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Abstract 

 

A rocket engine nozzle is a propelling nozzle through which combustion gases are expanded and 

accelerated to supersonic velocities. For high thrust performance, the energy released by the propellants in 

the combustion chamber is converted into kinetic energy which leads to extremely high heat flux levels 

and temperature.  These heat loads and temperatures may damage the nozzle wall and lead to loss in 

performance of the engine. Additionally, when the gases are expanded through the nozzle from subsonic 

to supersonic conditions, the flow under goes many forms of unique phenomena including flow 

separation and its associated shock system, unsteadiness, flow mixing etc. Some of these phenomena may 

lead to pressure loss, thereby reduce the overall thrust generated by the nozzle. The present work aims to 

provide a numerical analysis of flow separation in an overexpanded nozzle and the influence of wall 

temperature on a free shock-induced separation and thrust performance. The numerical method used is 

based on a finite volume scheme where the equations of Navier-Stokes, energy and turbulence were 

averaged in a Favre form using Ansys-Fluent®. 

Keywords: overexpanded nozzle, loss, thrust, flow separation, wall temperature, shock. 

Résumé 

Une tuyère d’un moteur fusé est une tuyère propulsive dans laquelle les gaz brulés se détendent et 

accélérés aux vitesses supersoniques. Pour une bonne performance de poussée, l’énergie libérée à partir 

des propergols dans la chambre de combustion est convertie en énergie cinétique qui entraine des flux de 

chaleur et températures élevés. La montée en température qui en résulte peut conduire à 

l'endommagement de la paroi de la tuyère et à la perte de performance. En plus, lorsque les gaz se 

détendent à travers la tuyère des conditions subsoniques aux conditions supersoniques, l’écoulement subit 

des différentes phénomènes par exemple décollement, chocs, déséquilibres, mélange d’écoulement. Ces 

phénomènes provoquent une perte de pression ainsi que la poussée globale générée par la tuyère. Le 

présent travail porte l’analyse physique et la simulation numérique de l’écoulement turbulent décollé dans 

les tuyères supersoniques, fonctionnant en régime de surdétente et aussi l'influence de la température 

pariétale sur la position du point de décollement dans la tuyère et la poussée. La méthode numérique 

employée est basée sur un schéma de type volumes finis dont les équations de Navier-Stokes, d’énergie et 

de la turbulence sont moyennées au sens de Favre à l’aide du solveur Ansys-Fluent. 

Mots clé : tuyère surdétendue, pertes, poussée, décollement, température pariétale, choc. 

  صــخـلـمالـ

غازات الاحتراق وتسريعها إلى سرعات  ــمـديــدمحرك الصواريخ هي فوهة دافعة يتم من خلالها ت )أنبوب متغير مساحة المقطع(  فوهة

تفوق سرعة الصوت. للحصول على أداء ودفع عاليين ، يتم تحويل الطاقة التي تطلقها المواد الدافعة في غرفة الاحتراق إلى طاقة حركية 

ارة قد تتلف جدار الفوهة حرارة. هذه الأحمال الحرارية ودرجات الحرالدرجة ارتفـــاع تؤدي إلى مستويات تدفق حرارة عالية للغاية و

وتؤدي إلى فقدان أداء المحرك. بالإضافة إلى ذلك، عندما يتم توسيع الغازات من خلال الفوهة من دون سرعة الصوت إلى الظروف 

وعدم الأسرع من الصوت، يذهب التدفق تحت العديد من الأشكال من الظواهر الفريدة بما في ذلك فصل التدفق ونظام الصدمة المرتبط به، 

الثبات، وخلط التدفق وما إلى ذلك. قد تؤدي بعض هذه الظواهر إلى فقدان الضغط، وبالتالي تقليل الدفع الكلي الناتج عن الفوهة. يهدف 

تمدد بشكل مفرط وتأثير درجة حرارة الجدار على الفصل الحر الناجم عن الصدمة وأداء الالعمل الحالي إلى تحليل فصل التدفق في فوهة 

والطاقة  Navier-Stokesمعادلات . تعتمد الطريقة العددية المستخدمة على مخطط حجم محدود حيث تم حساب متوسط الدفع

 ®.Ansys-Fluentباستخدام  Favreوالاضطراب في شكل 

، الصدمة.فصل التدفق، درجة حرارة الجدار ،فوهة مفرطة التوسيع، خسارة، دفع الكلمات المفتاحية:
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Abbreviation 

CD  : Convergent divergent 

CFD  : Computational fluid dynamics 

CNES  : Centre National d’Etudes Aerospatiale 

DRL  : Deutsches Zentrium Fur Luft-und Raumfahrt, German Aerospace Center 

ESTEC : European Space Research and Technology Centre 

FOI  : Totalförsvarets Forskningsinstitut (Swedish Defense Research Agency) 

FSCD  : Flow Separation Control Device 

FSS  : Free Shock Separation 

FVM  : Finite Volume Method 

LEA  : Laboratoire d'Etudes Aérodynamiques 

MOC  : Method of Characteristic 

NPR  : Nozzle Pressure Ratio 

ONERA : Office National d'Etudes et de Recherches Aérospatiales 

RSS  : Restricted Shock Separation 

SNECMA : Société Nationale d’Etude et Conceptions de Moteurs Aéronautiques  

SWBLI : Shock Wave/Boundary Layer Interaction 

TDK  : Two Dimensional Kinetics 

TIC  : Truncated Ideal Contour 

TOC  : Thrust Optimized Contour 

TOP  : Thrust Optimized Parabolic 

 

Symbols 

a  : Speed of sound [𝑚 𝑠⁄ ] 

A  : Section area   [𝑚2] 



 

𝑐𝑝  : Specific heat at constant pressure [𝐽 𝑘𝑔. 𝐾⁄ ] 

Cf  : Friction coefficient 

CF  : Thrust coefficient 

e  :  Internal energy (per unit mass) [𝐽 𝑘𝑔⁄ ] 

F  : Thrust force  [N] 

𝑓  : body weight, damping function [N] 

h  : Specific enthalpy  [𝐽 𝑘𝑔. 𝐾⁄ ] 

I  : Origin of interaction  

L  : Length  [mm] 

M  : Mach number, molar mass[mole/kg] 

�̇�     : Mass flow rate 

𝑝  : Pressure  [Bar] 

𝑞  : Heat flux  [𝑊 𝑚2⁄ ] 

R  : Universal gas constant [𝐽 𝑚𝑜𝑙. 𝐾⁄ ] 

r  : radius, specific gas constant  [mm], [𝐽 𝑘𝑔. 𝐾⁄ ] 

𝑅𝑒  : Reynolds number 

T  : Temperature  [K] 

V  : Velocity vector of u, v, w components in x, y, z directions 

�̃�  : Control volume 

𝑦+  : Non − dimensional distance from the 1st wall − adjacent grid point to the wall 

 

Greek symbols 

𝜇𝑡  : Turbulent viscosity [𝑘𝑔 𝑚. 𝑠⁄ ] 

∅  : Diameter  [mm] 

𝛾  : Isentropic ratio 

휀  : Area ratio 

𝜌  : Density  [𝑘𝑔 𝑚3⁄ ] 



 

𝜇  : Dynamic viscosity [𝑘𝑔 𝑚. 𝑠⁄ ]  

𝜏𝑤  : Wall shear stress [𝑁 𝑚2⁄ ] 

𝜗  : Kinematic viscosity [𝑘𝑔 𝑚. 𝑠⁄ ] 

δ  : Displacement thickness [mm] 

Indices 

c  : Chamber  

cv  : Convergent  

div   : Divergent  

in   : Inlet 

0  : Stagnation conditions 

I  : Start of interaction.  

i   : Incident flow  

r  :  Recirculation  

s   : Separation 

t  : Throat 

(*)  : Sonic conditions 

e  : Exit  

a  : Ambiant 

p  : Plateau 

aw  : Adiabatic wall 

wg  : Wall gas side 
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General introduction 

 

Introduction 

The Convergent Divergent (CD) nozzle is a major design configuration within a jet propulsion 

system that plays a vital role for a vehicle operating under supersonic conditions. It is used in 

many applications in the aerospace industry, including high-speed military and combat jets, 

rocket nozzles and missiles. The traditional CD nozzle is a relatively simple devise used 

commonly among most jets and rocket nozzles. 

In a liquid propellant rocket engine, the energy released by the propellants is contained inside the 

thrust chamber and accelerated through the nozzle to extract the thrust. This normally leads to 

higher pressures in the combustion chamber and therefore higher thermal loads in the engine. 

Extremely high heat flux levels and temperature gradients are present not only in the immediate 

vicinity of the injector head, but also in the nozzle region. These heat loads and temperatures in 

rocket nozzles are significantly above the material failure limit of recent available materials. 

Therefore, efficient cooling methods are necessary in order to reduce thermal loads and insure 

reliability of rocket engines. Different cooling techniques such as, regenerative cooling, radiation 

cooling, film cooling, transpiration cooling and ablation have led to improvements in thrust 

chamber thermal protection. Regenerative and film cooling technology are the most favorable 

thermal protection methods used in the cooling of the divergent section of rocket nozzles. 

