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 ملخص

اعد في وس ،ينإلى تغير عدة مفاهيم و فتح عدة أبواب في مختلف الميادأدى  (صوتيةالبلورات ال) ظهور ،سنة 20خر آفي 

صل لحد وبعضها لم ت ،تزال غامضة و مخفية حتى الان ر لاالبشرية و لا زالت هناك عدة أمو تفادأتقديم عدة تطبيقات 

 .القريب المستقبلالتجربة وهناك عدة توقعات في 

ة في من الأعمال السابق نطلاقاا COMSOL ستعمالباطبق عليها عدة شروط نأشكال  الهدف من هذا العمل هو إنشاء عدة

 (Band-gap) الممنوعةالمنطقة  ل إلى تقديم نتائج تساعد في فهموفي المحاولة للوص ،صوتيةالبلورات الدراسة خصائص 

 .موجية للحصول على كفاءات عالية في نقل المعلومات أدلةو التأثير عليها لإنتاج 

  COMSOL.ة،بلورات صوتية، أدلة موجية، أوضاع مترجم :المفتاحية الكلمات

 

Abstract 

In the last 20 years, the emergence of (phononic crystals) has changed several 

concepts and opened several doors in various fields, and helped to present several 

applications that benefit humanity, and there are still many things that are still obscure 

and unknown until now, and some of them did not reach the point of experience and 

there are several Expectations in the near future. 

the purpose of this work is to create different structures of phononic crystals by applying 

different conditions using COMSOL, based on previous works on studying the behavior 

of the PC's, and trying to get new results that helps us to understand more the band-

gap behavior and influencing in it, and produce waveguides to obtain high efficiencies in 

transmitting information with high Q factor. 

Key words: phononic crystals, waveguides, localized modes, COMSOL. 
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Résumé 

Au cours des 20 dernières années, l'émergence des (cristaux phononiques) a changé 

plusieurs concepts et ouvert plusieurs portes dans divers domaines, et a permis de 

présenter plusieurs applications qui profitent à l'humanité, et il y a encore beaucoup de 

choses qui sont encore inconnus et obscurs jusqu'à présent, et certains d'entre eux 

n'ont pas atteint le point d'expérience et il y a plusieurs attentes dans un proche avenir. 

Le but de ce travail est de créer différentes structures de cristaux phononiques en 

appliquant différentes conditions en utilisant COMSOL, basées sur des travaux 

précédents sur l'étude du comportement des PnCs, et en essayant d'obtenir de 

nouveaux résultats qui nous aident à mieux comprendre le comportement de la bande 

interdite influencer en elle , et produire des guides d'ondes pour obtenir des rendements 

élevés dans la transmission d'informations avec un facteur Q élevé. 

Mots clé: cristaux phononiques, guides d'ondes, modes localisés, COMSOL. 
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General Introduction 

Phononic crystals are some of the main structures that helped to push science forward. 

They have attracted the researchers’ attention since the first day they knew the light and 

this for their features which allows them to fit and adapt in many fields. They serve 

several uses when a wave propagates through them, such as for example: waveguides 

and filters (thanks to the famous band-gap), it depends on how and where we want to 

use them. 

It is in this context, that our study aims by carrying on the previous study to make a 

simple contribution in the context of highlighting basic knowledge, for the modeling and 

simulation under COMSOL Multiphysics 5.4 of unit-cell, supercell and multi-supercell 

models, after subjecting them to certain basic phenomena (Dispersion / Transmission) 

when a wave propagate through them, and see the reactions obtained before and after 

the addition of corridors. And that to better understand the behavior of these structures 

and their functioning. 

Our work will be divided into five chapters, all of major importance, which we will try to 

develop as much as possible, along with an introduction, which essentially presents the 

motivations and context of this study, and a conclusion, in which we have analyzed and 

synthesized the different results obtained in our work. 

The first chapter will focus on the state of art and generalities of phononic crystals and 

acoustic waves and their functioning mechanism by describing the interaction 

phenomena between these two. And finally, we concluded the chapter by some 

applications of these structures. 

Thereafter, the second chapter will be devoted to the numerical study of phononic 

crystals. We will therefore cite the important equations and theorems which enter in the 

study, such as wave equations, Bloch-Floquet's theorem, Fourier series... 

For the third chapter, we will see the simulation steps we had to follow on COMSOL 

Multiphysics 5.4 for Dispersion phenomena on a unit-cell and a supercell with / without 

a corridor. 

The same goes for the forth chapter, except in this chapter we followed simulation steps 

on COMSOL Multiphysics 5.4 for Transmission phenomena on multi-super cells with / 

without a Perfectly Matched Layer for different corridors. 
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At the end, the concluded results of the previous simulations will be compared and 

discussed in the fifth and final chapter. 
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CHAPTER 1: STATE OF ART OF PHONONIC CRYSTALS 

 

1.1. Introduction 

   In the last 30 years, the propagation of acoustic/elastic waves in the new periodic 

elastic artificial materials, are named phononic crystals (PC’s). PC’s have generated 

growing interest and significant progress. The periodic nature of PC’s gives those novel 

properties that cannot found in bulk materials, also give as the ability to control the 

propagation of acoustic/elastic waves, PC’s made from composite material which has 

different density and different elastic properties. The various examinations done on PC’s 

have brought about the featuring of huge numbers of their noteworthy acoustic 

properties; these results show a particular dispersive character to mechanic/acoustic 

waves, which strongly depend on the choice of   material constituting the crystal as well 

as its "design" and its conception. That is to say the arrangement and spacing between 

its constituent elements. The main property of this periodic distribution, which has 

attracted researchers so much, is the existence possibility of frequency intervals where 

the PC’s behave as a barrier for acoustic/elastic waves. These frequency intervals 

called phononic band-gaps. 

   The vast majority of the work on dispersive impacts in PC’s is of a theoretical nature 

and based on different complex digital simulation tool. This has permitted researchers to 

cover a wide scope of phononic frameworks, and to distinguish their physical behavior. 

The determination of established researchers have even prompted the origination of 

new structures, which show physical practices coming out of the standard, and which 

structure another class of materials called "acoustic metamaterials ". 

 

1.2. Brief history and context 

   The study of the periodic structures begin in the end of the 19 th century in 1887 [1] 

when Lord Rayleigh studied for the first time theoretically the propagation of 

electromagnetic waves in a unidirectional periodic dielectric medium. He highlighted the 

existence of prohibited bands, a wavelength range that does not allow the propagation 

of waves in the structure. Since these first results, the studies on periodic photonic 
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structures have multiplied, and showed new remarkable properties, with various 

applications in the fields of optics wave, electronic and optoelectronics [2–5]. 

   The photonic structure has inspired the researchers to invent new class of periodic 

structures, called phononic crystals (PC’s); these structures made from combination of 

two materials or more with different density and/or different elastic properties. The year 

1988 saw the publication of the works of Tamura et al [6] who are the first to study the 

propagation of phonons in super-lattice. They could theoretically show the possibility of 

a total reflection of the acoustic wave by a super one-dimensional network designed 

with a succession of two different materials. In 1993, Sigalas and Economou [7,8], as 

well as Kushwaha et al [9,10], put the evidence of the presence of a prohibited band for 

acoustic waves in a two-dimensional elastically periodic structure. Since that, several 

theoretical works on PC’s have followed for the past two decades, and treating different 

systems by using a multitude of numerical simulation methods and by emerging these 

calculation tools, researchers were able to explore the properties of the PC’s, and 

therefore diversify studies on these structures. In the other hand, the experimental 

works on PC’s did not know a good development as the theoretical works and that due 

to the lack of equipment or implement in order to properly conduct this kind of studies. 

   Regarding the theoretical part, the PWE method (Plane Wave Expansion) was one of 

the first methods used by researchers in the 90s for the calculation of the PC’s band 

structures, and continues to be used until today [11–13]. The FDTD (Finite Difference 

Time Domain) [14] method is very commune in photonic, it has been used in 2000 by 

Sigalas and Garcia [15] to determine the transmission coefficient of acoustic waves in 

three-dimensional phononic structures. This method has shown its efficiency both for 

the calculation of the transmission coefficient and for the band structure [16–19], other 

algorithms have also emerged and adapt more efficiency the nature of the phononic 

structures studied [20]. Finally, the FEM (Finite Element Method) [21] method has been 

used to calculate the dispersing curves as well as the distribution of the displacement 

field resulting from the interaction of the waves with PC’s.   

   These simulation methods allowed not only exploring a wide range of complex 

phononic structures but also to discover and highlight remarkable new properties that 

go beyond the creation of prohibited bands. Indeed, Page et al [22], Schriemer et al [23] 

have demonstrated the possibility of having a slowdown in the group speed of the 

acoustic wave in a very dispersive phononic medium. In 1998, Sigalas [13,24] showed 
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that a structural defect in the PC’s makes it possible to generate the creation of waves 

reports located in the forbidden bands, which allowed him to set up a first linear 

waveguide for elastic waves using a PC [25]. Other studies have continuation exploited 

the phononic forbidden bands to explore the confinement of the elastic waves bands 

and their guidance in phononic structures with a point defect, linear or angled [26]. Qiu 

et al [27] have shown on the other hand that PC’s may have, at certain frequencies, 

preferential directions of acoustic wave’s propagation. 

   In addition, new artificial phononic structures designed and made the subject of 

studies on the propagation and diffusion of long acoustic wave with respect to the 

periodicity of the structures. In 2000, Liu et al [28] indeed carried out a new PC, called 

local resonant phononic crystal (CPRL), capable of opening prohibited bands in the 

sonic regime using a periodicity much lower than the wavelengths that propagate there. 

They have shown that their PC behaves like a medium having a negative effective 

elastic constant, which integrates it into the category of acoustic metamaterials. Since 

then, several works have emerged and have focused on the study of acoustic 

metamaterials with an effective density and / or an effective elastic negative constant 

[29]. Other work has led to the discovery of new phenomena such as, for example, the 

negative refraction [30] of acoustic waves by a PC, highlighted in 2000 by Pendry [30]. 

 

1.3. Propagation of acoustic waves in periodic structures 

   In this part, we will discuss some main features of the different types of elastic waves 

in relation to the structures in which they propagate, in order to better understand PC’s 

and their dispersive behavior in acoustic waves. 

 

1.3.1. Acoustic waves 

   The wave is a disturbance in an elastic structure within a shape of a vibration as a 

function of time. This vibration of the structure material in relation to the equilibrium can 

cause a small displacement of this structure, which returns to its balance after the 

disappearance of the disturbance. This vibratory behavior is due to the competition 

between the inertia forces and those of the elastic deformation (the restoring force) by 

acting on the particles of the structure [31]. Knowing that a material adopts a specific 
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elastic behavior according to the direction of the deformations which it undergoes 

compared to its orientation and its crystallographic structure, we can say that the 

characteristics of an acoustic wave depend on the elastic properties and the density of 

the medium in which it propagates [32]. These waves can exhibit phenomena like 

diffraction, reflection and interference when they travel with a characteristic acoustic 

velocity which depends on the structure they're passing through. 

   Waves can be classified and divided into different groups according to the medium in 

which they propagate and the characteristics of the propagation, which brings us to the 

following types: 

-   If an elastic wave propagates without encountering an obstacle in a homogeneous 

and isotropic structure of supposedly infinite dimensions in all space directions, it retains 

its physical properties throughout its course, and these properties will only depend on its 

polarization whatever the propagation direction is. We are talking then about a volume 

wave. This type of wave itself is made up of two types of waves: 

 Longitudinal waves (pressure wave): They’re found in all environments (fluids 

and solids). The displacement is linked to a volume change (compression 

waves), and it moves within the propagation direction. 

