and g be two functions such that f and ¢’ are both continuous, then

/d@ﬁ@@»m=(F%M@+c=F@@D+dﬂ

-ect

where F is the primitive of f. Putt = g(z), we obtain dt = ¢'(z)dx. From (*) we obtain

/yukummz/f@wzF@+a

Example 6.3.4. Compute the following integral

/x2008($3)d13.

Putt = x3. We have dt = 3x*dx and
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6.4. Integration by partial fractions

By using the integration by parts we obtain

g(b)

/ J@)fg)de = [ f)dt = [FE)L .

g(a)

where t = g(x).

Example 6.3.5. Calculate the integral

2
/ < dx
r+1

1

dx
Putt =+/x + 1. We have © = t*> — 1 and dt = ———. Moreover,
2V +1

oifr=1 thent = /2, o ifr=2 thent = /3.

Thus
2 V3
z 2
de = [ 2(t* — 1)dt
z+1
1 V2
V3
[
3 V2
44/2
:2\/§_T\/__1

6.4 Integration by partial fractions

6.4.1 Factorisation of polynomial

Let ) be a polynomial with real coefficients and xy € R. The real x is said to be a root of the polynomial

Qif Q(x0) = 0.

Example 6.4.1. The real ©y = 1 and x1 = —3 are roots of the polynomial Q(z) = 22* + 4z — 6 (since
Q1) =0and Q(—3) = 0).
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Let () be a polynomial with real coefficients and z( € R. The real z is said to be a root by multiplicity
k of the polynomial () if

Q(l‘o) = Oa QI(J:O) = 07 Q”(:EO) = 07 T 7Q(k)(x0) 7é 0.

Example 6.4.2. The real number xy = 1 is a root by multiplicity 3 of the polynomial
Q(z) =2 —32° + 32> —

since

20 — 182 +6 = Q"(1) =0

(1)=0
Q(z) =42 - 92 + 62 -1 = Q'(1)=0
(z) =1
) =242 —18 = QW(1) £0.

Let Q be a polynomial with real coefficients. If ) has a roots xi,xs,---,x, by multiplicity
mi, Mo, - -+ ,m, then () is written as the form

Qr) =alx —x1)™ (x — x9)™ -+ - (x — )™

If the polynomial () has a complex roots then, it’s written as

Q(z) = a(x® + arz + £1)™ (2% + aox + Bo)™ - -+ (2 + apx + B,)™"

where 7% + o + f3;, Vi, has no real roots i.e A = a? — 4% < 0.

Example 6.4.3.
Qi(r) = (@* + 2+ 1)(2* + 1), Qa(x) = 2(z* +2)*(2® + 42 + 7).
A<O A<0 A<0 A<0

6.4.2 Integration of rational functions

P(z
Q()
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6.4. Integration by partial fractions

6.4.2.1 FACT1

If deg(P) > deq(Q) then, there are polynomials A(x) (the quotient) and B(z) (the remainder) with
deg(B) < deg(Q) such that P(x) = A(x)Q(x) + B(x), or

ggz; and/f(a:)dx:/A(a:)dx—i-/%dx,

where A and B can be found by Euclidean division.

P(x)| Q(x)
B(x)| A(x)

f(x) = A(z) +

Example 6.4.4. Compute the following integrals

223 4+ 2 1 202 +2x — 8
/ﬂdmnd/ﬁ_wdx

241 2?2+ 2x —3
223 + 22 + 1
(a). The integral | %dw. Looking that d°(2x3 + 2x + 1) > d°(x? + 1). So, using the euclidean
x
division we get
20% + 2z + 1|22 + 1
=223 —2x |2x
1
Thus,
223 4+ 2 + 1 %+ 1
—— =2z .
2+ 1 241

We conclude that

223 4+ 22 + 1 dx

—————dz = [ 2zd

/ 2 1y /:U:U+/x2+1
= 2% 4 arctan(z) + c.
: 2¢° + 2z — 8 . 2 2 : :
(b). Theintegral [ mdw.Laolang that d°(2x°42x—8) > d°(x*+2x—3). So, using the euclidean
x x —

division we get

222 + 22 — 8|2% + 22 — 3
—22% — 4o + 6(2
—2x — 2
Thus,
22% +2x — 8 —2z — 2

ﬁ+@x—3___+ﬁ+2x—3
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We conclude that
20° 4+ 2x — 8 —2x — 2
dr = [ 2d
/x2+2x— v / x+/x2+2x—
=21 —In(z? + 22 - 3) +c.