In addition, when the gas is expanded through a CD nozzle supersonically, the flow undergoes 

many forms of unique phenomena, including flow separation, unsteadiness, flow mixing, 

turbulence, shock-induced boundary layer separation and Mach Shock Diamonds. Some of these 

phenomena lead to energy loss, thereby reducing the overall thrust generated by the nozzle. The 

thrust loss due to shock waves and boundary layer separations generated internally in the nozzle 

region still remains a major challenge in the field of aerospace sciences.  
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Other than thermal protection, cooling of the divergent section of rocket nozzles may improve 

engine performance in that it can also be used to control flow separation and providing thrust in 

the high Mach number domain.  

Problem Statement 

In this present work, we develop a series of CFD simulation scenarios to investigate flow 

dynamics in an axisymmetric overexpanded rocket nozzle with respect to prediction of flow 

separation and the influence of cooling of the nozzle wall on a free shock-induced separation 

through the analysis of wall temperature properties. Of interest is the location of the separation, 

recirculation zone size and thrust performance, CF. 

Methodology  

The key parameter of interest in this present work is the thrust force provided by the nozzle part 

of the propulsive chamber, under different conditions. To do this, different approaches to the 

problem are employed. 

First, a theoretical approach is taken where the flow is considered to be a quasi-one-dimensional. 

Carrying out thermodynamic calculations using basic gas dynamics equations, operating 

parameters and ideal nozzle performance (CF), are determined. 

Secondly, the system of equations governing the flow is solved on the model [1] using the finite 

volume method (FVM) in structured grid. The governing equations are averaged in a Favre form 

using Ansys-Fluent® [2] as the solver. In this approach, the boundary layer and turbulence effects 

are not ignored. To provide a reference datum to check the influence of wall temperature on flow 

dynamics in overexpanded nozzles, a fully adiabatic nozzle wall is first studied in the case of 

model validation. 

The third approach consists of computational fluid dynamics (CFD) scenarios with wall cooling 

in the presence of a free shock-induced separation. In this case, the divergent section of the 

nozzle wall or part of the wall is treated as isothermal with a fixed wall temperature Tw. Finally, 

the numerical results are studied and analyzed in terms of flow separation and thrust efficiency. 
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Organization of manuscript 

The present document is organized in three (03) chapters.  

The first chapter is dedicated to a technological study and biographical analysis of nozzle design 

and compressible flow theory. Focusing mainly on overexpanded nozzles and the physical 

phenomenon encountered in such nozzles, that is, flow separation and its associated shock 

system. In addition, experimental campaigns and numerical studies performed on nozzle flow are 

provided. Regenerative cooling as one of the most widely used cooling technique in nozzles is 

explained. Finally, losses in performance due to flow separation, shocks and cooling are 

outlined. 

Chapter 2 covers the governing equations of fluid flow on which the simulations in this 

numerical work are based. 

Chapter 3 covers the main objective of the present work. It provides a discussion of the obtained 

results from the computational work. First, thermodynamic calculations are carried out to predict 

the flow conditions and estimate the ideal performance of the nozzle under the given conditions. 

Then CFD simulations are run on the DRL-TIC nozzle model and a comparative study is carried 

out where the obtained results are compared with the experimental data [1] for validation. The 

last part of the work consists of series of simulation scenarios with different wall configurations 

(modification of wall boundary conditions) of the divergent section of the nozzle wall. The 

numerical results are then discussed and analyzed to check the influence of the wall cooling on 

flow dynamics and nozzle performance. 

Finally, conclusions, as well as perspectives are recapitulated at the end of this thesis.  
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CHAPTER I: Technological study and bibliographical analysis 

 

Introduction 

Extensive studies have been done through the years to understand flow separation phenomena in 

overexpanded rocket nozzles. A better understanding could lead to better prevention or control of 

flow separation. This chapter is dedicated to the study of the physical phenomena related to 

boundary layer separation and separation criteria characterized by the evolution of wall pressure 

in the separation zone. This study requires basic knowledge of nozzle design as the internal flow 

field determines the characteristics of the nozzle flow behavior and performance, and 

compressible flows in nozzles with respect to shock formation and operating regimes 

(adaptation, underexpansion and overexpansion). Included in this chapter is regenerative cooling 

technique which is the most commonly used technique in cooling of the divergent section of the 

nozzle wall. Finally, losses of performance due to separation, cooling and shocks are outlined.  

1.1 Nozzle conception and manufacturing 

Thrust chambers are an essential subassembly of liquid propellant rocket engines. In the thrust 

chamber, liquid propellants are metered, injected, atomized, vaporized, mixed, and burned to 

form hot reaction gaseous products, which are subsequently accelerated and ejected at supersonic 

velocities. Chamber assemblies (Fig.1.1) comprise one or more injectors, a combustion chamber, 

a supersonic nozzle, and various mounting provisions. 
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Figure 1.1: Construction of an early regenerative cooled tubular thrust chamber [3] 

Typically, the combustion chamber is a constant diameter duct into which propellants are 

injected, mixed and burned. Its length is sufficient to allow complete combustion of the 

propellants before the nozzle accelerates the gas products. The nozzle is said to begin at the point 

where the chamber diameter begins to decrease. The flow area is first reduced giving a subsonic 

(Mach number < 1) acceleration of the gas. The area decreases until the minimum or throat area 

is reached. Here the gas velocity corresponds to a Mach number of one. Then the nozzle 

accelerates the flow supersonically (Mach number > 1) by providing a path of increasing flow 

area. 

 

Figure 1.2: Definition of a supersonic nozzle [4] 
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Simply stated, the role of the supersonic nozzle is to use the low velocity, high pressure, and high 

temperature gas in the combustion chamber, to increase thrust by accelerating the combustion 

gas to a high supersonic velocity.  

Steady thrust; 𝐹 = �̇�𝑣𝑒 + (𝑝𝑒 − 𝑝𝑎)𝐴𝑒 = 𝐶𝐹𝑝𝑐𝐴𝑡 = �̇�𝐼𝑠𝑝         (1.1) 

Where �̇� is the engine mass flow rate, CF is the thrust coefficient (dimensionless) and 𝐼𝑠𝑝 the 

specific impulse [m/s]. 𝑣𝑒 and 𝑝𝑒 are average values of the velocity and pressure over the nozzle 

exit area. 

CF gives the amplification of the thrust due to the gas expansion in the rocket nozzle compared to 

the thrust that would have been obtained if the chamber pressure only acted over the throat area 

only. 

The specific impulse 𝐼𝑠𝑝 is a measure of how efficiently a given flow rate of propellant is turned 

into thrust. 

Specific impulse; 𝐼𝑠𝑝 =
𝐹
�̇�⁄                                                                   (1.2) 

Another fundamental parameter that is frequently used in nozzle design and theory is the 

expansion ratio i.e. the ratio of the exit cross-sectional area to the throat cross-sectional area: 

Area ratio; 휀 =
𝐴𝑒

𝐴𝑡
                                                                  (1.3) 

If one assumes that the flow in a rocket nozzle is one-dimensional and isentropic, then the only 

important geometric variable is the area ratio. However, real nozzle flows are never truly one-

dimensional, and the shape of the nozzle walls can be quite important. The design of an actual 

nozzle requires the specification of the entire nozzle shape and generally takes into account 

variations in velocity and pressure on surfaces normal to the streamlines. In addition, the 

influence of friction, heat transfer, composition change, or shocks must be considered. 

Traditionally, the supersonic nozzle is divided into two (2) parts (Fig.1.2), the subsonic portion 

called the convergent and supersonic portion called the divergent. However, in supersonic nozzle 



CHAPTER I: Technological study and bibliographical analysis 

7 
 

design, the conventional two-dimensional nozzle is usually considered to consist of several 

regions as shown in figure 1.3. These are; 

i. the contraction or convergent, in which the flow is entirely subsonic, 

ii. the throat region, in which the flow accelerates from a high subsonic to a low supersonic 

speed, 

iii. an initial expansion region, where the slope of the contour increases up to its maximum 

value, 

iv. the straightening or 'Buseman' region in which the cross sectional area increases but the 

wall slope decreases to zero, and 

v.  the test section, where the flow is uniform and parallel to the axis. 

 

Figure 1.3: The principal regions of a supersonic nozzle [5] 

In supersonic flow, the Euler equations are hyperbolic i.e. the flow is only determined by the 

upstream conditions. In this case the method of characteristics (MOC) can be used to calculate 

the nozzle flow field. This method is the most commonly used in the rocket nozzle society for 

generating nozzle contours and determining loads and performances. 

1.1.1 Convergent region 

To date, very little consideration has been given to the flow in the subsonic part of the nozzle and 

the wall shape is usually prescribed by any convenient smooth curve. The reasonable flow 

uniformity achieved with nozzles designed on this basis seems to indicate that the precise shape 

of the wall is not of great importance, excepting of course the region immediately upstream of 

the throat. However, adverse pressure gradients should be avoided as far as possible because 

these may be strong enough to provoke separation of the boundary layers, and although 
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reattachment is likely to occur upstream of the throat, there is the possibility of non-uniformity of 

the flow downstream of the throat. Hence, it is important to consider the shape of the wall near 

the throat. Otherwise, in a region of favorable pressure gradient, almost any reasonably smooth 

contour provides a good subsonic flow.  

 

Figure 1.4: Examples of different convergent profiles [6] 

 

1.1.2 Throat region 

For the throat, quite a number of design methods have assumed for convenience that the flow is 

sonic along a straight line normal to the nozzle axis at the throat. Bershader [7] (1949) had 

shown that this assumption is only valid when the curvature of the wall at the throat is zero. 