 

Figure 1.1: Schematic representation of a Longitudinal wave [33]. 

 Transverse waves (shear waves): They don’t exist in non-viscous fluids such as 

water and air. In solids case, there are always two, which can be degenerated 

(same velocity, same direction of propagation, but orthogonal polarizations). In 

this case, the displacement isn’t linked to a volume change. 
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Figure 1.2: Schematic representation of a Transverse wave [33]. 

 

   In case of an isotropic solid structure, the speed of waves with longitudinal 

polarization is higher than that of waves with transverse polarization. 

-   If an elastic wave propagates along a free surface of a medium or along the interface 

between two different mediums, we are speaking then of a surface wave (SAW). The 

existence of these type of waves was first demonstrated in 1885 by Lord Rayleigh [34]. 

We distinguish two types of waves in surface waves: 

 Rayleigh waves: They exist in fluids and solids. It has an elliptical polarization, 

and the displacement is linked to a volume variation. 

 

Figure 1.3: Schematic representation of a Rayleigh wave [35]. 
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 Love waves: This type of wave is found particularly in seismology, known as 

transverse polarized surface waves due to its transverse polarization. Unlike 

Rayleigh waves, the displacement of these waves isn’t linked to a volume 

variation. 

 

Figure 1.4: Schematic representation of a Love wave [35]. 

 

   For these two types of waves (Rayleigh and love), the movements amplitude 

decreases exponentially in depth. 

-   In 1916, a certain type of wave called Lamb waves was discovered by Horace Lamb, 

who explored the properties of elastic waves and their propagation in an isotropic plate 

of infinite borders and finite thickness. This solid plate behaves like an elastic 

waveguide in parallel directions to its free surfaces. The lamb waves appear after the 

coupling of several surface waves which each propagate on one of the solid plate 

surfaces. The distance between each surface and another is a few wavelengths (this 

wavelength is of the same order of magnitude as the plate thickness) [36], which gives 

rise to lamb waves. In short, we can say that the lamb waves are guided waves which 

appear after the coupling of the guided surface waves on each side of an isotropic solid 

plate. In lamb waves we distinguish two modes: 

 Symmetrical mode: It's about the lamb waves which have a symmetrical 

displacement compared to the plane of symmetry which cuts the solid plate in the 

middle. These modes have a longitudinal polarization. 
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 Asymmetric mode: It's about the lamb waves which have an asymmetric 

displacement compared to the plane of symmetry which cuts the solid plate in the 

middle. These modes have a transverse polarization. 

 

Figure 1.5: Schematic representation of Lamb modes [37]. 

 

   Finally, we can say that the wave's behavior is related to the environment in which it 

propagates. Whereas its behavior changes in the boundaries vicinity of the medium in 

which it propagates, especially when the dimensions of these boundaries become close 

to the wavelength. 

 

1.3.2. Phononic crystals 

   Phononic crystals (PC’s) are one-two and three dimensional ordered structures 

composed of at least two materials with different elastic properties (Figure 1.6). These 

novel synthetic periodic materials are used to control and manipulate the propagation of 

elastic / acoustic waves in fluids and solids. The periodic nature of PC’s and their 

dispersive behavior gave them novel properties that dragged the attention of scientists 

and led to many more studies of these crystalline structures. These researches opened 

the door for several applications such as detection, medical ultrasound imaging... 
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Figure 1.6: Examples of one-two and three dimensional periodic structures [38]. 

 

   One-dimensional structures are the former models; they have already been studied 

for a long time and used as dielectric mirrors or optical filters. But, the 2D and 3D PC’s 

has been the subject of most studies in these past years.  

   For the two-dimensional structures, there are five different types of Bravais lattices 

(Figure 1.7). These bi-periodic structures are generally composed of dielectric cylinders 

and they present a simple geometry which facilitates their studies [38]. 

 

Figure 1.7: Two-dimensional Bravais lattices [39]. 

   And for the three-dimensional structures, they were the first to show the presence of a 

complete band-gap theoretically in a structure with symmetry cubic face-centered 

(diamond structure). But the only problem is that these structures are difficult to achieve 

experimentally. 
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   PC’s are considered generally as waveguides or acoustic filters. The filter idea for the 

audible frequencies was presented as a periodically planted forest. If we remove a row 

of trees from the periodic structure, the sound can rush into it. As for the frequencies 

located in a band-gap, the sound can travel without loss in the space provided and it 

even remains confined there. That explains why the guide sides don't absorb the waves 

but they act like mirrors that push them out of the periodic structure, and that’s why PC’s 

are considered efficient waveguides [33]. 

1.3.3. Phononic band-gaps 

   The interaction between PC’s and acoustic waves gives the potential existence of 

band-gaps (Figure 1.8). These are frequency ranges where the phononic crystal 

behaves as a barrier for acoustic / elastic waves (the penetration of acoustic / elastic 

waves into the crystal is prohibited). Band-gaps formation is based on Bragg reflections 

due to the periodicity of the crystal. The propagation of acoustic waves in a medium is 

generally described by a dispersion relation between frequency (ω) and wave vector (K) 

[40]. 

 

Figure 1.8: Example of phononic crystal band-gap. 

Tamura et al [6] were among the first to study in detail the Bragg reflection mechanism 

in a one-dimensional PC (multilayer structure). They have shown that the possibility of 

having a PC behaving like a barrier for the longitudinal and transverse modes in well 

defined frequency intervals throughout the first irreducible zone of Brillouin. In addition, 

Band-gap 
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they highlighted a strong attenuation of the waves at these intervals during their 

transmission in the PC [31]. 

   The geometric parameters that affect the phononic properties are the symmetry of the 

periodic lattice and the fill factor of the elementary cell. By varying these parameters, we 

can widen the band-gaps or even make them completely disappear [33]. In 1994, 

Sigalas and Economou [12] studied a two-dimensional PC at base of a finished 

thickness plate. They have shown that by varying the plate thickness, they can create a 

complete band-gap for Lamb waves [31]. 

   The addition of defects to a perfect PC with a phononic band-gap allows for the 

design of devices like waveguides and cavities to control the propagation of acoustic 

waves inside the band-gap and to enable novel functionalities in a very compact 

structure [41]. 

 

1.4. Phononic crystals with local resonance (PCLR) 

   As mentioned before, in 2000, Lui et al [42] have implemented new phononic 

structures with dispersive properties that are out of the ordinary, compared to other 

classic PC’s based on the Bragg mechanism. Indeed, thanks to their structure 

properties; they have shown that a band-gap can exist for waves having a wavelength 

much greater than the periodicity of the crystal; which behavior is due to the 

phenomenon of local resonance. The study started by Lui et al [42] was the first real 

step to create a new class of acoustic materials with unusual behavior, called acoustic 

metamaterials. 

 

1.4.1. Opening of the prohibited bands by local resonance (LR) 

   In the PC designed by Liu et al [28], the periodicity elements consist of resonators 

having their own resonance modes which are located at very low frequencies due to the 

use of very soft material. Each resonator consists of a lead massive heart coated with 

an elastically very soft elastomer compared to other materials constituting the PC.  
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These resonators are arranged periodically following a simple cubic structure in an 

epoxy matrix (Figure 1.9). 

 

                                 Resonator                                  Phononic crystal  

Figure 1.9: (a) Spherical resonator consisting of a lead core coated with a very soft 

elastomer. (b) Three-dimensional phononic crystal with local resonance [28]. 

 

   The elastomer-lead assembly behaves as a spring system linked to a mass, thus 

forming a resonator having resonant modes specific to very low frequencies. The 

principle of opening the prohibited bands in this type of structures rests on the coupling 

between the resonance modes of the resonators (localized modes) and the volume 

modes, which propagate in the PC. When an elastic wave propagate in a phononic 

medium with a frequency corresponds to the frequency of resonator, these latter 

interact with it. Under certain conditions, coupling leads to attenuation of the wave. This 

resonance mechanism thus allows the creation of localized prohibited bands at very low 

frequencies, where the wavelengths in the epoxy (the matrix) exceed far the periodicity 

of the PC. In the structure of the (Figure 1.9), Liu et al [28] were able to measure the 

sonic transmission in the crystal using a source emitting sounds and detector 

microphones placed on the crystal. Attenuations of the acoustic wave could be detected 

in the forbidden bands at around 380 and 1350Hz where the wavelength of the 

longitudinal waves in the epoxy counts 300 times the periodicity of the structure 

(Figure1.10). 
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Figure 1.10: Transmission coefficient (a) measured in the PC of (Figure 1.9) as well as 

the calculated band structure (b) [28]. 

 

   Other works, mainly theoretical, then focused on the PCLR in developing other three-

dimensional structures [43,44]. Likewise, two-dimensional systems based on inclusions 

of infinite cylinders have been the subject of several studies for LR [31], without 

forgetting the PCLR in the form of plates for Lamb waves [29]. Wang et al [45] have 

even highlighted the opening of the prohibited bands by LR in a simple one-dimensional 

structure.  

 

1.4.2. Properties of PCLR 

   Since the possibility of opening the prohibited bands by the mechanism of local 

resonance, work on these structures at RL has multiplied, highlighting their particular 

properties and allowing a better understanding of their vibrational behaviors. So, other 

theoretical work has emerged concerning new PCLRs made up of resonator 

arrangements in simple cubic configuration or face centered cubic [43,44]. The 

condition to open a prohibited band in this case rests essentially on a wise choice of the 

materials constituting the resonators. Indeed, these latter must contain an elastically 

very soft material, compared to other materials of the structure. Thus, in another study, 

Liu et al [46] compared two PC’s, the first consisting of lead-based resonators coated 

with a very soft elastomer and incorporated in a silicon matrix, and the second with lead 

resonators coated with a material with elastic properties very close and incorporated in 

the same silicon matrix. They have shown that with the first system, they obtain much-

localized modes of vibration at resonator level, which generates complete band-gap at 
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resonance frequencies, which are very low. As for the second PC’s, where the elastic 

behaviors of materials are very close, no resonance is located there, and the band-gap 

created is due to the Bragg scattering mechanism. As a result, the prohibited bands 

created by the LR mechanism essentially depend on the much localized resonance 

modes of resonators. This effect is very visible in the band structure of the PCLR where 

we can notice the presence of flat modes (Figure 1.10.(b)) in which the frequency does 

not hardly depends on the wave vector. This implies a zero group speed for these 

modes, which characterize their wave aspect very localized in the PC’s. 

   Furthermore, this type of prohibited band does not depend on the periodicity or the 

symmetry of PC’s. Indeed, and as an example, we can cite the work of P.Sheng et al 

[43]. The latter studied a structure with LR similar to that of (Figure 1.10.(a)) where the 

resonators, consisting of a lead core coated with an elastomer, have arranged so as not 

to respect any periodicity. They have shown that their structure exhibits wave 

attenuation at around 400Hz. This result has also obtained with a similar PCLR, but with 

a simple cubic periodic arrangement of the resonators. This independence of the 

forbidden band of symmetry and periodicity is valid if the resonators are sufficiently 

spaced apart so that their resonance modes do not interact and thus avoid any coupling 

in them. 

   Finally, the PCLRs adopt a behavior, which has attracted so much and still attracts 

researchers since they can behave under certain configurations and conditions like a 

medium with negative elastic constant and / or effective density, that we will note 

respectively keff and ρeff. This behavior was underlined by Liu et al [28] in their structure 

presented in (Figure 1.9), which therefore fits into the class of acoustic metamaterials. 