6.4.2.2 FACT 2

Qx) = alr —x1)™ (& — w2)™ - -+ (¥ — 2,)™

Then, to this factor,

o Al AQ Aml
fle) = (x —x1) (v —a9) (x — x1)
n B, By 4t B,
(x —x9)  (z— x9)? (x — z9)
Ch Cy Crnn
B R e N

Moreover, integrating f amounts to calculating the following two types of integrals:

1
/ dr = In|r — x| +¢, c€R

r — Xy

1 -1 1
/—da:: +c, ce€Randn > 2.
(x — xo)" n—1(x—xo)" !

If deg(P) < deg(Q) and the polynomial () can be factored into linear and quadratic terms:

Example 6.4.5. Compute the integral

/ e

2 A, A A
rz+1)2 oz o+l (z+1)2

We have

Finding Ay, As and As.
a) Find Ay: multiple the equation (E) by x, we obtain

2 AQ!E Ang
=A .
(x4 1)? 1+£L‘+1+(£L’+1)2

Put x = 0 we get .

b) Find As: multiple the equation (E) by (x + 1)? yields,

2 2x+1)?? Ay(x+1
2 2t M)
T xXr xXr
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Put v = —1 we get .

c¢) Find As: multiple the equation (E) by (x + 1) yields,

2 2z + 1) 2
= —+ 2

z(x+1) x S (z41)

if v — 400, we get.

Then,
2 2 2 2
— = _dv= [ Zda - dz — | —=——da.
/:c(a:—l—l)?x /xx /ZL’—i-lx /(a:+1)2x

2
=2Ln|z| — 2Ln|x + 1| + —— +c.
r+1

We can fined the number A;, A, and Aj in

2 A1 AQ A3

@t 1)? 7 a1l @t

(E)

by an other method. Indeed, multiple the equation (E) by x(z + 1)? yields

2= A1($ + 1)2 + Agl’(&? + 1) + Asx
= All’z + 2A11’ + Al + AQ{L‘2 + Agl’ + Agil)
= (Al —|— AQ)ZEQ —I— (2141 —|— A2 + Ag)x + Al.

Equating coefficients gives
A1+A2 :0, 2A1+A2+A3=O, A1 :2

Thus

(A =2

A2:—2‘and‘A3:—2.

I

6.4.2.3 FACT 3

If deg(P) < deg(()) and the polynomial () can be factored as follows

Q(z) = a(z? + arw + B1)™ (2° + oz + B2)™ - -+ (2% + apx + B)™
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where a? — 46; < 0. Then, to this factor,

and using the following two equalities:

2

aN? o
x2+am—|—6:<x+§> —Z+B.

/ dx _2n—3/ dx N 1 T
(1+z2)n 2n—2) (1+22)  2n—2(1+ a2t

a1x + by asT + by Uy @+ by
flz) = 5 s+t
(22 + a1z + B1)  (v+ oz + 5) (x + aqz + By)™
cax+dy Cox + dy Cm, T+ dp,
+ oo _|_ 3 + 5 5 + RN + 5
(2 + apz+ Bn) (22 + anx + ) (22 4+ apz + Bp)™
Moreover, integrating f amounts to calculating the following two types of integrals:
ar +b ar +b
———  dx and dz, n > 2
2?2+ar+ (22 + ax + B)"

Example 6.4.6. Calculating

3z + 3
/(x2+1)(x2+4)dx

3r+ 3 :Q1$+ﬁl+a2x+62 (E)
(22 + 1) (22 4+ 4) 2 +1 2+4 '

We have

Finding the coefficients oy, a, 31 and (5. multiple the equation (E) by (x* + 1) (2 + 4) yields

3z +3 = (qx + B1)(2° +4) + (agz + Bo)(2* + 1)
= 2® + doqx + 61:1:2 + 4061 + sz + o + 52332 + 5o
= (a1 + @2)2® + (B1 + B2)2* + (4o + o)z + 451 + o

Equating coefficients gives

a;+a;=0---(1)
Brtfa=0--(2)
dag + g =3---(3)
461+ B2 = 3--- (4).