Although this is possible it is difficult to realize in practice. If the curvature were zero any small 

error in the boundary layer correction would be sufficient to cause a substantial movement of the 

effective throat. 

1.1.3 Initial expansion region 

In a nozzle, the initial expansion occurs along contour TN (Fig.1.5), and this determines the 

character of the downstream flow field. In rocket application, a sharp corner downstream the 

throat are generally avoided due to chemical kinetics effects. Basically, a wall contour TN 
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having a radius of curvature equal to 0.5 times the throat radius i.e. rtd=0.5rt, are widely used. 

Using a transonic-flow analysis, a constant Mach-number line TO can be defined at the throat. 

Given the flow condition along TO and the solid boundary TN, a kernel flow field TNKO can be 

generated with the method of characteristics. The flow in the kernel is entirely determined by the 

throat conditions and constitutes the expansion zone. This kernel is the basis in all MOC design 

methods. 

 

Figure 1.5: Initial expansion region, kernel [4] 

1.1.4 Divergent region 

As stated, the exact shape of the subsonic or converging portion of the nozzle is not, within 

limits, a matter of great importance. On the other hand, the shape of the supersonic or diverging 

portion of the nozzle is important since, even in the absence of boundary layer effects, improper 

shaping can result in shock formation and substantial performance loss.  

Consider the basic flow structure in an ideal nozzle shown in figure 1.6.a. Basically, an ideal 

nozzle is a nozzle that produces uniform exit flow conditions. The nozzle contour, which 

achieves this, can be designed with MOC. 

Contour TNE is the diverging portion of the nozzle. After the initial expansion TN, the contour 

NE turns the flow over to axial direction. TN also defines the Mach number at K, which is equal 

to the design Mach number obtained at the exit. With the Mach line NK defined it is possible to 

construct the streamline between N and E with the use of MOC which patches the flow to 

become uniform and parallel at the exit and thus complete the nozzle design. Figure 1.6.b shows 

the left and right running characteristics for an ideal nozzle. The design Mach number is M=4.6 
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and the gas properties are γ=1.2 with a molecular mass =13.63 g/mole. The Two-Dimensional 

Kinetics nozzle performance code (TDK) can be used to generate the starting line TO. 

 

Figure 1.6.a: Basic flow structures in an ideal nozzle [4] 

 

Figure 1.6.b: Left and right running characteristics for an ideal nozzle. MDesign=4.6, γ=1.2, 

L≈50rt [4] 

1.1.5 Different types of nozzle contours. 

Different types of conventional convergent-divergent rocket nozzles exist, each producing their 

own specific internal flow field. Before analyzing flow separation behavior it is essential to 

understand the features of the different contour types. 

1.1.5.1 Conical contour nozzles 

The first rocket engine nozzles were typically conical in shape as this made for easier design and 

manufacturing [8]. The exhaust velocity of a conical nozzle is essentially equal to the one-

dimensional value corresponding to the expansion ratio, with the exception that the flow 

directions are not all axial. Hence, there is a performance loss due to the flow divergence. Due to 

its high divergence or geometrical losses, the conical nozzle is nowadays mainly used for solid 

rocket boosters with small expansion ratios and small thrusters where simple fabrication methods 
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are preferred. Nevertheless, a 15° conical nozzle is often used as a reference in comparing 

lengths and performance of other types of nozzles.  

 

Figure 1.7: Definition of conical nozzle [4] 

1.1.5.2 Truncated ideal contoured (TIC) nozzles 

An “ideal” nozzle contour (Fig.1.6.a) can be created with the aid of method of characteristics 

(MOC). These contours provide an isentropic and shock-free supersonic gas expansion with a 

uniform exit velocity profile. However, these nozzles are extremely long and consequently heavy 

and difficult to install [9].  The huge length is necessary to produce a one-dimensional exhaust 

profile. However, the thrust contribution of the last part of the contour is negligible due to the 

small wall slopes. Shortening such a nozzle proves to be a good way to reduce weight without 

suffering significant thrust losses; these nozzles are called truncated ideal contoured nozzles, or 

TIC nozzles. As an example, the right and left running characteristics of a truncated ideal nozzle 

obtained by truncating the ideal nozzle given in figure 1.6.b are shown in the figure below. 

  

Figure 1.8: Left and right running characteristic lines in a truncated ideal contoured (TIC) 

nozzle. Obtained by truncating the ideal nozzle given in figure 1.6.b at x/rt≈18 [4] 
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1.1.5.3 Thrust optimized parabolic (TOP) nozzles 

Guderley and Hantsch [10] formulated the problem of finding the exit area and nozzle contour 

by using calculus of variables to produce the optimum thrust for prescribed values of the nozzle 

length and the ambient pressure. However, the method was not widely adopted until the 

complicated solution method was simplified significantly by Rao [11]. These nozzles, usually 

referred to as thrust optimized contoured nozzles (TOC), significantly increased geometrical 

efficiency compared to a 15° half angle conical nozzle with the same expansion ratio. Rao later 

proposed a skewed parabolic-geometry approximation to TOC nozzle contour from the inflection 

point to the nozzle exit [12], referred to as thrust optimized parabolic (TOP) nozzles. The TOC 

nozzle produces weak compression waves along the wall which coalesce into an internal shock 

wave further away from the wall. In comparison, TOP nozzles produce an internal shock at the 

wall due to a discontinuity formed at the intersection between a circular arc at the throat and the 

parabolic curve that defines the rest of the divergent section. Interestingly, this leads to increased 

wall pressure in TOP nozzles compared to TOC nozzles, giving TOP nozzles a higher resistance 

to flow separation [9]. TOP nozzles are commonly used on rocket engines and were employed 

on the American Space Shuttle Main Engine and the European Vulcain engine [9]. 

 

Figure 1.9: Basic TOP nozzle geometry [4] 

1.2 Physics of compressible flows within nozzles 

As shown in the previous section, the performance of rocket engines highly depends on the 

aerodynamic design of the expansion nozzle, the main design parameters being contours design 

and the area ratio.  
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Anderson demonstrates in his book Modern Compressible Flow with Historical Perspective [13], 

the following equation can be derived from quasi one-dimensional flow equations: 

𝑑𝐴
𝐴⁄ = (𝑀2 − 1) 𝑑𝑢 𝑢⁄                                                                    (1.4) 

This equation called the area-velocity relation tells that for 𝑀 > 1 i.e. supersonic flow, an 

increase in velocity is associated with an increase in area, and vice versa. Hence an obvious way 

to increase the payload of propulsion systems would be to increase the area ratio of the core 

nozzle engine, however this will at the same time reduce the nozzle exit pressure.  

1.2.1 Flow conditions in nozzles 

Flow conditions in supersonic nozzles are determined by the operating pressure ratio, the ratio 

of the ambient pressure to the inlet stagnation pressure.  Figure 1.10 shows the evolution of the 

pressure along the nozzle. The first critical point corresponds to the case where the throat 

becomes sonic, and the mass flux reaches a maximum. The nozzle flow is subsonic, including 

the exit jet, and 𝑝𝑒 = 𝑝𝑎. The pressure ratio above the first critical, the exit jet is subsonic and the 

nozzle throat is not choked while below this critical the diverging flow is entirely supersonic, 

including the jet flow. A nozzle operating at the design pressure ratio, the exit pressure is equal 

to the surrounding pressure (𝑝𝑒 = 𝑝𝑎). Further lowering the pressure ratio would result in the 

formation of internal shocks, overexpanded flow or underexpanded flow depending on the 

operating pressure ratio.    
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Figure 1.10: Evolution of pressure in the nozzle [14] 

 In both underexpansion and overexpansion cases there is a system of compression and 

expansion waves around the exiting jet, with consequent density discontinuities, which gradually 

achieves a match between the pressure in the jet and that of the surrounding. It is customary to 

describe the conditions for off-design supersonic discharge from the theoretical value, which is 

given as the ratio of the design exit pressure to the ambient pressure.   

1.2.1.1 Adaptation 

An ideal or adapted nozzle, i.e. the nozzle producing the maximum possible thrust, is a nozzle 

where the exit pressure is adapted to the ambient pressure (𝑝𝑒 = 𝑝𝑎). By definition an ideal 

nozzle expands the throat flow isentropically and produces a parallel uniform exit flow at a 

prescribed exit Mach or area ratio as shown in figure 1.6.a. and figure 1.11. This is called an 

ideal expanded flow or optimum expansion.  

 

Figure 1.11: Ideal expanded flow [15] 
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However, most part of the operational time of a rocket engine, the supersonic discharge from the 

nozzle occurs under off-design conditions, where the nozzle exit pressure, 𝑝𝑒, differs from that of 

the atmosphere, 𝑝𝑎. Here both the overexpansion of the gas in the nozzle (𝑝𝑒 < 𝑝𝑎) and 

underexpansion (𝑝𝑒 > 𝑝𝑎) are possible.  

1.2.1.2 Underexpansion 

In the case of underexpansion, the flow leaving this nozzle has a pressure greater than the 

ambient pressure due to a small exit area and the flow is parallel to the axis. The expansion of the 

fluid is therefore incomplete within the nozzle and continues outside resulting in a system of 

expansion waves. Due to the high exit pressure, there is an enlargement of the supersonic jet and 

a divergence of the isobar border which separates the supersonic jet of the fluid from the outside 

environment. 