 

1.4.3. Acoustic metamaterials 

   The name of acoustic metamaterials is given to environments with unusual elastic 

properties for the propagation of acoustic or elastic waves. The origin of these special 

mediums comes from the analogy made with optical metamaterials for electromagnetic 

waves that have long attracted the interest of scientists. The existence idea of this type 

of artificial mediums dates back to 1968, when Veselago proposed a new material with 

negative refractive index. 
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   Optical metamaterials are generally structures with resonators in their design, allowing 

them to behave, on frequency intervals well determined, as a medium with effective 

permittivity and / or negative permeability [47]. In the case of a simultaneous negativity, 

we are in the presence of a "double negativity” [47]. This property thus gives these 

environments remarkable behaviors leading to reverse effects like negative 

refraction[30] which offers the possibility of manufacture of "super lenses” [30] or "super 

prism" [48], or creating a reverse Doppler effect [49]. It should be noted, however, that 

negative refraction can also be created with a photonic crystal without it necessarily 

having a "double negativity” [50]. 

   By analogy to electromagnetic metamaterials, it became obvious to explore the 

reproducing possibility of the same remarkable effects for acoustic waves in inventing 

what we call today acoustic metamaterials. These are periodic structures provided with 

resonators giving rise to prohibited bands openings. They behave like mediums with a 

negative effective elastic constant and / or a negative effective density at the resonant 

frequencies. 

   By analogy with "double negativity" in electromagnetism [47], Jensen Li and C.T.Chan 

[51] have theoretically demonstrated the possibility of having both an elastic constant 

and a negative effective density in a PCLR (rubber spheres suspended in the water) for 

wavelengths far exceeding the periodicity of the crystal, that is to say an Acoustic 

"double negativity" of their structure. This is physically explained by the fact that the 

medium can manifest an abnormal elastic behavior, as for example a response to a 

compressive force by expansion or displacement in the opposite direction to the effort 

exerted. This physical behavior is obviously impossible and cannot be naturally intrinsic 

to a medium, unlike the electromagnetic case where the permittivity and permeability 

may well be negative. However, in PCLR, composed of very soft resonators, compared 

to the very hard material of the matrix, the reasoning adopted to describe its dynamic 

behavior changes in the presence of local resonance phenomenon. Indeed, Milton and 

Willis [52] show that the behavior of a composite material, that is to say PCLR in our 

case, must be defined in the frame work of a new law which replaces that describing the 

Newtonian movement. They thus places a new and more generalized formulation of 

elastodynamic equations, which allow us to analyze certain extreme cases, where the 

environment studied manifests a negative effective density at local resonant 

frequencies. By taking this approach, the effect of "Double negativity" of effective 
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density and elastic constant has been highlighted on several PCLRs designed by 

researchers interested in acoustic metamaterials [44]. 

   Finally, and to better understand the vibrational behaviors of acoustic metamaterials, 

in particular at resonance frequencies, some analytic studies have conducted on simple 

models. These have composed of a well-defined arrangement and grouping of masses 

and springs modeling a local resonance system [53]. With the latter, the researchers 

were easily able to reproduce a negative effective mass effect at resonant frequencies 

where the elastic energy of the wave is essentially confined, leading to the wave’s 

attenuation throughout the system. 

   All the studies carried out on PC’s and acoustic metamaterials are essentially 

theoretical, but the researchers did not miss the opportunity to start a set of 

experimental realizations making it possible to complete the observations and highlight 

most of the phononic systems properties. The third part of this chapter will be devoted 

to the main experimental studies carried out on PC’s, in order to develop their use in the 

daily life of humans. 

 

1.5. Experimental studies and applications 

   The first studies on PC between the end of the 80s and the beginning of the 90s were 

purely theoretical. They allowed to explore the dispersive properties for the acoustic 

waves and to predict the possibility of the prohibited bands existence. It was necessary 

to initiate experimental studies in order to establish the acoustic “barrier” behavior. It 

was not very obvious at the time, taking into account the difficulties linked not to the 

design of the PC’s, but also and mostly to the reliable characterization means that had 

designed and implanted. 

   Despite this, the race to experimental studies had already started since the first 

theoretical work on PC’s. 
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1.5.1. Examples of experimental achievements 

   When we talk about experimental measurement in phononic network without 

mentioning the cells made by Martinez Sala et al in 1995 on sculpture by Eusebio 

Sempere exhibited in the garden of the Juan March Foundation in Madrid. This 

sculpture made up of steel cylinders of 2.9cm in diameter distributed in a simple square 

network with a pitch of 10cm, has marked attenuation (Figure 1.11) [54]. 

 

 

Figure 1.11: This modern work of art by E.Sempere represents a two-dimensional 

phononic crystal of steel rods with a diameter of 2.9cm arranged in a square network 

with a period equal to 10cm [54]. 

 

   This structure only admits partial forbidden bands, i.e. prohibited frequencies only in 

certain directions of space. However, the phononic crystals have considered being 

structures having the possibility of presenting absolute forbidden bands, therefore in any 

direction of the incident wave.  

   Other experimental measurements followed, in the goal to confirm the presence of the 

absolute prohibited bands in phononic structures; and it was the work of several 

researchers among whom we can cite Sanchez Perez and all, in 1998 they worked on 

solid/fluid structures by considering a 2D square or hexagonal system of steel cylinders 

arranged in the air [55]. In the other hand, Montero and Espinosa have experimented 

the fluid / solid structures for longitudinal wave modes, composed by cylinders of 

mercury and aluminum matrix; no propagation in the frequency range between 1000 
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and 1120KHz, no matter what the direction we measure in [56,57]. Simultaneously, 

Vasseur et al studied solid/solid structures by periodically placing aluminum cylinders in 

an epoxy resin. The results demonstrated the possibility of attenuating the waves in 

wide frequency ranges, and for all incident direction, with phononic crystals therefore 

having total forbidden bands [58].   

 

1.5.2. Guidance in Phononic structures 

   If initially, the artificial materials designed for their properties of the prohibited band 

preventing the propagation of elastic/acoustic waves, recent and current researches 

have devoted to a real engineering of the waves dispersion by structuring the material 

at various scales relative to the target wavelength. It is no longer only a question today 

of blocking the propagation of waves but also of “controlling” these latter at will; this is 

the purpose of the waveguide design. 

   Any study of guidance realization in phononic, requires the presence of the prohibited 

bands; thereby, the phononic crystals with total bang-gaps are elements well indicated 

for making waveguides. Acoustic wave guidance can be obtained by pre-forming a 

structural linear “imperfection” in the Phononic crystal or by arranging crystals to change 

the direction of propagation [59]. Some researchers have been able to change the 

direction of a sound beam using L-shaped guides [60]. 

   Khelif et al [59] in their theoretical and experimental work have shown the possibility of 

confirming and guiding elastic waves in a phononic crystal with cylindrical inclusion 

having a linear or angled defect (Figure 1.12.(a)). The frequencies of the transmission 

waves in the guides are thus in the frequency range of the forbidden band defined by 

the flawless phononic crystal. In addition, by removing in the perpendicular direction to 

this hollow guide one or more cylinders, we can give birth to a finite size resonator 

(Figure 1.12.(b)) which has the effect of preventing the transmission of some of these 

frequencies. For example, we can remove the two cylinders in the perpendicular 

directions, and we create an angled guide with “L” form (Figure 1.12.(c)). We than see 

that the wave of well-defined frequency can propagate by following the best shape of 

the guide [61]. 
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Figure 1.12: Different geometries of waveguides and filters obtained from a two-

dimensional Phononic crystal: (a) linear guide, (b) resonator, (c) cavity created near the 

linear guide, (d) bent guide. The arrow indicates the direction of propagation of the 

incident wave beam [61]. 

 

   Most of the wave guiding and confinement work carried out so far has focused on the 

Phononic prohibited band created by the Bragg mechanism. As these appear for waves 

having wavelengths of the order of the structure periodicity, the waveguides generally 

have width of the same order. On the other hand, few studies have therefore concerned 

PCLRs [62] because these latter have forbidden bands at low frequencies; the 

associated wavelengths are very wide compared to the periodicity of the structure [31]. 

   Oudich [31], as part of his doctoral thesis was interested in the confinement and 

guidance of Lamb waves in a PCLR in the sonic and hypersonic regimes, considering 

an epoxy plate on which cylinders of elastomer are periodically arranged in a square 

symmetry. After, he created a waveguide by making a linear “imperfection”, after 

removing a row of items from the PC. His interest was focusing on the propagation of 

Lamb waves in the direction defined by this guide. 
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Figure 1.13: Linear guide structure studied. The width of the guide is noted Wg and is 

in the direction X of the Cartesian coordinate system [31]. 

 

   He showed the possibility of confinement, guidance and transmission of a single 

defect mode, and this, compared to the Bragg mechanism, where several defect modes 

appear in the band-gap. He concluded that guidance using band-gaps based on local 

resonance could open up application possibilities for the manufacture of devices for 

filtering or demultiplexing. 

   We can also design guides, filtering and demultiplexers by local resonances in order 

to obtain a selective filter with an easily adjustable frequency. As a reminder, 

multiplexing is the operation that allows us to inject into a single guide incoming 

frequencies of two or more waveguides [63]. Demultiplexing is the reverse operation 

allowing us to extract frequencies from one waveguide and send them to another 

waveguide. This type of phononic crystal can find applications in the field of sensors 

[64]. 

 

1.5.3. Potential applications of PCs 

   Controlling the waves propagation in a complex medium is a major challenge, with 

this important challenge are associated objectives that are just as important. The 

development of PC’s has contributed to extend their potential applications as it ranges 

from the control of seismic waves in the earth's crust at a frequency of a few tens of Hz 
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or as barriers for sound waves in buildings, highways, airports, etc. To the control of 

phonons in quantum systems around the Terahertz. Researches in this domain (based 

on forbidden bands and the possibility of guidance in phononic structures) has pushed 

forward with a big step the uses of phononic crystals  not only in the information, 

communication and technology field, but also the potential use of PC’s that could be 

used in sensors or filters for various detection and measurement applications. In 

general, filtering is a method that allows us to separate and select elements with the 

help of a filter from a stream. This is why in our case, the PC’s serves as a filter that 

separates the acoustic waves having frequencies determined from the initial 

frequencies. The PC’s serves as a waveguide to isolate some information among 

several carried by the wave by allowing certain frequencies to pass in the frequency 

range of the band-gap. Therefore, it is possible to eliminate undesirable waves (such as 

parasitic waves) on well-defined frequency intervals, while acting on the band-gap. 

   Since the field of use of PC’s is very vast, we mention some possible potential 

applications : the potential use of PC’s in energy recovery and harvesting especially in 

the field of clean and renewable energies, the development of high-frequency signal 

processing devices for wireless communications, bio-detection applications in gaseous 

and liquid environments, design of hybrid waveguides (simultaneous confinement of 

photons and phonons) to obtain acousto-optical and opto-mechanical devices used in 

communication, etc [32,56,65-66]. 
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CHAPTER 2: NUMERICAL METHODS FOR THE STUDY OF 

PHONONIC CRYSTALS 

 

 

2. Theoretical formulation 

2.1. Wave equation 

In the context of linear elasticity, the propagation of an elastic wave in a composite and 

isotropic medium given by the following equations [64,67]: 

                            𝜌(𝑟)
𝜕2𝑢𝑖(𝑟,𝑡)

𝜕𝑡2 = ∑
𝜕𝜎𝑖𝑗(𝑟,𝑡)

𝜕𝑥𝑗
𝑗                   (2.1) 

                           𝜎𝑖𝑗(𝑟, 𝑡) = 𝑐𝑖𝑗𝑘𝑙 . 𝜀𝑖𝑗                            (2.2) 

                                ε𝑖𝑗 =
1

2
(
𝜕𝑢𝑖(𝑟,𝑡)

𝜕𝑥𝑗
+

𝜕𝑢𝑗(𝑟,𝑡)

𝜕𝑥𝑖
)                           (2.3) 

In which 𝜌(𝑟) is the density of the crystal at the point identified by the vector 𝑟, 𝑢𝑖𝑗 

represents the displacement in direction i, at point 𝑟, 𝜀𝑖𝑗 designates the tensor of the 

strains, 𝐶𝑖𝑗𝑘𝑙  the tensor of the elastic constants and 𝜎𝑖𝑗(𝑟, 𝑡) the tensor of the stresses 

perceived locally by the crystal at the point 𝑟. 