The difference (3) — (1) gives 3oy, = 3 i.e . The equation (1) gives .

Similarly, according to (2) and (4) we get‘ﬁl =1 ‘and‘ By = —1 ‘
Then,

3r + 3 r+1 r+1

(22 +1)(22+4) 22+1 2244
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So,
3z +3 r+1 x4+ 1
de = | ——dx — d
/(x2+1)(x2+4) v /x2+1 v /x2+4 v
x dx x dz
= d — de — | ——
/x2—|—1 $+/1+x2 /.71;2+4 . /.752—1—22
1/ 2zdz + arctan(z) 1/ 2xdx 1 y <x>+
== arctan(x) — = — —arctan | = c
2) x2+1 2) x2+4 2 2
=§ZH($ +1)+arctan(m)—§ln(x +4)—§arctan <§>—}—c
Thus

3z + 3 1 2?41 1 x
/ @+ D@+ 4) dr = §ln (112——1—4) + arctan(x) — iarctcm <§> +c
6.5 Integration of trigonometric functions

6.5.1 Trigonometric formulas

Let a and b are real numbers then

(a). cos®(a) =1 — sin?(a) and sin*(a) = 1 — cos?(a)

(b). sin*(a) = 5 (1 — cos(2a)) and cos?(a) = % (1 + cos(2a))

~—

(c). cos(a)cos(b) = 3 (cos(a — b) + cos(a + b))

(d). sin(a)sin(b) = 5 (cos(a — b) — cos(a + b))

1
2
(e). sin(a)cos(b) = 1 (sin(a — b) + cos(a + b))

a+ b) o8 (a ; b) = sin(a) + sin(b)

). 2sin

(g). 2cos

(h). 2cos

(i). 2sin
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Example 6.5.1. Compute the integral [ sin(3z)cos(4x)dxz. According to the trigonometric formula (e) in

proposition 6.5.1, we have:

in(3z) cos(dz) = % (sin(3z — 4z) + cos(3z + 4x))
_ % (sin(—z) + cos(7x))
_ % (cos(7z) — sin(z))
Thus,
/ sin(3z) cos(4x)dx = ﬁ sin(7x) + %Cos(x) +c.

Example 6.5.2. Compute the following integral

/cos2(x)dx.

Using the trigonometric formula (b) in proposition 6.5.1 we have

1
cos?(z) = 3 (1 + cos(2z))
Thus,
2 x 1 .
cos”(x)dx = 3 + 1 sin(2z) + c.

6.5.2 Calculate the integral [ sin”(x) cos”"(x)dxz with m,n € N

(a) If m and n are even we use the trigonometric formulas:

(14 cos(2x))

DN | —

(1 — cos(2x)) or cos?(z) =

DO | —

sin?(x) =

(b) If one is odd we use the integration by substitution. More precisely:

(a) If m is odd, we put t = cos(z).
(b) If n is odd, we put t = sin(z).

Example 6.5.3. Compute the following integrals

/ sin?(z) cos? (w)dz and / sin®(z) cos?(z)dz
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/ sin?(z) cos?(z)dz = i / (1 = cos(22)) (1 + cos(2z)) da
= i/ (1 — cos*(22)) do = }l/ldx - ;L/COSQ(QJ})CLT
SE %/(1 + cos(dz)) dx
- z — % - %sin(élaz)%—c

/sin?’(x) cos?(z)dx = /sinQ(x) cos?(z) sin(x)dx
= /(1 — cos?(z)) cos?(z) sin(x)dz

Put t = cos(x) we get dt = — sin(z)dz. Thus,

/(1 — cos?(z)) cos*(z) sin(x)dx = /(t2 — 1)t3dt = % - % +c

cos’(x)  cos’(z)
=75 T3 +c.