 

Figure 1.12: Underexpanded flow [15] 

1.2.1.3 Overexpansion 

For overexpanded flows, the ambient pressure is higher than the exit pressure. In this case there 

is need of a compression process at the exit in order for the flow to end up at the ambient 

pressure. However, a normal shock at the exit will produce too strong a compression. What is 

needed is a shock process that is weaker than a normal shock, and the oblique shock has been 

shown to be just this. Thus, at the exit an oblique shock emanates into the flowfield at an 

appropriate angle to achieve a match between the exit pressure and the ambient pressure, 𝑝𝑒 =
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𝑝𝑎. Across the oblique shock, the flow is always deflected away from a normal to the shock 

front, and thus the flow is no longer parallel to the centerline. 

 

Figure 1.13: Overexpanded flow [15] 

 

Both underexpansion and overexpansion cases are undesirable because the highest potential 

exhaust velocity is not achieved in underexpanded flow and, in an overexpanded flow, the 

second term in equation 1.1 is negative, thus decreasing the thrust. Under highly overexpanded 

conditions, there is a risk of flow separation in such nozzles. This is the case for example, when a 

rocket engine designed for altitude operation is tested at sea level. It also occurs during start 

transients, shut off transients, or engine throttling modes. 

1.2.2 Flow separation in overexpanded nozzles 

The physical problem encountered in nozzle flows is the result of boundary layer separation 

caused by an adverse pressure gradient which interacts with shocks and gives rise to complex 

phenomena. Under highly overexpanded conditions, when the nozzle theoretical wall exit 

pressure (the wall pressure obtained when the flow is ejected in to vacuum ambient conditions) 

goes down to approximately 80% to 40% of the ambient pressure, the boundary layer cannot 

sustain or negotiate the adverse pressure gradient imposed upon it by the inviscid outer flow, the 

flow then separates from the nozzle wall, causing a standing shock wave to form at the 

separation base. Thus, flow separation in any supersonic flow is a basic fluid-dynamics 

phenomenon that occurs at a certain nozzle pressure ratio (NPR) which is essentially as a result 



CHAPTER I: Technological study and bibliographical analysis 

17 
 

of a process involving complex shock wave/boundary layer interaction (SWBLI) inside the 

nozzle.  

It has been the subject of various experimental and numerical studies in the past. Today, with the 

renewed interest in supersonic flights and space vehicles, the subject has become increasingly 

important, especially for aerospace applications for rockets, missiles, supersonic aircraft, etc. The 

prime motive of which has been to improve nozzle performance under overexpanded flow 

conditions and to mitigate side-loads in nozzles during impulsive startup and shut down 

operation.  

To understand the origin of the phenomenon, Figure 1.14 describes the process of flow 

separation by considering an incident supersonic flow. The Mach number Mi and the pressure pi 

define the inviscid uniform flow. The skin friction coefficient (Cf), and the displacement 

thickness (δ) define the local characteristics of the boundary layer. 

The adverse pressure gradient between the ambient and the wall pressure is necessarily 

transmitted in the upstream direction through the subsonic inner part of the attached boundary-

layer. The effect of the adverse pressure is "felt" upstream at the incipient point I, which is the 

origin of the interaction. There is a subsequent deceleration of the fluid particles in the near-wall 

region and the boundary layer starts to thicken in the direction of the flow. This thickening of the 

boundary-layer subsonic channel resulting from a rise in pressure generates outgoing 

compression waves in the adjacent supersonic layer that rapidly coalesce to form a separation 

shock. The boundary-layer then separates at point S and the nozzle flow is directed towards the 

centerline by the shock while ambient air enters the separated region and flows towards the 

separation point until it is redirected into the shear layer and the recirculation region is developed 

in the vicinity of the wall. 
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Figure 1.14: Shock induced boundary layer separation in an overexpanded nozzle, Délery [16]  

1.2.3 Structure of flow separation in overexpanded nozzles 

In the 1940s, flow separation in rocket nozzles was for the first time investigated in detail [17]. It 

was understood that the boundary layer separated from the nozzle wall for wall pressures below 

a value of about one third of the ambient pressure and that the flow continued as a free stream. 

Today, this flow phenomenon is referred to as “Free Shock Separation”, FSS. During the 

development of the J-2S engine in the early 1970s [18], a second kind of flow separation was 

observed, where the separated flow reattached to the nozzle wall, thereby forming a closed 

recirculation bubble. The name “Restricted Shock Separation”, RSS, was chosen for this 

phenomenon, which was however only observed in sub-scale cold-gas tests and not completely 

understood. The existence of these two separation patterns have been corroborated by several 

experimental studies, performed on either subscale or full-scale optimized nozzles, and different 

numerical simulations in recent research.  

 

1.2.3.1 Free Shock Separation (FSS) 

In the free shock separation, the overexpanded nozzle flow fully separates from the wall at a 

certain ratio of wall to ambient pressure and never reattaches but continues as a free stream.  

From the distribution of the wall pressure, the flow can be divided into 3 domains. The first 

domain is where the flow remains attached to the wall. This is the domain before the first 

deviation of the wall pressure. The first deviation of the wall pressure from the vacuum profile 
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corresponds to the incipient separation pressure, 𝑝𝑖 (Fig.1.15), which denotes the origin of the 

interaction. The second is called the interaction domain. Here the wall pressure quickly rises 

from 𝑝𝑖 to a plateau pressure, 𝑝𝑝, which is in general slightly lower than the ambient pressure 𝑝𝑎. 

The boundary layer effectively separates from the nozzle wall at 𝑥𝑠 shortly before reaching the 

plateau pressure, 𝑝𝑝. In the recirculation zone downstream of the separation point, the wall 

pressure increases slowly from 𝑝𝑝 to 𝑝𝑒  , (Fig.1.15). This gradual pressure rise is due to the 

inflow and upstream acceleration of gas from the ambience into the recirculation region. 

To predict the axial separation location inside a nozzle, the ratio of separation to ambient 

pressure 
𝑝𝑖

𝑝𝑎
 must first be known. Using the vacuum wall pressure profile in the nozzle, the 

separation location can then easily be determined. 

 

Figure 1.15: Phenomenological sketch of free shock separation (FSS) [19] 

Figure 1.16 schematically shows the main features of a free shock separation. An oblique shock 

wave forms at the separation base creating a Mach reflection at the centerline forming the Mach 

disc, a shock wave normal to the incoming flow and a reflected shock called the ”triple shock” 

where the oblique shock and the Mach disc meet. The triple shock extends into a supersonic 
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shear layer which envelopes the jet’s core. The jet flow undergoes a series of expansion and 

compression waves until the jet becomes sub-sonic. 

 

Figure 1.16: Shock pattern of supersonic flow with free shock separation inside an axisymmetric 

convergent-divergent nozzle [20] 

1.2.3.2 Restricted Shock Separation (RSS) 

In this flow regime, which only occurs at certain pressure ratios and in certain nozzles, the 

pressure downstream of the separation point shows an irregular behavior and partly reaches 

values above the ambient pressure. This is attributed to a reattachment of the separated flow to 

the nozzle wall, inducing a pattern of alternating shocks and expansion waves along the wall. 

Due to the short separated region, this flow regime is termed as restricted shock separation. 

Figure 1.17:  Phenomenological sketch of restricted shock separation (RSS) [19] 
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1.2.4 Separation criteria  

In an attempt to understand and predict flow separation, a number of extended studies and 

experiments have been performed on overexpanded nozzles. Most of these studies are performed 

on conical and truncated ideal nozzles which only feature the free shock separation. The 

extended studies have resulted in a number of empirical and semi-empirical models to predict the 

separation point and the plateau pressure. These criteria present the rise in the plateau pressure  

𝑝𝑝 in function of the upstream conditions at the origin of the interaction (𝑀𝑖, 𝑝𝑖…). In these 

criteria, the plateau pressure is assumed to be equivalent to the ambient pressure.  

Some of the current separation point models for FSS are presented below. 

1.2.4.1 Summerfield criterion  

This is the most classical and simple criteria for FSS which is purely derived from nozzle testing 

with a pressure 
𝑝𝑐

𝑝𝑎⁄  between 15 and 20. It is based on extensive studies on the separation 

phenomenon in conical nozzles in the late 1940’s. 

 
𝑝𝑖
𝑝𝑝⁄ = 0.4                                                                           (1.5)                                                                      

 

1.2.4.2 Zukoski empirical criterion  

Zukoski described the pressure ratio, 
𝑝𝑖
𝑝𝑝⁄  at the simple form,  

 

𝑝𝑖
𝑝𝑝

=
2

2 +𝑀𝑖
                                                                           (1.6) 

The criterion shows good agreement with performed experiments. But it has a drawback that all 

experiments were performed with air, and thus does not include the dependency of specific heats 

𝛾. 