Many methods exist to solve these propagation equations and describe the behavior of 

the structure. Among them, we can cite: 

   - Plane waves (PWE); 

   - The finite difference time domain (FDTD) method; 

   - The finite element method (FEM); 

   - Transfer matrices; 

   - Green's functions. 



38 
 

2.2. Bloch-Floquet's theorem and Fourier series of a periodic function [68] 

The theory of Bloch-Floquet is a transformation function that intervenes as a tool for 

analyzing differential equation to periodic coefficients. It mainly used for the modeling of 

the propagation of waves passing through periodic is one or several directions. 

In addition, the method of Bloch-Floquet used for determination of the dispersion 

diagrams of the periodic structures. The constitutive low of material assumed to be 

linear, elastic and isotropic. 

Stated in 1928, Bloch’s theorem initially used to describe the function of electronic 

waves in a periodic potential. Indeed, in semiconductor physics, the band structure 

obtained by solving the problem with a one body (an electron) of the equation of 

Schrödinger in the reciprocal network. The periodicity of the potential energy in a crystal 

allows the use of the Bloch-Floquet. This establishes that if the potential energy 𝐸(𝑟)is 

periodic with the period of the structure, then wave function 𝜙𝑘(𝑟)  solution of the 

Schrödinger equation is of the form [69]: 𝑘⃗⃗ = 𝒌 , 𝑟 = 𝒓 

                                𝜙𝑘(𝑟) = 𝑢𝑘(𝑟)𝑒𝑗𝑘𝑟                           (2.4) 

 

K obviously represents the wave vector. This theorem transposed to periodic photonic 

and Phononic structures then, for which the periodicity of the potential have been 

replaced by that of the refraction for the former and by the elastic constants for the 

latter. The Bloch-Floquet function is periodic, in direct space, this allows therefore to 

decompose them into Fourier series: 𝐺⃗ = 𝑮 

                          𝜙(𝑟) = ∑ 𝜙𝐺 (𝐺)𝑒𝑗𝑮.𝑟                       (2.5) 

 

The periodicity of the Bloch-Floquet function leads to redundancy of values of the 

wave’s vectors determined by solving the equation over all space. Indeed to be limited 

very relevant of this vector, we can solve only in the irreducible Brillouin zone, in the 

direct network as in the reciprocal network. 
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The density and the elastic parameters are periodical functions of the position. The 

means that 𝜌 and 𝑐𝑖𝑗 are functions of x and y coordinates and where the z-axis of the 

cylinders as in our case. Considering the double periodicity in the xOy plan, 𝜌 and 𝑐𝑖𝑗 

can be written as Fourier series.  

                             𝜌(𝑟) = 𝜌(𝑥, 𝑦) = ∑ 𝜌(𝐺)𝐺 𝑒𝑗𝑮𝑟
                       (2.6) 

And  

                          𝑐𝑖𝑗(𝑟) = 𝑐𝑖𝑗(𝑥, 𝑦) = ∑ 𝑐𝑖𝑗𝐺 (𝐺)𝑒𝑗𝑮𝑟                  (2.7) 

 

2.3. Direct network, reciprocal network  

We use the tool of crystallography and solid-state physics in order to represent in a 

precise and complete way the properties of periodic media. A crystalline structure 1D, 

2D or 3D combine the direct network of Bravais. This is the repetition of an elementary 

pattern according to a vector 𝑎𝑖 with i= [1, 2, 3]. We associates with this direct network 

reciprocal network whose primitive vectors 𝑏𝑗, with j = [1, 2, 3] are defined such that 

𝑏−𝑖 , 𝑎𝑗 = 2𝜋𝛿𝑖𝑗 (𝛿𝑖𝑗 the symbol of kronecker).  

The Brillouin zone obtained from the reciprocal lattice that has the same symmetry 

properties are the Bravais lattice. For the same reasons of symmetry, we can reduce 

this area to the irreducible zone of Brillouin while contains the points of high symmetry 

or critical points of the network. 

 

2.4. Brillouin zone  

With his many contributions to quantum mechanics and condensed matter physics, 

Brillouin was at the origin of the development of concept of the zones which bear its 

name:”Brillouin zones”. This discovery has laid the foundations for a rigorous 

mathematical treatment of propagation movements of waves is the space of the 

reciprocal network; he has been applied to all problems involving wave’s propagation in 

a medium periodic. Its formalism gives direct access to the dispersion curves of a 

periodic structure, i.e. the frequency depending on the number or wave vector. 
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The first Brillouin zone is the elementary cell of space reciprocal where the points are 

close to the origin than to all the others nodes of the periodic network; it therefore has 

the symmetry of the Bravais lattice. This area uniquely defined by the method for 

constructing the Wigner-Seitz (Figure 2.1). 

 

Figure 2.1: Method of construction of the Wigner-Seitz cell. 

 

Figures 2.2 and 2.3 show different examples of periodic networks as well as the 

corresponding irreducible Brillouin zones. 

 

Figure 2.2: Example of a one-dimensional periodic lattice (left) and corresponding 

Brillouin zone (right). The interval [-𝛑 / a; +𝛑 / a] is the first Brillouin zone and [0; +𝛑 / a] 

the irreducible Brillouin zone. 
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Figure 2.3: Example of a one-dimensional periodic lattice (left) and corresponding 

Brillouin zone (right). The interval [-𝛑 / a; +𝛑 / a] is the first Brillouin zone and [0; +𝛑 / a] 

the irreducible Brillouin zone. 

 

In the 1D and 2D cases, the first Brillouin zone obtained by drawing the perpendicular 

bisectors of the segments joining the origin to the nodes closet to the reciprocal network 

(Figures 2.1 and 2.2). From the domain thus delimited, we can cover the entire 

reciprocal space. It the words, it suffices to change k in this domain to reciprocal all the 

crystal dispersion curves. This domain of evolution of k can be further reduced by taking 

advantage of the symmetry of the crystal. In the 1D, the symmetry of the crystal with 

respect to the origin has the consequence that, if a wave of vector k and frequency ω is 

the solution of the problem, then the wave propagation in the opposite direction, of the 

vector –k and of same frequency, is also. We can thus restrict the study interval to 

[0;+π/a] instead of [-π/a; +π/a] where is the pitch of the network (Figure 2.1). Now 

consider the two-dimensional crystal with square symmetry. This supposedly infinite 

periodic structure has 4 axes of symmetry which are deduce from each other by 

symmetries of 𝜋/4. The reciprocal lattice is also a square lattice and the first Brillouin 

zone (Figure2.3.(1)) defined by: 

−
𝜋

4
≤ 𝑘𝑥 ≤ +

𝜋

4
       And    −

𝜋

4
≤ 𝑘𝑦 ≤ +

𝜋

4
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It has been shown that the study interval of k can be further reduced by using the 

different symmetry of the structures. Finally, the study interval of the values of k reduced 

to a right isosceles triangle whose two equal sides have length 𝜋/a. the point Г(0,0), 

X(𝜋 ,0) and M(𝜋 ,𝜋 ) denote the three vertices of the triangle which constitutes the 

irreducible Brillouin zone of the square lattice (Figure 2.3.(1)). In the study of scatter 

plots, we generally limit ourselves to the three sides of the triangle.   

In the case of a two-dimensional crystal with rectangular symmetry of the length a and 

width b, the reciprocal lattice is also a rectangular lattice and the first Brillouin zone is a 

rectangle (Figure 2.3.(2)) whose length is 𝜋/a and width 𝜋/b [70]. Again, in the study of 

scatter plots, we limit ourselves to the four sides of the rectangle [71]. 

In the case of a two-Dimensional crystal with hexagonal symmetry, the reciprocal lattice 

is also a hexagonal lattice and first Brillouin zone is a hexagon (Figure 2.3.(3)). In this 

case, we have axes of symmetry, which are deduced from each other by rotation of 𝜋/6 

with invariance by rotation 𝜋/3. It show that the irreducible Brillouin zone is an usually 

denote by Г(0,0), k(4𝜋/3a,0) and M(𝜋/a, 𝜋/b). As for the first case, note that in the study 

of scatter diagrams, we limit ourselves to the three sides of the triangle. 

 

2.5. Propagation of elastic waves in solids 

The study of vibration solids is attracting growing interest among mechanics and 

physicists. From the point of view of the propagation of elastic waves, the diversity of 

the different polarization likely to propagate within a continuous medium enriches day by 

day the physics of solids, particularly that which relates to periodic structures. 

2.5.1. Basic concepts of the elastic waves  

The equation describing the linear propagation of elastic waves is solids, called Navies’ 

equation, obtained from three fundamental relations:  

 The motion equation, from the fundamental relation (2.8), with ρ the 

density, F the resultant of the 𝜐 volumetric force, µ the displacement field, 

and 𝜎 the stress tensor. 

                 𝜌
𝜕2𝜇

𝜕𝑡2 = 𝑑𝑖𝑣(𝜎) + 𝜌𝑓                                 (2.8) 
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 Hooke’s law or Stress-strain relation (2.9) written in convention of Einstein, 

with 𝜀 the strain tensor and 𝐶𝑖𝑗𝑘𝑙  the elastic tensor. 

                   𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 . 𝜀𝑘𝑙                                             (2.9) 

 

 The Cauchy relation or displacement-strain (2.10) with 𝜇𝑖 the components 

of the displacement field and 𝓍i the directions of space. 𝑢⃗⃗ = 𝒖 

                  ℇ𝑖𝑗 =
1

2
(

𝜕𝒖𝑖

𝜕𝑥𝑗
+

𝜕𝒖𝑗

𝜕𝑥𝑖
)                                  (2.10) 

 

2.5.2. Simplification of the elasticity tensor  

The elastic nature of a materials contain in expression of 𝐶𝑖𝑗𝑘𝑙  tensor. This tensor of 

order 4 initially has 81 elements. By symmetry arguments concerning the stress tensor, 

we know that the elements of the elasticity tensor obtained by relation (2.9) will be 

redundant. 

We can simplify the elasticity tensor to 𝐶𝑖𝑗𝑘𝑙 = 𝐶𝛼𝛽 with 𝛼 and 𝛽 can take the values from 

1 to 6 with convention(11) ⟺ 1, (22) ⟺ 2, (33) ⟺ 3, (23) = (32) ⟺ 4, (13) = (31) ⟺

5, (12) = (21) ⟺ 6. 

In the elastic strain, where the solid returns to its initial state in the absence of external 

action, we can show that this 6*6 matrix is also symmetrical with respect to the main 

diagonal. So there so there are 21 elements to be determined to fully characterize the 

elastic response of a solid medium. In the case of a homogeneous isotropic medium, it 

can show that only a pair of coefficients 𝑐11 and 𝑐12 can describe the 6*6 matrix.Ʋ 

                             𝐶𝛼𝛽 =

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0
𝐶21 𝐶22 𝐶23 0 0 0
𝐶31 𝐶32 𝐶33 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶44 0
0 0 0 0 0 𝐶44]

 
 
 
 
 

                              (2.11) 
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It should be noted that the coefficients 𝐶11, 𝐶12 and 𝐶44 can be express as a function of 

the Young modulus E and Poisson ratio 𝜈 or as function of lame coefficients µ and 𝜆. 