6.6 Integration of rational trigonometric functions

If the integral is a rational function of trigonometric, the substitution z = tan(3) will reduce the integral
to rational function. 04
Let z = tan(5) thus x = 2arctan(z) and dv = -
1+ 22
. (x z . 1
a) sin\s5) = , Cos(35) =
@ sin(3) = J 0 = am
2
(b) sin(r) = sin(2(3)) = 2cos(§) sin(f) = 1~
_ 2(2)) = 2(z 2(x\ _ 1-2z?
(c) cos(w) = cos(2(5)) = cos®(5) — sin®(5) T2
sin(x) 2z
d) t = =
( ) an(aj) S(l’) 1 _ 22
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Example 6.6.1. Calculate the following integral

/ L tsin(z) |

1 — cos(x)

Let z = tan (%) . Then

2z

/1+Sin(a:)dx_/1+l+zz 2dz
1

_ 1—22 2
1 — cos(x) — =1tz
/z +2z4+1
= | —————dz
22(1 + 22)
On the other hand, we have
242241 a b+cz—|—d
2(1+22) 2z 22 1422
_2+1 2z
z 22 1422
So, ,
2°+2z2+1 1 9
Then

I +sin(z) , 1 2 (T
/—1_Cos(x)dx—21n‘tan<2>‘ —tan(g) ln‘1+tan <2>‘—|—c

6.7 Practice Exercises

Exercise 6.1

1. Determine the primitives of the following functions:

/{151‘2 —51;2] dw,/ {3@(@—%} d:r;,/ Liﬁ%} dx

1 er 3
22(2? + 3)d / d / d / d
/ x(z® + 3)%dx, 2+ 5d, o x, 1—93:2I

/(1—6x 3? xdx/ / cos(2z) /
\/1_|_;1;4 1—|—Sln2:v \/_4_\/_

2. Calculate the following definite integrals

1

1 1
/ 2z +1 _2e4l /arccos(m p /
T T
?+r+3 ) V1I-a2 ) 1+
0 0

-1

abdelhakimdehamnia@ gmail.com 144 DEHAMNIA.A



6.7. Practice Exercises

e 1

/ dx /2 cos(z) / dx
r+axln®(z) Jo 1—sin’(z) ) 34+ (x+2)*

1 -1

Exercise 6.2

Let (u,) be sequence defined on N by

(a) Show thatVn € N, u,, > 0.

(b) Calculate the sum S,, = ug + uy + ... + uy,.

Exercise 6.3

1. Determine the primitive of the following functions:

/ vsin(22)dz. / Sarctan(z)dz, / sin(z) In(cos(x))dz, / 2 sin(z)dz,

/xze%dx, /x3 In(x)dzx, /3arcsz’n(x)dx, /4xarctcm(x)da:.

2. Calculate the following integrals

1 e

/anrctan(x), /e cos(x dx,/ (2x — 1) cos(z)dz, /len(x)dx.

0 0 0 1

Exercise 6.4

—8x + 20

Let g(x) = 2+ 2x —3°

(a) Find the partial fractions decomposition of g.

(b) Compute the integral [ g(x)dx

abdelhakimdehamnia @ gmail.com 145 DEHAMNIA.A



Chapter 6. Integrals and Primitives

Exercise 6.5

Determine the primitive of the following rational functions

r+1 vt +1 1
filz) = P p— L fo(@) = @t 1)’ fs(@) = 1= 2
2 3 22
i) = =g B0 = ey @ = mrgn
41 1 ° +1
fa(x) = (22 +1)(22 + 3)’ fa(x) = (x —1)(2? = 2z + 2)’f9($) N x(z? +1)*
x4+ 1 x —2 r—1
fio(z) = P2+ 1) fu(z) = (z— 1222 —z + 1)’ fralz) = (22 + 1)2dx.

Exercise 6.6

Calculate the following integrals

/cos(:c) cos(3x)dz, /Cos3(:c) sin(z)dz, /Cos4(:c)dx, /sin4(x)dx, /sin5(x) cos?(z)dx

Exercise 6.7

Determine the primitive of the following rational trigonometric functions

_ cos®(x) B 1 _ 1
fi(z) = HTHQ(@’ folz) = 4 — 5sin(z)’ fs(z) = 4sin(z) — 3cos(x)
fa(z) = tan(z) fs(z) = 5—5—:;5(;5) and fo(x) = 3cos(x)df4sin(a:)'

Exercise 6.8

1 :
Let f(z) = 1T (@) be a function.

1

1. Prove that f(z) = (tan?(2) 7 9) col(2)”

2. Using the substitution z = tan(z) and calculate | f(z)dz.

e 2t
3. Deduce the value of the integral [ an(z) 5
a6 (1 +cos?(2))(1 + tan*(z))
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