Another correlation that issued from the experiments carried out by Zukoski concerns the 

pressure at the separation point 𝑝𝑠. 
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𝑝𝑠
𝑝𝑐
= (1 + 0.73

𝑀𝑖

2
)                                                            (1.7) 

1.2.4.3 Schmucker empirical criterion  

Schmucker recommended an empirical criterion from the experimental data from the tests 

performed on liquid rocket propellant engines. The recommended correlation by Schmucker is;  

𝑝𝑖
𝑝𝑝

= (1.88𝑀𝑖 − 1)−0.64                                                       (1.8) 

1.2.4.4 Schilling criterion  

Based on experiments with conical and truncated ideal nozzles, Schilling derived in 1962 a 

simple expression accounting for the increase of separation pressure ratio 
𝑝𝑖

𝑝𝑝
 with increasing 

Mach number, 

𝑝𝑖
𝑝𝑝

= 𝑘1 (
𝑝𝑐
𝑝𝑝
)

𝑘2

                                                                                     (1.9) 

with 𝑘1 = 0.582 and 𝑘2 = −0.195 for contoured nozzles, and 𝑘1 = 0.541, and 𝑘2 = −0.136 

for conical nozzles. 

 

1.2.4.5 Kalt and Bendall criterion  

In 1965, based on Schilling’s expression Kalt and Badal chose 𝑘1 =
2
3⁄   and 𝑘1 = −0.2 for a 

better agreement with their experimental results. 

1.3  Test campaigns on nozzle flow 

In Europe, interest for nozzle flow behavior and performance optimization is still high. The 

European industrial partners Snecma and Volvo Aero together with the research institutions 

DLR, ONERA , LEA Poitiers and somewhat later also ESTEC focused their research efforts in 

the European Flow Separation Control Device (FSCD) group, which is organized by Centre 

National d’Etudes Spatiales CNES, focusing mainly on technological challenges of thrust 
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chambers [19,21]. An important part of the work consists in cold sub-scale tests, which are 

performed at four different test facilities at FOI (Sweden) [22], LEA Poitiers (France) [23], DLR 

Lampoldshausen (Germany) [24,25] and ONERA Meudon (France) [26, 27]. These cold gas 

tests allow investigations of critical nozzle flow phenomena in a relatively inexpensive and more 

versatile way than hot gas firing tests. A large amount of transducers and measurement 

techniques can also be used. Within the FSCD group, several attempts have been undertaken to 

improve the accuracy of separation prediction as well as the control of flow separation and side-

loads in rocket nozzles with different contour designs. 

Activities on nozzle flow with respect to flow separation and side-loads were initiated after high 

side-loads had been observed in a Vulcain engine. Since then, a series of test campaigns have 

been performed on either subscale or full-scale optimized nozzles. Sub-scale tests in a truncated 

ideal nozzle were carried out at LEA Poitiers, including dynamic wall pressure measurements 

[28]. At ONERA, a planar nozzle flow was investigated, where either a symmetrical or 

unsymmetrical shock could form [29]. In addition, a series of extensive experimental campaigns 

[30-35] have been conducted in order to characterize the influence of film cooling on flow 

separation phenomena. Wind tunnel tests with a sub-scaled Vulcain nozzle performed by Volvo 

Aero [36] showed the occurrence of RSS over a wide range of pressure ratios. It could be shown 

that huge side-loads were induced when the flow changed from FSS to RSS and vice versa [36]. 

By analyzing different nozzle design methods, DRL [37-44] carried out a cold flow test series to 

study the boundary layer separation and the related flow field in nozzles. DLR [38] showed that 

a weak shock exists inside thrust-optimized nozzles where re-attached flows are well-known for, 

originating from the beginning of the divergent nozzle section. This internal shock causes a 

plume pattern very different from the expected Mach disk and was called “cap shock pattern”. At 

low pressure ratios with flow separation, the cap shock pattern can cause the separated flow to 

reattach to the wall and thus cause RSS, even in full-scale engines as the Vulcain and the SSME 

[38]. Experiments [37, 39] also showed that even in TIC nozzles significantly high-amplitude 

side-loads may occur in particular at low pressure regimes, confirming earlier findings [38] of 

symmetrical/unsymmetrical boundary-layer separations and subsequent side-loads generation in 

conical nozzles. Stark and Wagner [39, 41] summarized recent findings achieved on TIC 

nozzles, with emphasis on the  separation criteria and understanding of side-loads generation in 
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which a simple criterion was presented which is valid for turbulent nozzle flows and, therefore, 

suitable for technical application to rocket engines. 

Outside Europe, USA [45] and Japan [46] have also carried out extensive experimental 

evaluations of flow separation in side-loads characteristics on different high-area-ratio rocket 

engines.  

 The figures 1.18-19 show the different shock patterns in the plume of overexpanded rocket 

nozzles that have been observed. 

 

Figure 1.18: Cap shock pattern (left) and Mach disk (right) in the plume of the Vulcain engine 

[4] 

 

Figure 1.19: Exhaust plume patterns for nozzles, a) truncated ideal nozzle, with Mach disk, P6 

TIC DLR [1], c) TOP ONERA [19] 
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Figure 1.20: a) Cold gas subscale test facility P6.2 and b) ONERA R2Ch blowdown wind tunnel 

1.4  Numerical investigations on nozzle flow 

To corroborate experimental findings, extensive numerical studies as well as analytical 

considerations are being used to understand the physical phenomena connected to flow 

separation and side-loads in rocket nozzles. 

From a numerical point of view, it is worth noticing that the modelling challenge is to predict the 

boundary layer in nozzles at a very high-Reynolds number to adequately simulate the interaction 

of shock-waves with large and small scale turbulence and associated phenomena. 

Stark and Wagner [41] performed a series of CFD tests on a truncated ideal nozzle using the Tau 

code, developed by DLR to corroborate the tests conducted in cold flow test position P6.2, where 

they found that the shape of the Mach disk and the reflected shock are well resolved by the 

computations. Both in the experiments and in the computations the Mach disk is bended 

downstream. Bowed Mach disks at moderate NPRs could also be found in computations from 

Nasuti and al. [47] and Pilinski [48].  P. Reijasse, [49] carried out experimental and numerical 

investigations on the Cap-Shock structure in overexpanded thrust-optimized nozzles following 

the test campaign characterizing flow separation in overexpanded subscale nozzles performed in 

the R2Ch blowdown wind tunnel of the ONERA Chalais-Meudon center. In his calculations 

using Nasca research code, the outstanding results was the recirculating bubble seen on the 

nozzle centerline of the Mach disc which confirmed other computational and experimental 
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results performed in Europe [50-53]. In addition, P. Reijasse and Boccaletto [54] undertook 

steady and unsteady RANS computations to investigate the influence of the film cooling onto the 

shock in the subscale over-expanded nozzle. The objective was to conclude on the ability of this 

computation to re-build the features on the nozzle flow behavior during the transient of the wall 

film injection. In their findings, steady and unsteady computations can re-build the experimental 

features and have clearly revealed a dynamic phenomenon of the separation shock foot region 

during the rapid film injection. Many other steady computations of film cooling influence on the 

nozzle flow separation have been conducted by ONERA teams [50, 55, 56]. Stark and 

Hagemann [1] presented CFD simulations using the data from DLR’s cold flow test facility P6.2 

with the objective to compute the flow inside a strongly over-expanded truncated ideal contour 

nozzle with respect to the prediction of location and shape of the flow separation, the oblique 

shock and the Mach disc by using different turbulence models. The evaluation showed that up-

to-date CFD simulations (at least for cold flow nozzles) tend to under-predict the separation 

location. A small advantage arose for kω and Spalart-Allmaras turbulence models and they seem 

to be a better approach to calculate nozzle flows.  

Many modelling efforts [57] have been carried out in the European FSCD frame to progress 

forward in the field of numerical simulations and modelling capabilities. Most of the numerically 

observed behaviors are consistent with experimental data, though accurate separation locations 

are still questionable and limited to the capabilities of state of the art turbulent models. 
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Figure 1.21: CFD calculated Mach number distribution in Volvo S1 nozzle [4] 

1.5  Regenerative cooling on overexpanded nozzles 

The primary objective of cooling is to prevent chambers and nozzle walls from failing, a 

condition where they no longer withstand the imposed loads or stresses. With rising heat rates, 

most wall materials ultimately fail and eventually melt. Cooling must therefore be implemented 

to reduce wall temperatures to acceptable levels.  

Regenerative cooling is done with cooling jackets or a special cooling passage built around the 

thrust chamber where one liquid propellant (usually the fuel) circulates through to absorb the 

heat transfer from the hot reaction gases to the thrust chamber walls before it is fed to the 

injector. This cooling technique is used primarily in bipropellant chambers of medium to large 

thrust capacity. It has been very effective in applications with high chamber pressures and high 

heat transfer rates. Moreover, as some of the heat is transferred to the fuel there is slight increase 

in specific impulse of such engine owing to regain of certain amount of energy, which would be 

otherwise lost as heat to the walls. Due to its similarity to steam regenerators, the method is 

called regenerative cooling.  
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Jackets can consist of separate inner and outer walls (Fig.1.23) or of an assembly of contoured, 

adjacent tubes (Fig.1.22). Internal cooling passages, cooling jackets, or cooling coils permit the 

circulation of the coolant.These tubes are usually bent to the chamber and nozzle contours; they 

are formed hydraulically to give a variable cross section to permit the same number of tubes at 

the throat and exit diameters. The inner wall usually made of copper confines the gases, and the 

spaces between the walls serve as the coolant passage. 