                     𝐶11 =
𝐸(1−𝜈)

(1+𝜈)(1−𝜈)
= 𝜆 + 2𝜇                                    (2.12) 

                     𝐶12 =
𝐸𝜈

(1+𝜈)(1−𝜈)
= 𝜆                                                (2.13) 

                     𝐶44 =
𝐸

2(1+𝜈)
= 𝜇 =

𝐶11−𝐶12

2
                                  (2.14) 

For an isotropic elastic material, the elasticity tensor is equal to:  

               𝐶𝑖𝑗𝑘𝑙 = 𝜆𝛿𝑖𝑗 . 𝛿𝑘𝑙 + 𝜇(𝛿𝑗𝑘 . 𝛿𝑖𝑙 + 𝛿𝑗𝑙 . 𝛿𝑖𝑘)            (2.15) 

 

2.5.3. Navies’ equation for a homogenous isotropic solid  

In the case of a homogenous isotropic solid, Hooke’s relation is simplified (2.16) with 

the 𝛿𝑖𝑗 the symbol of kronecker and  𝜀𝑘𝑘 the sum of the diagonal elements of 𝜀. 

                      𝜎𝑖𝑗 = 𝜆𝜀𝑘𝑘 . 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗                             (2.16) 

Or  

                    𝜀𝑖𝑗 =
1

2𝜇
𝜎𝑖𝑗 −

𝜆

2𝜇(3𝜆+2𝜇)
𝜎𝑘𝑘𝛿𝑖𝑗                    (2.17) 

 

By replacing this expression in Cauchy’s formula (2.10) then in the motion equation 

(2.8), we find the formula of the elastic of Navies’ (2.18) defined for each displacement 

component 𝑢𝑖. 

𝜌
𝜕2𝒖𝑖

𝜕𝑡2 = µΔ𝐮 + (𝜆 + 𝜇)∇(∇.𝒖) = (𝜆 + 2𝜇)∇(∇.𝐮) − μ∇ ∧ (∇ ∧ 𝐮)(2.18) 
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2.6. The finite element method 

The finite element method, called FEM (Finite Element Method), is widely used in 

numerical simulation for solving equations with partial derivatives, describing physical 

phenomena. Historically, its first and wide uses concern the problems related to 

mechanical structures requiring the search for solutions of stresses and strains in elastic 

media. This is also the case for the study of the propagation of elastic acoustic waves in 

Phononic media. Indeed, the method is easily prepared for the application in the 

elaboration of the Eigen value problems allowing the computation of the band 

structures. Among its applications in Phononics, we can cite the work of Khelif et al [21] 

who used it to calculate the dispersion curves of a two-dimensional PC made up of 

cylindrical inclusions in a plate. The opening of forbidden bands as well as the guiding 

of elastic waves in these Phononic structures with inclusions [72] were also studied by 

using the finite element method. T.Chen and T-T.Wu were also interested in band 

structures and in the guiding of elastic waves, but in a new type of PC made up of 

cylinders periodically deposited on an aluminum plate. In all these studies, FEM has 

shown its efficiency in terms of convergence and computation time, compared to PWE, 

especially in the case of finished plates. 

 

2.6.1. General principle 

The finite element method is suitable for solving almost all types of partial differential 

equations (PDEs) governing any physical problem, in particular the equations relating to 

the propagation of elastic waves. 

For an acoustic or elastic wave propagating in a cubic or isotropic medium, the 

propagation equations are written as follows: 

 

𝜌ω2𝒖𝑥 =
𝜕

𝜕𝑥
(𝐶11

𝜕𝒖𝑥

𝜕𝑥
+ 𝐶12

𝜕𝒖𝑦

𝜕𝑦
+ 𝐶12

𝜕𝒖𝑧

𝜕𝑧
) +

𝜕

𝜕𝑦
(𝐶44

𝜕𝒖𝑥

𝜕𝑦
+ 𝐶44

𝜕𝒖𝑦

𝜕𝑥
) +

𝜕

𝜕𝑧
(𝐶44

𝜕𝒖𝑥

𝜕𝑧
+ 𝐶44

𝜕𝒖𝑧

𝜕𝑥
) 

𝜌ω2𝒖𝑦 =
𝜕

𝜕𝑦
(𝐶12

𝜕𝒖𝑥

𝜕𝑥
+ 𝐶11

𝜕𝒖𝑦

𝜕𝑦
+ 𝐶12

𝜕𝒖𝑧

𝜕𝑧
) +

𝜕

𝜕𝑧
(𝐶44

𝜕𝒖𝑦

𝜕𝑧
+ 𝐶44

𝜕𝒖𝑤

𝜕𝑦
) +

𝜕

𝜕𝑥
(𝐶44

𝜕𝒖𝑥

𝜕𝑦
+ 𝐶44

𝜕𝒖𝑦

𝜕𝑥
) 

𝜌ω2𝒖𝑧 =
𝜕

𝜕𝑧
(𝐶12

𝜕𝒖𝑥

𝜕𝑥
+ 𝐶12

𝜕𝒖𝑦

𝜕𝑦
+ 𝐶11

𝜕𝒖𝑧

𝜕𝑥
) +

𝜕

𝜕𝑥
(𝐶44

𝜕𝒖𝑥

𝜕𝑧
+ 𝐶44

𝜕𝒖𝑧

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝐶44

𝜕𝒖𝑦

𝜕𝑧
+ 𝐶44

𝜕𝒖𝑧

𝜕𝑦
) 

(2.19) 
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Where the unknown functions are the components of the field of displacement 

(𝒖𝑖)𝑖𝜖{𝑥,𝑦,𝑧} . To this system of equations are added the boundary conditions which 

constrain the sought solutions. 

In order to describe the finite element method more easily, we will start from a more 

general formulation by writing the system (2.19) rather in the following form: 

                                                   −∇. (𝐶∇𝒖) = 𝜔2𝒖                                                  (2.20) 

This equation is to be solved on a domain Ω of IR3. With the boundary conditions on the 

𝛿𝛀 boundary of the domain Ω. 

It specify that the adhesion of Ω, noted 𝛀̅ = 𝛀 ∪ 𝜕𝛀, is a compact set. 

The principle of the finite element method can be summarized as follows: 

 Writing in the variational form: the partial differential equations written in a 

verified variational form for test functions belonging to a well-defined 

vector space V. This form is called the weak form of the problem; 

 And discretization: the solution of the variational problem is decomposed 

in the base of a finite dimensional vector space 𝑉𝑁𝜖𝑉. The elements of this 

base called the shape functions. 

The variational formulation of the problem is then expressed as a function of the shape 

functions of the space 𝑉𝑁, and the system is finally written in matrix form. The resolution 

of the matrix system makes it possible to obtain the solution function of the problem. 
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CHAPTER 3: UNIT-CELL AND SUPERCELL PC's MODELING 
FOR DISPERSION CALCULATION 

 

3.1. Comsol Multiphysics 

3.1.1. History 

Mr. Svante Littmarck and Mr. Farhad [73] in Sweden founded the COMSOL Group in 

1986. It has now grown to United Kingdom, U.S.A, and Finland and so on. Nowadays, 

The COMSOL Multiphysics software has been widespread used in various domains of 

science research and engineering calculation, for example, it was used in global 

numerical simulation [73,74]. COMSOL Multiphysics is a finite element analysis, solver 

and Simulation software package for solving various physics and engineering 

applications. COMSOL group published the first version of COMSOL Multiphysics 

software in 1998 and it was 33 named as Toolbox. At the beginning time, this software 

is only applied in the field of Structural Mechanics. The COMSOL Multiphysics 

simulation environment facilitates all steps in the modeling process: defining your 

geometry, specifying your physics, meshing, solving and then post-processing your 

results [75,76]. 

 

3.1.2. Introduction 

COMSOL Multiphysics is an integrated environment for solving system of time- 

dependent or stationary second order in space partial differential equations in one, two, 

and three dimensions. Moreover, such equations may be coupled in an almost arbitrary 

way. COMSOL Multiphysics provide sophisticated (and convenient) tools for geometric 

modeling. Therefore, for many standard problems, there exist predefined so-called 

application modes, which act like templates in order to hide much of the complex details 

of modeling by equations. The application modes make use of the language used in the 

respective engineering discipline [77]. 

COMSOL (formerly known as FEMLAB) is a finite element analysis and solver software 

package for various physics and engineering applications, especially coupled 

phenomena, or Multiphysics. It includes a complete environment for modeling any 

physical phenomenon that can be described using ordinary or PDEs. It has become the 

industry standard for Multiphysics modeling, research, design, and development 
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(COMSOL 2008b; Zimmerman 2006). The software package supports nearly all 

platforms (e.g., Windows, Mac, Linux, and UNIX). COMSOL allows for building coupled 

systems of PDEs. The PDEs can be entered directly or using the so-called weak form. 

COMSOL also offers an extensive and well-managed interface to Math Works MATLAB 

and its toolboxes for a large variety of programming, preprocessing, and post 

processing possibilities [78]. 

COMSOL Multiphysics is a powerful interactive environment for modeling and solving all 

kinds of scientific and engineering problems based on partial differential equations 

(PDEs). With this product, you can easily extend conventional models for one type of 

physics into Multiphysics models that solve coupled physics phenomena— and do so 

simultaneously. Accessing this power does not require an in-depth knowledge of 

mathematics or numerical analysis. Thanks to the built-in physics modes, it is possible 

to build models by defining the relevant physical quantities—such as material 

properties, loads, constraints, sources, and fluxes rather than by defining the underlying 

equations. 

3.1.3. PDE Modes 

COMSOL Multiphysics compiles internally a set of PDEs representing the entire model. 

Access to the power of COMSOL Multiphysics as a stand-alone product is achieved 

through a flexible graphical user interface, or by programming scripts in MATLAB 

language. As noted, the underlying mathematical structure in COMSOL Multiphysics is 

a system of partial differential equations. In addition to the physics mode and the 

modules, these provide three ways of describing PDEs through the following PDE 

modes: 

• Coefficient form, suitable for linear or nearly linear models. 

• General form, suitable for nonlinear models. 

• Weak form, for models with PDEs on boundaries, edges, or points, or for models using 

terms with mixed space and time derivatives. 

Using the application modes in COMSOL Multiphysics, that can perform various types 

of analysis including: 

• Stationary and time-dependent analysis. 

• Linear and nonlinear analysis. 

•Eigen frequency and modal analysis. 
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To solve the PDEs, COMSOL Multiphysics uses the proven finite element method 

(FEM). The software runs the finite element analysis together with adaptive meshing 

and error control using a variety of numerical solvers [79]. 

 

3.1.4. Work flow 

To Set Up and Run a Simulation with COMSOL Multiphysics the next work flow must 

done as shown in (Figure 3.1): 

 

 

Figure 3.1: Flow chart of COMSOL Multiphysics. 

 

3.1.5. Application areas 

There are several application-specific modules in COMSOL Multiphysics. The most 

common applications are [73]: 

AC/DC Module, Acoustics Module, CAD Import Module, Chemical Engineering Module, 

Earth Science Module, Heat Transfer Module, Material Library. 

3.1.6. Characteristics 

The spread usage of COMSOL Multiphysics in various domains largely depends on its 

marked characteristics. These characteristics are [73]: 
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● It can be used to solve multi-physics problem. 

● The user can specify their own Partial Differential Equations. 

● Professional predefined modeling interfaces. 

● CAD models can be made directly. 

● CAD package can be added. 

● Exuberance of simulation capability [74]. 

One unique feature in COMSOL Multiphysics is something we refer to as extended 

Multiphysics, the use of coupling variables to connect PDE models in different 

geometries. This represents a step toward system-level modeling. 