 

Figure 1.22: Cross-sections view of tubes [3] 

Coolant enters through the inlet manifold i.e. fuel inlet into every other tube and proceeds axially 

to the nozzle exit manifold, where it then enters the alternate tubes and returns axially to go 

directly to the injector as shown in the figure below (Fig.1.23) . 

 

Figure 1.23: Cross-sectional view of a thrust chamber with regenerative cooling 
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The nozzle throat region usually has the highest heat flux and is therefore the most difficult to 

cool. For this reason the cooling passage is often designed so that the coolant velocity is highest 

at the critical regions by restricting the coolant passage cross-section (Fig.1.22). In some cases to 

increase the cooling efficiency, coolant can enter the coolant passages either from the nozzle exit 

and throat (Fig.1.24-a) or directly from the throat (Fig.1.24-b). This type of regenerative cooling 

is called dual regenerative cooling. 

 

Figure 1.24: Schematic views for dual regenerative cooling 

The heat transfer between the combusted gases and thrust chamber wall is by convection and 

radiation (Fig.1.23) while heat transfer between the coolant and thrust chamber wall is by forced 

convection. This heat transfer in a regeneratively cooled thrust chamber can be described as the 

heat flow between two moving fluids, through a multilayer partition as given in figure 1.25 and 

the total heat flux can be given as: 

�̇�𝑡𝑜𝑡 = �̇�𝑔 = �̇�𝑠 = �̇�𝑐                                                                   (1.10) 

 

Figure 1.25:  Heat transfer schematic for regenerative cooling 
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In order to provide sufficient cooling temperature of interior side of chamber wall, Twg, which is 

directly exposed to hot combustion gases, (Taw) must be lowered to some acceptable level. This 

is usually temperature at which material of chamber still has enough strength to withstand all 

accompanying stresses. Limitations of regenerative cooling encompass maximum allowable 

coolant temperature (called critical temperature), chamber wall thickness or fuel pressure drop in 

cooling channels.  

Regenerative cooling is in most cases considered as a steady-state process, in which an 

acceptable temperature distribution occurs in the combustion chamber and nozzle wall. Given 

that condition holds up, regenerative cooling can work virtually for the infinite time and is only 

limited by available amount of propellants. 

1.6  Performance losses due to shocks, separation and cooling 

Because of the tremendous energy flow in rocket engines, these engines are characterized by 

small performance losses due to heat loss, friction, vaporization and mixing inefficiencies, etc. 

Other losses include losses due to shocks and separation. However, even small losses have a 

large impact on delivered payload or range of the system and are therefore important. 

The consequences of shock wave/boundary layer interaction (SWBLI) are multiple and often 

critical for the vehicle performance. The shock submits the boundary layer to an adverse pressure 

gradient which may strongly distort its velocity profile thereby leading to non-uniformity of the 

flow. At the same time, in turbulent flows, turbulence production is enhanced which amplifies 

the viscous dissipation leading to aggravated performance losses.  

Unstable separation is associated with high total pressure losses resulted from the occurrence of 

lambda shock and aftershocks, which results in loss of thrust performance.  In addition, shock-

induced separation most often results in high levels of unsteady lateral forces so-called side-

loads which can damage the vehicle structure or, at least, severely limit its performance. 

Cooling of thrust chamber walls is important, however there are some propulsion performance 

penalties that may accompany it. In regeneratively cooled liquid propellant rocket engines, the 

coolant pressure drop must be properly regulated because a higher pressure drop allows a higher 

coolant velocity in the cooling channel (and thus a better cooling), however, the pumping energy 



CHAPTER I: Technological study and bibliographical analysis 

31 
 

required to overcome pressure losses in propellant and coolant liner result in a loss in impulse 

efficiency and requires a heavier feed system that increases the engine mass and thus also the 

total inert vehicle mass. 

 

Conclusion 

Flow separation is a natural phenomenon as well as an engineering problem of fundamental 

importance in numerous industrial applications. In most cases it is an undesirable phenomenon.  

The encounter of a shock wave with a boundary layer results in complex phenomena because of 

the rapid retardation of the boundary layer flow and the propagation of the shock in a 

multilayered structure. These interactions are responsible for acoustic, vibrate-acoustic, thermal, 

and mechanical-induced loads that act on the structure.  

Since over-expanded flow results in total pressure losses, it is important to predict the thrust loss 

and thrust performance of the nozzle. Thrust performance could be improved by encouraging 

stable separation and controlling the location and extent of that separation. These objectives may 

be achieved by predicting the main state variables, while solving the governing equations of such 

flows. A task that is to be highlighted in the following chapter.     
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CHAPTER II: Modelling and governing equations 

 

Introduction 

Computational fluid dynamics or CFD is the analysis of systems involving fluid flow, heat transfer and 

associated phenomena such as chemical reactions by means of computer-based simulation. This branch of 

fluid mechanics uses numerical analysis and data structures to solve equations of flow (in a unique form) 

over a control volume. 

Computational fluid dynamics constitutes a new “third approach” in the philosophical study and 

development of the whole discipline of fluid dynamics. The two other approaches are pure experiment 

and theory. It complements experimental and theoretical fluid dynamics by providing a cost-effective 

means of simulating real flows. The governing equations of computational fluid dynamics are based on 

the conservation law of physical properties i.e. mass, energy, and momentum 

2.1 Governing equations of fluid flow  

To understand the physics of the fluid in motion related to any engineering problem, it is important to 

develop an accurate relationship among the variations of the fluid flow properties such pressure, 

temperature, velocity, density etc. at discrete points in space and time. The fluid governing equations 

proves a theoretical solution to how these flow properties are related to each other by either integral, 

differential or algebraic equations.  

A simplification and idealization of the full two or three-dimensional equations of real flow behaviors is 

done by assuming the flow to be one-dimensional.  

The following three fundamental laws known as the conservation laws are used to establish the governing 

equations of the fluid flow. 

2.1.1 Conservation of mass 

By definition the mass of a closed system remains constant over time, as the system’s mass cannot 

change, so the quantity can neither be added nor be removed. 

𝑑(𝑚𝑎𝑠𝑠)

𝑑𝑡
= 0                                                                      (2.1) 
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The integral form of the momentum equation [13]  

(
𝑑𝑚

𝑑𝑡
)
𝑠𝑦𝑠

=
𝜕

𝜕𝑡
 (∰𝜌𝑑�̃� )  + ∯ρ(𝑉. �̃�) 𝑑A                       (2.2) 

where ρ is the fluid density and �̃�  the control volume and A the area. The fluid velocity is 

 𝑉 = 𝑢𝑖 + 𝑣𝑗 + 𝑤𝑘  where u, v, and w are the velocity components in i, j and k directions.  

It is known by equation (2.1) that this must be zero; thus the transformed equation 

𝜕

𝜕𝑡
 (∰𝜌𝑑�̃� )  +  ∯ρ(𝑉. �̃�) 𝑑A = 0                                          (2.2) 

This equation is called the continuity equation; it is an integral formulation of the conservation of mass 

principle as applied to a fluid flow. Equation (2.2) is quite general, it applies to all flows, compressible, 

incompressible, viscous or inviscid. 

For steady flow, any partial derivative with respect to time is zero and the equation becomes 

∯ρ(𝑉. �̃�) 𝑑A = 0                                                                       (2.3) 

 

For a steady, one-dimensional flow, the continuity equation for a control volume is: 

∑𝜌𝑢𝐴 = 0                                                                                  (2.4) 

If there is only one section where fluid enters and one section where fluid leaves the control volume, this 

becomes 

(𝜌𝑢𝐴)𝑜𝑢𝑡 − (𝜌𝑢𝐴)𝑖𝑛 = 0, or (𝜌𝑢𝐴)𝑜𝑢𝑡 = (𝜌𝑢𝐴)𝑖𝑛                     (2.5) 

This is usually written as 

�̇� = 𝜌𝑢𝐴 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                         (2.6) 

 

2.1.2 Conservation of momentum (Newton’s second law) 

The time rate of change of momentum of a body equals the net force exerted on it. 
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Newton’s second law tells us that its linear momentum will be changed in direct proportion to the applied 

forces. This is expressed by the following equation[14]: 

∑𝐹 =
𝑑(𝑚𝑉)

𝑑𝑡
                                                              (2.7) 

Based on the Newton’s second law the following equation is given in integral form for momentum [13]: 

𝑑(𝑚𝑉)

𝑑𝑡
=∰

𝜕(𝜌𝑉)

𝜕𝑡
𝑑�̃� +∯𝜌𝑉(𝑉 . �̂�)dA                           (2.8. 𝑎) 

 

From equation (2.7), the integral form becomes 

∑𝐹 =∰
𝜕(𝜌𝑉)

𝜕𝑡
𝑑�̃� +∯𝜌𝑉(𝑉 . �̂�)dA                           (2.8. 𝑏) 

∰
𝜕(𝜌𝑉)

𝜕𝑡
𝑑�̃� +∯𝜌𝑉(V. �̂�)dA =∰𝜌𝑓 𝑑�̃� −∯𝑝  𝑑A                            (2.9) 

f represents the body force per unit mass of the fluid. 

The equation (2.9) is called the momentum equation. It is a general formulation Newton’s second law 

applied on inviscid fluid flows. The equation above (2.9) does not include the effects of friction. If 

friction were to be included, it would appear as additional surface forces, which are the shear and normal 

viscous stresses integrated over the control volumes.  

∰
𝜕(𝜌𝑉)

𝜕𝑡
𝑑�̃� +∯𝜌𝑉(V. �̂�)dA =∰𝜌𝑓 𝑑�̃� −∯𝑝  𝑑A + 𝐹𝑣𝑖𝑠𝑐𝑜𝑢𝑠                     (2.10) 

Assuming one-dimensional steady flow and absence of body force, the first and third term in equation 2.9 

become zero. The equation becomes 

∯(𝜌𝑉 . 𝑑A)u = −∯𝑝  𝑑A                                                       (2.11) 

If there is only one section where fluid enters and one section where fluid leaves the control volume, we 

know (from continuity) that 

𝜌1(−𝑢1𝐴) + 𝜌2(𝑢2𝐴) = −(𝑝1𝐴 + 𝑝2𝐴)                                                      (2.12. 𝑎) 
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 or 

𝑝1 + 𝜌1𝑢1 = 𝑝2 + 𝜌2𝑢2                                                                     (2.12. 𝑏) 

Equation 2.12 is the momentum equation for a steady one dimensional flow.   

2.1.3 Conservation of energy (First law of thermodynamics) 

The first law of thermodynamics is a statement of conservation of energy. For a system composed of a 

given quantity of mass that undergoes a thermodynamic process without transfer of matter, the first law is 

often formulated as 

𝑄 +𝑊 = Δ𝐸                                                                              (2.13) 

where, 

Q = the net heat transferred into the system 

W = the net work done by the system 

Δ𝐸 = the change in total energy of the system 

 

This can also be written on a rate basis to yield an expression that is valid at any instant of time: 

𝑑𝑄

𝑑𝑡
=
𝑑𝑊

𝑑𝑡
+
𝑑𝐸

𝑑𝑡
                                                                                 (2.14) 

Based on the above law the following equation is given in integral form [13] 

∰𝜌�̇� 𝑑�̃� −∯𝑝𝑉  𝑑A +∰𝜌𝑓 𝑑�̃� =∰
𝜕

𝜕𝑡
[𝜌 (𝑒 +

𝑉2

2
)] 𝑑�̃� +∯𝜌 (𝑒 +

𝑉2

2
)𝑉. 𝑑A (2.15) 

where e is internal energy (per unit mass), and  �̇� is the rate of heat added. The term is (𝑒 +
𝑉2

2
) the sum 

of internal and kinetic energies per unit mass. 

The equation (2.15) is called the energy equation. It is the integral formulation of the first law of 

thermodynamics applied on inviscid fluid flows. In this equation there is no thermal conduction or 

diffusion, no shaft work and there is no work done by viscous stresses. 
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The first term (2.15) on the left physically represents the total rate of heat added to the gas inside the 

control volume. For the sake of simplicity, this integral volume is noted �̇�. The third and fourth term are 

zero because of zero body force and steady flow respectively. Hence equation (2.15) becomes 

�̇�−∯𝑝𝑉  𝑑A = ∯𝜌(𝑒 +
𝑉2

2
)𝑉. 𝑑A                                          (2.16) 

Evaluating integrals on the surface of the control volume, the following equation is obtained [13] 

�̇� − (−𝑝1𝑢1𝐴 + 𝑝2𝑢2𝐴) =  −ρ1 (𝑒 +
𝑢1

2

2
)𝑢1𝐴 +−ρ2 (𝑒 +

𝑢2
2

2
)𝑢2𝐴                (2.17) 

Simplifying equation (2.17) and such that ℎ = 𝑒 + 𝑝𝑣 

ℎ1 +
𝑢1

2

2
+ 𝑞 = ℎ2 +

𝑢2
2

2
                                                         (2.18) 

Equation (2.18) is the energy equation for a steady one dimensional flow. 

2.2 Equations of conservation in compressible flows 

The equations for a one-dimensional flow in a nozzle can be solved by carrying out calculations by 

section .i.e. the gas velocity, pressure, temperature, and density  (v,p,T,ρ ) are all uniform across any 

section normal to the nozzle axis, and are thus only a function of the section position. 

2.2.1 Speed of sound 

The so-called speed of sound is the rate of propagation of a pressure pulse of infinitesimal strength 

through a still fluid. 

The differential form of the continuity equation and the equation of momentum in a steady one-

dimensional flow can be written as; 

𝑑𝜌

𝜌
+
𝑑𝑉

𝑉
+
𝑑𝐴

𝐴
= 0                                                                (2.19) 

and 

𝑑𝑝 + 𝜌𝑉𝑑𝑉 = 0                                                                  (2.20)   
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Analyzing a pulse of finite strength and applying equations (2.19 and 2.20) across a sound wave, the sonic 

velocity is given by the following expression [58]: 

𝑎2 = (
𝜕𝑝

𝜕𝜌
 )
𝑠

                                                                            (2.21) 

 we have, 

𝑝

𝜌𝛾
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                                           (2.22) 

Thus,                                           𝑎2 = (
𝜕𝑝

𝜕𝜌
 )
𝑠
= 𝛾𝜌𝛾−1

𝑝

𝜌𝛾
= 𝛾

𝑝

𝜌
                                                 (2.23) 

And the perfect gas equation of state gives, 

𝑝 = 𝜌𝑟𝑇                                                                              (2.24) 

 

Therefore, equation (2.23) becomes, 

𝑎 = √𝛾𝑟𝑇                                                                       (2.25) 

Equation (2.25) the called the sonic velocity relation 

2.2.2 Mach number 

The Mach number is defined as 

𝑀 =
𝑢

𝑎
                                                                                  (2.26) 

where,  

u ≡ the velocity of the medium 

a ≡ sonic velocity through the medium 

 

 

2.2.3 Stagnation expressions 
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These expressions are derived from the conservation of energy. 

The differential form of the energy equation (2.16) is,  

𝑑ℎ + 𝑉𝑑𝑉 = 0  ⇒   𝑐𝑝𝑑𝑇 + 𝑉𝑑𝑉 = 0                                     (2.27)   

Without heat addition, the energy equation (2.18) becomes 

ℎ1 +
𝑢1

2

2
= ℎ2 +

𝑢2
2

2
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                         (2.28) 

The constant in Eq. (2.28) is equal to the maximum enthalpy that the fluid would achieve if brought to 

rest adiabatically. We call this value ℎ𝑜, the stagnation enthalpy of the flow. Thus we rewrite Eq. (2.28) 

in the form 

ℎ +
𝑢2

2
= ℎ𝑜 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                         (2.29) 

Knowing from equation (2.26) that  

𝑢2 = 𝑀2 × 𝑎2 

and [from equation (2.25)] 

𝑎2 = 𝛾𝑟𝑇 

we have  

ℎ𝑜 = ℎ +
𝑀2 × 𝛾𝑟𝑇

2
                                                         (2.30) 

Using the Meyer relation and the isentropic ratio of specific heats equations, the specific heat at constant 

pressure can be written in terms of γ and r. 

Meyer’s relation  

𝑟 =  𝑐𝑝 − 𝑐𝑣                                                                                   (2.31) 

 

 

Ratio of specific heats 
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𝛾 =  
𝑐𝑝
𝑐𝑣
                                                                                               (2.32) 

The specific heat at constant pressure  

𝑐𝑝[J/(kg. K)] =  
𝛾𝑟

𝛾 − 1
                                                          (2.33) 

Combining (2.33) and (2.30) gives 

ℎ𝑜 = ℎ +𝑀2
𝛾 − 1

2
𝑐𝑝𝑇                                                         (2.34) 

But for a perfect gas  

ℎ = 𝑐𝑝𝑇                                                                                     (2.35) 

Thus  

ℎ𝑜 = ℎ (1 +
𝛾 − 1

2
𝑀2 )                                                        (2.36) 

Using ℎ = 𝑐𝑝𝑇  and ℎ0 = 𝑐𝑝𝑇0   , this can be written as 

𝑇𝑜 = 𝑇 (1 +
𝛾 − 1

2
𝑀2 )                                                        (2.37) 

Now, the stagnation process is isentropic. Using equation (2.24) and (2.22) between point 1 and 2 yields,  

𝑝2
𝑝1
= (

𝑇2
𝑇1
)

𝛾
𝛾−1

                                                                     (2.38) 

Let point 1 refer to the static conditions, and point 2, the stagnation conditions. Then, combining (2.38) 

and (2.37) produces 

𝑝0
𝑝
= (

𝑇0
𝑇
)

𝛾
𝛾−1

= (1 +
𝛾 − 1

2
𝑀2)

𝛾
𝛾−1

                                          (2.39) 

 

 

or 
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𝑝𝑜 = 𝑝 (1 +
𝛾 − 1

2
𝑀2)

𝛾
𝛾−1

                                                        (2.40) 

From equation (2.24) the total density becomes  

𝜌0
𝜌
= (1 +

𝛾 − 1

2
𝑀2)

1
𝛾−1

                                                   (2.41) 

2.2.4 Area ratio 

The perfect-gas and isentropic flow relations can be used to convert the continuity relation (2.6) into an 

algebraic expression involving only area and Mach number, as follows. Equate the mass flow at any 

section to the mass flow under sonic conditions (*). 