Another unique feature is the ability of COMSOL Multiphysics to mix domains of 

different space dimensions in the same problem. This flexibility not only simplifies 

modeling, it also can decrease execution time. In its base configuration, COMSOL 

Multiphysics offers modeling and analysis power for many application areas. For several 

of the key application areas we also provide optional modules. These application- 

specific modules use terminology and solution methods specific to the particular 

discipline, which simplifies creating and analyzing models [79]. 

 

3.1.7. Application modes in Comsol Multiphysics 

 Physics mode 

Use the physics modes to instantly access convenient templates for specific application 

areas. Here can specify physical properties for models in fields such as acoustics, 

diffusion, or electromagnetic. 

 Deformed mesh application modes 

These application modes provide support for applications with moving boundaries using 

the Moving Mesh (ALE) application mode and for parameterized geometries in 2D. 

 The optimization and sensitivity analysis application modes 

The Sensitivity Analysis application mode adds sensitivity analysis to any type of 

Multiphysics model. The Optimization application mode provides functionality for 
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combining Multiphysics modeling with optimization (for example, topology optimization 

and inverse modeling). 

 The PDE modes 

Turn to these modes to model directly with PDEs when there cannot find a suitable 

physics mode. With these modes when define the problem in terms of mathematical 

expressions and coefficients. COMSOL Multiphysics includes three PDE modes: 

• The Coefficient form allowed solving linear or almost linear problems using PDEs and 

coefficients that often correspond directly to various physical properties. 

• The General form provides a computational framework specialized for highly nonlinear 

problems. Consider using a weak form for these problems, too. 

• The Weak form makes it possible to model a wider class of problems, for example, 

models with mixed time and space derivatives, or models with phenomena on 

boundaries, edges, or points as described with PDEs. In terms of convergence rate, 

these modes also set a computational framework suited for all types of nonlinear 

problems. 

3.1.8. Selecting an application mode 

 Modeling using a single application mode 

Most of the physics application modes contain stationary, Eigen value, and dynamic 

(time-dependent) analysis types. As already mentioned, these modes provide a 

modeling interface that lets performed modeling using material properties, boundary 

conditions, and initial conditions. Each of these modes comes with a template that 

automatically supplies the appropriate underlying PDE. If cannot found a physics mode 

that matches a given problem, try one of the PDE modes, which allowed to define a 

custom model in general mathematical terms. Indeed, COMSOL Multiphysics can 

model virtually any scientific phenomena or engineering problem that originates from 

the laws of science. 

 Modeling Multiphysics or systems with several dependent variables 

When modeling a real-world system, you often need to include the interaction between 

different kinds of physics. For instance, the properties of an electronic component such 

as an inductor vary with temperature [79]. 
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3.2. Modeling of Phononic crystals 

3.2.1. Mathematical modeling 

A mathematical model of a physical law is a description of that law in the language of 

mathematics. Such models make it possible to use mathematical methods to deduce 

results about the physical world that are not evident or have never been observed. 

Mathematical modeling is a technique, which builds on a firm understanding of the basic 

terminology, notation, and methodology of mathematics. It involves the following steps. 

First, the problem or objective of the study must be stated in a way that reflects 

accurately the needs of the organization. The second step includes finding data relevant 

to the problem, which can be applied to the model, and often includes the scaling of 

these measurements. This process often yields a more realistic model, the results of 

which are more easily comprehended. The third step in the modeling process is the 

development of a mathematical model that addresses the concerns of the organization. 

In developing the mathematical model, the primary goal is to provide a quantitative 

structure for analyzing a large group of possible situations. Model formulation frequently 

includes the selection of the appropriate mathematical functions to explain the 

phenomenon. In the fourth step, the data collected at the second step are applied to the 

mathematical model to obtain quantitative results. Step five involves the interpretation of 

the analysis completed in the previous step. It is very important that the results be 

interpreted in a clear and comprehensible way. Next, the results of the analysis are 

verified as to their applicability to a wide range of possibilities for the organization. The 

ability of a model to predict accurately is fundamental to verification. If the model is 

verified as useful to the organization, then it will be implemented. After implementation, 

use of the model may lead to additional applications for similar models, adjustments and 

refinements of the model, or eventual rejection of the model if it is found inapplicable to 

function. Mathematical models and the modeling process serve as learning aids by 

emphasizing the applied aspects of mathematical analysis [80]. 
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3.2.2. Computation modeling  

The computational modeling is applied in various scientific areas, including more 

theoretical ones (alternating direction method for solving Poisson) [81]. and parabolic 

equations [82-83] as well as for solving applied problems when modeling blood glucose 

dynamics , anisotropic media , moisture diffusion in wood [84], piezoelectric and 

ultrasound actuators , protein spot detection and others. Computational modeling is the 

only way to solve the problems presented by the mathematical models of the 

biosensors since the analytical solutions exist only at extreme set of parameter values 

[85]. 

 

3.3. Modeling of our Phononic crystal under Comsol Multiphysics 5.4 

3.3.1. Model definition 

Most of the studies on periodic structures were interested in band-gaps and the 

properties of these bands, and how to use a periodic structure in different domains. 

In our work we are interested in studying and simulating different periodic structures 

starting from a unit-cell going to a simple supercell and finishing with a multi-supercell. 

First we are going to study the dispersion curves and it properties, and in the second 

part the transmission curves and compare the results, and see the effect of the corridor 

on the properties of our structures. 
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3.3.2. Model parameters 

For the simulation under Comsol, we have chosen Parameters in the table below: 

Name  Value Description 

aa[m] 0.004 quote 

Kxx[rad] 0 kx 

Kyy[rad] 0 ky 

Kzz[rad] 0 kz 

rr 0.4*aa Pillar radius  

hpillar 1.1*aa Pillar height  

tt 0.25*aa Plate thickness  

ww 0.3*aa Width  

Ux0[m] 0  

Vy0[m] 0  

Wz0z[m] 1e-10  

 

Table 3.1: Parameters of the Phononic crystal. 

Note: we’ll use the same parameters in all models for both dispersion / transmission. 

3.3.3. The physics entering in our model 

 Solid Mechanics (sld) 

The Solid Mechanics interfaces [available in 3D, 2D (plane stress, plane strain, and 

generalized plane strain) and 2D axial symmetry] provide the most general approach 

to analyzing solid structures. By using a geometrically nonlinear formulation, we can 

analyze situations with arbitrarily large rotations and strains. 

The COMSOL Multiphysics implementation of the equations in the Solid Mechanics 

interface is based on the principle of virtual work. 

The principle of virtual work states that the sum of virtual work from internal strains is 

equal to work from external loads. 

The total stored energy, W, for a linear material from external and internal strains and 

loads equals: 𝑢⃗⃗ = 𝒖 

𝑊 = ∫(−𝜀 ∶ 𝑠 + 𝒖. 𝐹𝑉

𝑉

)𝑑𝑣 + ∫(𝒖. 𝐹𝑆)𝑑𝑠 + ∫(𝒖. 𝐹𝐿)𝑑𝑙 + ∑(𝑼𝑡 . 𝐹𝑃)

𝑃𝐿𝑆

 

(3.1) 
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The principle of virtual work states that δW = 0 which leads to: 

∫(−𝜀𝑡𝑒𝑠𝑡 ∶  𝑠 + 𝒖𝑡𝑒𝑠𝑡 . 𝐹𝑉 − 𝜌𝒖𝑡𝑒𝑠𝑡 . 𝒖𝑡𝑡)𝑑𝑣

𝑉

+ ∫(𝒖𝑡𝑒𝑠𝑡 . 𝐹𝑠)𝑑𝑠 + ∫(𝒖𝑡𝑒𝑠𝑡 . 𝐹𝐿)𝑑𝑙 + ∑(𝑼𝑡𝑒𝑠𝑡
𝑡 . 𝐹𝑃)

𝑃𝐿𝑆

 

(3.2) 

The Solid Mechanics interface supports stationary (static), eigenfrequency, time-

dependent (transient), frequency domain…etc. In our model its stationary study type, 

which means that COMSOL Multiphysics uses an implementation based on the stress 

and strain variables. The normal and shear strain variables depend on the displacement 

derivatives [86]. 

Using the tensor strain, stress, and displacement variables, the principle of virtual work 

is expressed as: 

𝛿𝑊 = ∫(−𝜀𝑡𝑒𝑠𝑡 ∶ 𝑠 + 𝒖𝑡𝑒𝑠𝑡. 𝐹𝑉)𝑑𝑣

𝑉

+ ∫(𝒖𝑡𝑒𝑠𝑡. 𝐹𝑆)𝑑𝑠 + ∫(𝒖𝑡𝑒𝑠𝑡 . 𝐹𝐿)𝑑𝑙 + ∑(𝑼𝑡𝑒𝑠𝑡
𝑡 . 𝐹𝑃)

𝑃𝐿𝑆

 

(3.3)
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3.4. Unit-cell 

3.4.1. Definition 

It's the smallest element building block of a crystal, whose geometric arrangement 

defines a crystal's characteristic symmetry and whose repetition in space produces a 

crystal lattice. In our model’s case, it’s a pillar in the form of a cylinder with rr and 

hpillar as dimensions deposited on a cubic plate with tt and aa as dimensions. 

 

3.4.2. Simulation steps 

3.4.2.1. Geometry description 

-   For the first simulation, we’ll use a 3D geometry and add the Solid mechanics as 

well as the Eigenfrequency study type. 

 

 

Figure 3.2: Dimension, physics and study selection in COMSOL Multiphysics 5.4. 
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-   After that, we enter the following parameters for both plate (block) and pillar 

(cylinder): 

 

Figure 3.3: Unit cell geometry parameters. 

-   We will have the following model: 

 

Figure 3.4: Geometry of the Unit cell 1. 

-   We add Bolefortal (aluminum-based composite) as material, with the following 

properties: 

 

Figure 3.5: The model’s material and its properties. 
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3.4.2.2. Solid mechanics 

-   To run this simulation we need to set the best solutions, so we go first to solid 

mechanics and choose periodic condition for the periodicity in the x direction and we 

add second one in the y direction to make a simulation as infinite crystal. 

 

Figure 3.6: Periodic condition along x and y. 

-   In periodic condition we go to periodicity settings and select Floquet periodicity 

and setup the wave vector. And after that, we click right on periodic condition and 

choose destination selection and we set this in both directions. 

 

Figure 3.7a: Floquet periodicity and destination selection for periodic condition 1. 
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Figure 3.7b: Floquet periodicity and destination selection for periodic condition 2. 

 

3.4.2.3. Mesh and study 

-   We choose a mesh for our model. 

 

Figure 3.8: Meshing of the model. 

-   We still need one more step to run this simulation. We click right on study and select 

parametric sweep and on study settings we add a parameter kxx and add a range for 

this parameter. 

-   After that, we click on step1: eigenfrequency from the desire number of 

eigenfrequencies we choose 20 and the unity is Hz.  

-   Then we press compute. 



60 
 

 

Figure 3.9: Range for both parametric sweep and step1: eigenfrequency. 

 

3.5. Supercell without corridor 

Note: in this study we’ll be using Bolefortal as material for all the remaining models 

(supercell with / without corridor), with the following parameters: 

 

Figure 3.10: The models material and its properties. 
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3.5.1. Definition of a supercell 

We know that a crystal structure is described by a unit-cell. When these unit-cells repeat 

themselves along a certain direction in the crystal, they form what we call a supercell, 

which describes the same crystal, but has a larger volume than the unit-cell. 

 

3.5.2. Simulation steps 

3.5.2.1. Geometry description 

-   For the second simulation we’ll the use the same parameters as the unit-cell (3D 

geometry, Solid mechanics, stationary). 

-   Then we enter our model’s parameters: 

 

 

Figure 3.11: Supercell geometry parameters. 
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-   Our model this time will be: 

 

Figure 3.12: Geometry of the supercell. 

 

3.5.2.2. Solid mechanics 

-   For run this simulation with success we need to set the best solutions, so we go first 

for Solid mechanics and choose periodic condition for the periodicity in the x 

direction and we add second one in the y direction to make a simulation as infinite 

crystal. 

 

Figure 3.13: Periodic condition along x and y. 

-   In periodic condition we go to periodicity settings and select Floquet periodicity 

and setup the wave vector. And after that, we click right on periodic condition and 

choose destination selection and we set this in both directions. 
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Figure 3.14a: Floquet periodicity and destination selection for periodic condition 1. 

 

Figure 3.14b: Floquet periodicity and destination selection for periodic condition 2. 
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3.5.2.3. Mesh and study 

-   First, we choose a mesh for our model. 

 

Figure 3.15: Meshing of the model. 

-   To run this simulation we still need one more step. We click right on study and select 

parametric sweep and on study settings we add a parameter kxx and add a range for 

this parameter. 

-   After that, we click on step1: eigenfrequency from the desire number of 

eigenfrequencies we choose 200 and the unity is Hz.  

 

Figure 3.16: Range for both parametric sweep and step1: eigenfrequency. 

-   Then, we press compute. 
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3.6. Supercell with corridor 

In this part we will build a same supercell as the one before with the same dimensions 

as well, but this time we’ll cut the periodicity in half with three different corridors, with a 

distance of: 1)- ww= 0.22*aa / 2)- ww= 0.30*aa / 3)- ww= 0.38*aa. 

 

3.6.1. Geometry of the models 

-   We’ll have the following geometries: 

 

Figure 3.17: Geometry of the model for: a)- ww= 0.22*aa / b)- ww= 0.30*aa /                 

c)- ww= 0.38*aa. 

 

 

 

 

 

a b 

c 
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3.6.2. Simulation steps 

3.6.2.1. Solid mechanics 

-   For us to run this simulation we need to set the best solutions, so we go first for Solid 

mechanics and choose periodic condition for the periodicity in the x direction and we 

add second one in the y direction to make a simulation as infinite crystal. 

 

Figure 3.18: Periodic condition along x and y. 

-   In periodic condition we go to periodicity settings and select Floquet periodicity 

and setup the wave vector. And after that, we click right on periodic condition and 

choose destination selection and we set this in both directions. 

 

Figure 3.19a: Floquet periodicity and destination selection for periodic condition 1. 
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Figure 3.19b: Floquet periodicity and destination selection for periodic condition 2. 

 

3.6.2.2. Mesh and study 

-   We’ll set the meshing for our model. 

 

Figure 3.20: Meshing of the model. 

-   Before we run this simulation we still need one more step. We click right on study 

and select parametric sweep and on study settings we add a parameter kxx and add 

a range for this parameter. 
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-   After that, we click on step1: eigenfrequency from the desire number of 

eigenfrequencies we choose 200 and the unity is Hz. 

 

Figure 3.21: Range for both parametric sweep and step1: eigenfrequency. 

-   Finally, we press compute. 

Note: we used the same simulation steps for the three models (ww= 0.22*aa / 

ww=0.30*aa / ww= 0.38*aa). 

 

3.7. Gap mapping 

-   For this study we’ll be using a unit-cell with the same study type, geometry 

parameters, material, periodic condition (along x and y), wave vector, mesh as the 

one in the precedent study. 

 

Figure 3.22: Geometry of the unit cell 2. 
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-   We’ll follow the same simulation steps, only this time before starting our simulation; 

we’ll change the pillar’s height by changing the range of the hpillar in Study settings in 

parametric sweep. 

 

Figure 3.23: Range of hpillar in parametric sweep. 

-   Then, we press compute to begin the simulation. 
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CHAPTER 4: "ACTUAL" PC's WAVEGUIDE STRUCTURE 

MODELING FOR TRANSMISSION CALCULATION 

 

4. Modeling under COMSOL Multiphysics 5.4 

 

4.1. Transmission with PML 

4.1.1. Definition of Perfectly Matched Layer (PML) 

A perfectly matched layer (PML) is an artificial absorbing layer for waves. The essential 

property of a PML that distinguishes it from ordinary absorbent material is the fact that it 

is designed so that incident waves reaching it from a non-PML material are not reflected 

at the interface. This property allows PMLs to strongly absorb all the waves leaving a 

computational domain without returning them to this domain. 

4.1.2. Geometry parameters 

-   We’ll study a model with three different corridors, so the geometry parameters will be: 

 

Figure 4.1: Geometry parameters. 
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4.1.3. Geometry of the models 

-   We’ll have the following geometries: 

 

Figure 4.2: Geometry of the model for: a)- ww= 0.22*aa / b)- ww= 0.30*aa /                 

c)- ww= 0.38*aa. 

 

4.1.4. Material and its properties 

-   We’ll be using the Bolefortal, with the following parameters: 

a b 

c 
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Figure 4.3: The models material and its properties. 

 

4.1.5. Simulation steps 

4.1.5.1. PML 

-   We’ll add a Perfectly Matched Layer (PML) to the geometry by pressing right on 

Definition, and select the PML option: 

 

Figure 4.4: PML domains selection in our model. 
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4.1.5.2. Solid mechanics 

-   We will add a periodic condition, then a Destination selection for this latter. 

 

Figure 4.5: Periodic condition. 

-   We press right on Solid mechanics and choose prescribed displacement. After 

that, we press right on this latter to choose Harmonic description, and then setup the 

wave vector. 

 

Figure 4.6: Harmonic perturbation. 
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-   We return to prescribed displacement to select the edges of where we want the 

vibrations to start from. 

 

Figure 4.7: Prescribed displacement. 

4.1.5.3. Mesh 

-   We add a meshing to the model. 

 

Figure 4.8: Meshing of the model. 
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-   The last step before we start our study is to add a range to the Frequencies in the 

study settings of step1: frequency domain. 

 

Figure 4.9: Range for Step1: Frequency domain. 

-   Finally, we press compute. 

Note: we used the same simulation steps for the three models (ww= 0.22*aa / 

ww=0.30*aa / ww= 0.38*aa). 

 

4.2. Transmission without PML 

4.2.1. Geometry parameters 

-   We’ll study a model with three different corridors, but this time we won’t be using the 

Perfectly Matched Layer, so the geometry parameters will be: 

 
Figure 4.10: Geometry parameters. 
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4.2.2. Geometry of the models 

-   We will have the following geometries: 

 
Figure 4.11: Geometry of the model for: a)- ww= 0.22*aa / b)- ww= 0.30*aa /                 

c)- ww= 0.38*aa. 

4.2.3. Material and its properties 

-   We’ll be using the Bolefortal, with the following parameters: 

 

Figure 4.12: The models material and its properties. 

a b 

c 
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4.2.4. Simulation steps 

4.2.4.1. Solid mechanics 

-   We press right on Solid mechanics and choose prescribed displacement. After 

that, we press right on this latter to choose Harmonic description, and then setup the 

wave vector. 

 

Figure 4.13: Harmonic perturbation. 

-   We return to prescribed displacement to select the edges of where we want the 

vibrations to start from. 

 

Figure 4.14: Prescribed displacement. 



78 
 

4.2.4.2. Mesh 

-   We add a meshing to the model. 

 

Figure 4.15: Meshing of the model. 

-   The last step before we start our study is to add a range to the Frequencies in the 

study settings of step1: frequency domain. 

 

Figure 4.16: Range for Step1: Frequency domain. 

-   Finally, we press compute. 

Note: we used the same simulation steps for the three models (ww= 0.22*aa / 

ww=0.30*aa / ww= 0.38*aa). 
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4.3. Transmission with PML by removing some pillars 

In this study, we will simulate the same model as the one before. Only this time, we’ll be 

removing three pillars separately in each case of corridor. 

 

4.3.1. Geometry parameters 

-   We will enter the parameters below: 

 

Figure 4.17: Geometry parameters. 

4.3.2. Material and its properties 

-   We’ll be using the Bolefortal, with the following parameters: 
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Figure 4.18: The models material and its properties. 

4.3.3. The first corridor (ww= 0.22*aa) 

4.3.3a. Removing the first pillar 

-   The geometry will become: 

 

Figure 4.19a: Removing the first pillar for the first corridor (2D / 3D view). 

4.3.3b. Removing the second pillar 

-   The geometry will be: 
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Figure 4.19b: Removing the second pillar for the first corridor (2D / 3D view). 

4.3.3c. Removing the third pillar 

-   The geometry will become: 

 

Figure 4.19c: Removing the third pillar for the first corridor (2D / 3D view). 

 
4.3.4. The second corridor (ww= 0.30*aa) 

4.3.4a. Removing the first pillar 

-   The geometry will be: 

 
Figure 4.20a: Removing the first pillar for the second corridor (2D / 3D view). 
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4.3.4b. Removing the second pillar 

-   The geometry will become: 

 
Figure 4.20b: Removing the second pillar for the second corridor (2D / 3D view). 

4.3.4c. Removing the third pillar 

-   The geometry will be: 

 

Figure 4.20c: Removing the third pillar for the second corridor (2D / 3D view). 

 

4.3.5. The third corridor (ww= 0.38*aa) 

4.3.5a. Removing the first pillar 

-   The geometry will become: 
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Figure 4.21a: Removing the first pillar for the third corridor (2D / 3D view). 

4.3.5b. Removing the second pillar 

-  The geometry will be: 

 

Figure 4.21b: Removing the second pillar for the third corridor (2D / 3D view). 

4.3.5c. Removing the third pillar 

-   The geometry will become: 

 

Figure 4.21c: Removing the third pillar for the third corridor (2D / 3D view). 
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4.3.6. Simulation steps 

4.3.6.1. PML 

-   We’ll add a Perfectly Matched Layer (PML) to the geometry by pressing right on 

Definition, and select the PML option: 

 

Figure 4.22: PML domains selection in our model. 

4.3.6.2. Solid mechanics 

-   We will add a periodic condition, then a Destination selection for this latter. 

 
Figure 4.23: Periodic condition. 
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-   We press right on Solid mechanics and choose prescribed displacement. After 

that, we press right on this latter to choose Harmonic description, and then setup the 

wave vector. 

 

Figure 4.24: Harmonic perturbation. 

-   We return to prescribed displacement to select the edges of where we want the 

vibrations to start from. 

 

Figure 4.25: Prescribed displacement. 
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4.3.6.3. Mesh 

-   We add a meshing to the model. 

 

Figure 4.26: Meshing of the model. 

-   The last step before we start our study is to add a range to the Frequencies in the 

study settings of step1: frequency domain. 

 

Figure 4.27: Range for Step1: Frequency domain. 

-   Finally, we press compute. 

Note: we used the same simulation steps for the nine precedent models. 
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CHAPTER 5: RESULTS AND DISCUSSION 

 

5.1. Dispersion curves 

5.1.1. Unit-cell 

 

Figure 5.1: Dispersion curve of unit-cell. 

 

5.1.1.1. Discussion 

This curve is resuming the vibration of our unit-cell. We observe a large band-gap 

between [262000Hz - 339000Hz] in the three directions. 
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5.1.2. Gap mapping’s curve 

 

Figure 5.2: Evolution of the band-gaps according to the geometric parameter hpillar. 

 

5.1.2.1. Discussion 

The (Figure 5.2) summarize the variation in the width of the forbidden bands, their 

appearance and their extinction by varying the height. We can already notice that it is 

possible to have a first forbidden band at low frequencies for a relative height of the 

resonators situated between [0.0016m - 0.0033m]. We also notice the Bragg band-gap 

between [0.0016m – 0.006m]. And we remark that for hpillar=0.0044m the band-gap is 

larger than the other heights. And it depends on what range or domain of frequency 

we’re going to work on, so we choose the best hpillar in order to get the best results we 

want. 

 

 

 

 

(H
z)

 

(m) 
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5.1.3. Supercell without corridor 

 

Figure 5.3: Dispersion curve of supercell without corridor. 

 

5.1.4. Supercell with corridor 

5.1.4a. The first corridor (ww= 0.22*aa) 

 

Figure 5.4a: Dispersion curve of supercell with a corridor of ww= 0.22*aa. 
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5.1.4b. The second corridor (ww= 0.30*aa) 

 

Figure 5.4b: Dispersion curve of supercell with a corridor of ww= 0.30*aa. 

5.1.4c. The third corridor (ww= 0.38*aa) 

 

Figure 5.4c: Dispersion curve of supercell with a corridor of ww= 0.38*aa. 
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5.1.5. Discussion 

 

Figure 5.5: Dispersion curve of all super-cells models. 

 

These dispersion curves show the corridor's effect in our supercell. When there is no 

corridor, we see that the band-gap is very large, but when we add a corridor we observe 

that the band-gap is divided. The more we increase the width of the corridor more the 

band-gap gets shorter, and when we reach a specific width of the corridor, the band-gap 

disappears. Also we get more vibration modes in our band-gap. 
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5.2. Transmission curves 

5.2.1. Transmission in multi-supercell with PML 

5.2.1a. The first corridor (ww= 0.22*aa) 

 

Figure 5.6a: (a) Transmission curve of multi-supercell with a corridor of ww= 0.22*aa. 
(b) The geometry result on freq=2.8862 KHz. 

 

5.2.1b. The second corridor (ww= 0.30*aa) 

 

Figure 5.6b: (a) Transmission curve of multi-supercell with a corridor of ww= 0.30*aa. 
(b) The geometry result on freq=2.9123 KHz. 

(a) (b) 

(b) (a) 
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5.2.1c. The third corridor (ww= 0.38*aa) 

 

Figure 5.6c: (a) Transmission curve of multi-supercell with a corridor of ww= 0.38*aa. 
(b) The geometry result on freq=2.8002 KHz. 

 

5.2.1.1. Discussion 

 
Figure 5.7: Transmission curve of all multi-super cells with PML with three different 

corridors. 

(b) 
(a) 
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Figures ( 5.6a, 5.6b, 5.6c) are resumed in (Figure 5.7). 

These transmission curves show the attenuation peaks of the incident wave and which 

correspond to an absence of wave propagation (bands colored in green). These latter 

confirm the presence of the absolute nature of the band-gap. 

Also, we notice that more the corridor is larger more the attenuation decreases. For 

example; for ww= 0.22*aa we get an attenuation of -75dB, and for ww= 0.30*aa the 

attenuation is around -70dB, for the last corridor ww= 0.38*aa the attenuation will be      

-50dB, that leads to a thin band-gap and a high Q factor. That leads to a more selective 

structure. 

From these results we conclude that the corridor’s width is inversely proportional to the 

attenuation of the incident wave. 

 

5.2.2. Transmission in multi-supercell without PML 

5.2.2a. The first corridor (ww= 0.22*aa) 

 

Figure 5.8a: (a) Transmission curve of multi-supercell with a corridor of ww= 0.22*aa. 
(b) The geometry result on freq=2.6991 KHz. 

 

 

 

(b) (a) 
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5.2.2b. The second corridor (ww= 0.30*aa) 

 

Figure 5.8b: (a) Transmission curve of multi-supercell with a corridor of ww= 0.30*aa. 
(b) The geometry result on freq=2.7585 KHz. 

 

5.2.2c. The third corridor (ww= 0.38*aa) 

 

Figure 5.8c: (a) Transmission curve of multi-supercell with a corridor of ww= 0.38*aa. 

(b) The geometry result on freq=2.7762 KHz. 
 

 

(b) (a) 

(b) (a) 
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5.2.2.1. Discussion 

 

Figure 5.9: Transmission curve of all multi-super cells without PML with three different 

corridors. 

 

Figures (5.8a, 5.8b, 5.8c) are resumed in (Figure 5.9). 

These transmission curves show the attenuation peaks in our structure without using 

PML. These peaks refer to an absolute band-gap with huge attenuation. For example; 

for ww=0.22*aa we get an attenuation of -75dB, and for ww= 0.30*aa the attenuation is 

around -70dB, for the last corridor ww= 0.38*aa the attenuation will be -50dB, that leads 

to a thin band-gap and a high Q factor. That leads to a more selective structure. 

When we compare the results of transmission curves with / without PML we see a big 

difference. When we used PML we got a larger band-gap which is the opposite when 

we didn’t use PML, also the curve’s form is different. And also when we didn’t use PML 

we got more peaks then the PML structures, that’s because the PML absorb all the 

reflected waves which create a parasite modes. 

 



97 
 

5.2.3. Transmission in multi-supercell with PML by removing one pillar 

5.2.3.1. The first corridor (ww= 0.22*aa) 

5.2.3.1a. Removing the first pillar 

 

Figure 5.10a: (a) Transmission curve of multi-supercell by removing the first pillar for 
the first corridor. (b) The geometry result of the resonance peak on freq=2.8133 KHz. 

 

5.2.3.1b. Removing the second pillar 

 
Figure 5.10b: (a) Transmission curve of multi-supercell by removing the second pillar 

for the first corridor. (b) The geometry result of the resonance peak on freq=2.9888KHz. 
 

(b) (a) 

(b) (a) 
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5.2.3.1c. Removing the third pillar 

 

Figure 5.10c: (a) Transmission curve of multi-supercell by removing the third pillar for 

the first corridor. (b) The geometry result of the resonance peak on freq=2.9874 KHz. 
 

5.2.3.2. The second corridor (ww= 0.30*aa) 

5.2.3.2a. Removing the first pillar 

 

Figure 5.11a: (a) Transmission curve of multi-supercell by removing the first pillar for 
the second corridor. (b) The geometry result of the resonance peak on freq=3.1634KHz. 

 

 

(b) (a) 

(b) (a) 
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5.2.3.2b. Removing the second pillar 

 

Figure 5.11b: (a) Transmission curve of multi-supercell by removing the second pillar 
for the second corridor. (b) The geometry result of the resonance peak on 

freq=2.8933KHz. 
 

5.2.3.2c. Removing the third pillar 

 

Figure 5.11c: (a) Transmission curve of multi-supercell by removing the third pillar for 

the second corridor. (b) The geometry result of the resonance peak on freq=2.9866KHz. 
 

 

(b) (a) 

(b) 
(a) 
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5.2.3.3. The third corridor (ww= 0.38*aa) 

5.2.3.3a. Removing the first pillar 

 

Figure 5.12a: (a) Transmission curve of multi-supercell by removing the first pillar for 
the third corridor. (b) The geometry result of the resonance peak on freq=2.7174 KHz. 

 

5.2.3.3b. Removing the second pillar 

 

Figure 5.12b: (a) Transmission curve of multi-supercell by removing the second pillar 
for the third corridor. (b) The geometry result of the resonance peak on 

freq=2.9822KHz. 
 

(b) (a) 

(b) (a) 
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5.2.3.3c. Removing the third pillar 

 

Figure 5.12c: (a) Transmission curve of multi-supercell by removing the third pillar for 
the third corridor. (b) The geometry result of the resonance peak on freq=2.9798 KHz. 

 

5.2.3.4. Discussion 

 
Figure 5.13: Transmission of all multi-super cells with corridor of ww= 0.22*aa by 

removing one pillar. 

(b) (a) 
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Figure 5.14: Transmission of all multi-super cells with corridor of ww= 0.30*aa by 

removing one pillar. 

 
Figure 5.15: Transmission of all multi-super cells with corridor of ww= 0.38*aa by 

removing one pillar. 
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Figures (5.10a, 5.10b, 5.10c) are resumed in (Figure 5.13), and Figures (5.11a, 5.11b, 

5.11c) are resumed in (Figure 5.14), and Figures (5.12a, 5.12b, 5.12c) are resumed in 

(Figure 5.15). 

In these previous transmission curves we notice that when we’re going deeper in 

removing pillars the band-gap become thinner for ww= 0.22*aa. For example; when we 

remove the first pillar the band-gap is between [261000Hz – 325000Hz], and when we 

remove the second and the third pillar the band-gap is between [263000Hz – 

314000Hz]. Also, we remark a resonance peak when we remove a pillar; we can see 

that the resonance peak is moving to the right when we go deeper when removing 

pillars. For example; when we remove the first pillar the resonance peak is 

freq=2.8133e5 Hz, for the second pillar it’s freq=2.9348e5 Hz, for the third pillar it’s 

freq=2.9682e5 Hz. 

For ww= 0.30*aa and ww= 0.38*aa we observe the same behavior when we remove a 

pillar inside our structure. The band-gap is between [270000Hz – 300000Hz] for ww= 

0.30*aa, and for the ww= 0.38*aa the band-gap is between [270000Hz – 282000Hz]. 

We conclude that more the corridor’s width is large more the band-gap is thin. And for 

the resonance peak of ww=0.30*aa is moving to the right each time we remove a pillar. 

For example; when we remove the first pillar the resonance peak is freq=2.7634e5 Hz, 

for the second pillar it’s freq=2.8888e5 Hz, for the third pillar it’s freq=2.9766e5 Hz. 

Finally, for ww=0.38*aa the resonance peak has also the same behavior of the previous 

corridors but appear in strange positions. For example; for the first pillar the resonance 

peak is freq=2.7174e5 Hz, for the second pillar it’s freq=2.9222e5 Hz, for the third pillar 

it’s freq=2.9766e5 Hz.  

For ww= 0.22*aa the attenuation of the incident wave is very strong when we remove 

the first pillar, and it’s almost -80dB. But for the other two, it’s between -70dB and           

-68dB. But when ww= 0.30*aa and ww= 0.38*aa the attenuation is very weak when we 

compare it to the first corridor. 

More the width of the corridor is large more the Q factor is very high, and we get a 

perfect selectivity that leads to a better transmission of the information. 
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General conclusion 

For over twenty years, scientists have been structuring and manufacturing Phononic 

crystals for their ability to prohibit the propagation of acoustic/elastic waves in frequency 

ranges called Phononic forbidden bands. 

In the first part of this viva, we especially highlighted the research work carried out in the 

field of wave propagation in composite structures. Depicted in Chapter 1, we have 

inspected a portion of the significant issues concerning the disclosure and hypothetical 

and exploratory exhibit of a few astounding practices showed by these crystals. 

In chapter 2, we mentioned some theoretical formulations that control the Phononic 

crystals behavior and we finished this chapter by identifying the FEM and general 

principal.  

In the second part of our viva, we used (Comsol Multiphysics 5.4) and we made 

different structures with different condition, and we studied the dispersion part and the 

transmission part, these simulations allowed us to predict “Lane” waveguides that 

dispose only for specific frequencies and this frequency separation makes it possible to 

have the highly demultiplexing function that we need in our RFMEMS. 

Finally, this work will be more developed in the future by using it in particle sorting that 

will allow us to separate particles who has specific directional vibrations, also we can 

use it in drug deliveries and drug manufacturing by controlling particle by particle in 

injecting or creating medicines and many other things. 

In this work, we have treated many structures using few different conditions, this work 

should be continued in order to get more properties using different shapes and different 

conditions and different materials to apply it in the real life. 
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