                             𝜌∗𝑢∗𝐴∗ = 𝜌𝑢𝐴                                                                         (2.6) 

𝐴

𝐴∗
=
𝜌0
𝜌

𝑢∗

𝑢
=
𝑝0
𝑝

𝑇

𝑇0

𝑢∗

𝑢
                                                               (2.42) 

𝐴

𝐴∗
=
1

𝑀
[
1 +

𝛾 − 1
2

𝑀2

𝛾 + 1
2

]

𝛾+1
2(𝛾−1)

                                                   (2.43) 

2.2.5 Velocity 

The flow velocity can be determined using the energy equation (2.2) 

𝑢 = √2(ℎ0 − ℎ)                                                            (2.44) 

For a perfect gas, 

𝑢 = √2𝐶𝑝(𝑇0 − 𝑇)                                                  (2.45. 𝑎) 

or 

𝑢 = √2𝑐𝑝𝑇0 (1 −
𝑇

𝑇0
)                                                       (2.45. 𝑏) 
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Using equations (2.38) and (2.33), the expression for the velocity becomes, 

𝑢 = √
2𝛾

𝛾 − 1
𝑟𝑇0 [1 − (

𝑝

𝑝0
)

𝛾−1
𝛾
]                                             (2.46) 

2.2.6 Sonic conditions 

At the sonic condition (*) a unique gas pressure ratio exists, which is only a function of the ratio of 

specific heats 𝛾. This pressure ratio is found by setting M = 1.  

Therefore equation 2.40 becomes  

𝑝0
𝑝∗
= (

𝛾 + 1

2
)

𝛾
𝛾−1

                                                                            (2.47) 

 

and 

𝑇0
𝑇∗

=
𝛾 + 1

2
                                                                            (2.48) 

The mass flow rate per unit area is 

 𝜌∗𝑢∗𝐴∗                                                                          (2.49) 

knowing                                       𝑢∗ = 𝑎 = √𝛾𝑟𝑇∗      ;    𝜌∗ =
𝑝∗

𝑟𝑇∗
   

equation 2.49 becomes  

�̇� =
𝑝∗

𝑟𝑇∗
𝑇∗√𝛾𝑟𝑇∗                                                                  (2.50)    

Introducing the stagnation values using equations (2.48) and (2.47) into equation (2.50) yields, 

�̇� = (
2

𝛾 + 1
)

𝛾+1
2(𝛾−1)

√
𝛾

𝑟𝑇0
𝐴∗𝑝0                                               (2.51) 

2.2.7  Mach number and area ratio in function of pressure ratio 
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The Mach number in function of the pressure ratio is: 

𝑀 = √
2

𝛾 − 1
[(
𝑝0
𝑝
)

𝛾−1
𝛾
− 1]                                                             (2.52) 

The expression of the area ratio can also be expressed in terms of the pressure ratio as follows; 

𝐴

𝐴∗
= √(

𝛾 − 1

2
) × (

2

𝛾 + 1
)

𝛾+1
2(𝛾−1)

×
1

(
𝑝
𝑝
0

)

1
𝛾⁄
√1 − (

𝑝
𝑝
0

)

𝛾−1
𝛾

                                       (2.53) 

 

 

 

2.3 Thrust coefficient 

Principles from gas dynamics and thermodynamics describe processes inside a rocket nozzle and its 

chamber. These mathematical relations obtained from these principles can be used for evaluating and 

comparing the performance between different rocket systems since with them one can predict operating 

parameters for any system that uses the thermodynamic gas expansion in a supersonic nozzle 

Steady thrust is given as [3] 

𝐹 = �̇�𝑢𝑒 + (𝑝𝑒 − 𝑝𝑎)𝐴𝑒                                                              (2.54) 

This equation can be modified by substituting �̇� and 𝑢𝑒with equation (2.51) and (2.46) respectively. 

𝐹 = 𝑝𝑐𝐴𝑡√
2𝛾2

𝛾 − 1
(

2

𝛾 + 1
)

𝛾+1
𝛾−1

[1 − (
𝑝𝑒
𝑝𝑐
)

𝛾−1
𝛾
] + (𝑝𝑒 − 𝑝𝑎)𝐴𝑒           (2.55)  

𝑝𝑐 : Chamber pressure corresponding to the stagnation pressure 

𝐴𝑡 : Throat sectional area corresponding to the area at sonic conditions (*) 

𝐴𝑒 : Exit sectional area 
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Equation (2.55) is called the ideal thrust equation. It applies to an ideal rocket propulsion system with 𝛾 

being constant throughout the expansion process. 

A thrust coefficient CF may now defined as the thrust divided by the chamber pressure and the throat area. 

𝐶𝐹 =
𝐹

𝑝𝑐𝐴𝑡
                                                                (2.56) 

Using equation (2.55), the ideal thrust coefficient becomes  

𝐶𝐹 = √
2𝛾2

𝛾 − 1
(

2

𝛾 + 1
)

𝛾+1
𝛾−1

[1 − (
𝑝𝑒
𝑝𝑐
)

𝛾−1
𝛾
] +

𝑝𝑒 − 𝑝𝑎
𝑝𝑐

𝐴𝑒
𝐴𝑡
                                         (2.57) 

2.4 Turbulence modelling (Spalart-Allmaras model) 

The Spalart-Allmaras model [59] is a one-equation model that solves a modeled transport equation for the 

kinematic eddy (turbulent) viscosity variable ṽ. It was developed based on empiricism, dimensional 

analysis and Galilean invariance. The mixing defines the transport of the turbulent viscosity.  

The (dynamic) turbulent viscosity is related to ṽ by [60] 

𝜇𝑡 = 𝜌ṽ𝑓𝑣1                                                                             (2.55) 

Equation (2.55) contains the wall-damping function 𝑓𝑣1 = 𝑓𝑣1(𝑣/ṽ).), which tends to unity for high 

Reynolds numbers, so the kinematic eddy viscosity parameter ṽ is just equal to the kinematic eddy 

viscosity 𝜇𝑡 in this case. At the wall the damping function 𝑓𝑣1 tends to zero. 

The Spalart-Allmaras model was designed specifically for aerospace applications involving wall-bounded 

flows and has been shown to give good results for boundary layers subjected to adverse pressure 

gradients. Furthermore, it is capable of smooth transition from laminar to turbulent flow at user specified 

locations. The Spalart-Allmaras model has several favorable numerical features. It is “local” which means 

that the equation at one point does not depend on the solution at other points. Therefore, it can be readily 

implemented on structured multi-block or on unstructured grids. It is also robust, converges fast to steady-

state and requires only moderate grid resolution in the near-wall region. 

The transported variable in the Spalart-Allmaras model is identical to the turbulent kinematic viscosity 

except in the near-wall (viscosity-affected) region. The transport equation for the modified turbulent 

viscosity is: 
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𝐷𝜌�̃�

𝐷𝑡
= 𝑐𝑏1𝜌�̃��̃� +

1

ρ
+ [∇. ((𝜇 + 𝜌�̃�)∇�̃�) + 𝑐𝑏2𝜌(∇�̃�)

2] − 𝑐𝜔1𝜌𝑓𝜔 (
�̃� 

𝑑
)
2

        (2.58)                         

where  𝜇 is the molecular viscosity of the fluid, 𝑑 is the distance to the nearest wall, 𝑣𝑡 = 𝑓𝑣1�̃� is the 

turbulent viscosity, 𝑓𝑣1  is damping function which assure that �̃� = 𝑘𝑦𝑢𝑡 (𝑢𝑡 is friction velocity) in the 

various areas of the boundary layer (linear, plug and logarithmic curve) 

                                                                  𝑓𝑣1 =
𝑥3

𝑥3+𝑐𝑣1
3                                                                         (2.59) 

with,                                                           𝑥 =
�̃�

𝑣
 

in addition:  

�̃� = √2𝛺𝑖𝑗𝛺𝑖𝑗 +
�̃�

𝑘2𝑑2
𝑓𝑣2 With 𝑓𝑣2 = 1 −

𝑥

1+𝑥𝑓𝑣1
 and 𝛺𝑖𝑗 =

1

2
(
𝜕𝑢𝑖

𝜕𝑥𝑗
−

𝜕𝑢𝑗

𝜕𝑥𝑖
)                          (2.60)  

𝑓𝜔(𝑔) = 𝑔 (
1+𝑐𝜔3

6

𝑔6+𝑐𝜔3
6 )

1
6⁄

With  𝑔 = 𝑟 + 𝑐𝜔2(𝑟
6 − 𝑟) and,    𝑟 =

�̃�

�̃�𝑘2𝑑2
                                    (2.61)  

Model constants are as follows [60]: 

𝑐𝜔1 =
𝑐𝑏1

𝑘
+

(1+𝑐𝑏1)

𝜎
 , 𝑐𝑏1 = 0,1355, 𝑐𝑏2 = 0,622,𝜎 = 2

3⁄  and 𝑘 = 0,41                                  (2.62)                    

𝑐𝜔2 = 0,3,  𝑐𝜔3 = 2  𝑐𝑣1 = 7.1 

In the transport equation of  ṽ, the term of destruction depends on the distance to the wall. That makes it 

possible to ensure that sufficient quantity of viscosity is injected according to the position in the boundary 

layer. The action of this term is all the more important as the distance to the wall is weak. In the external 

zone of the boundary layer on the other hand, the decrease of the term of destruction is accelerated by the 

function of correction 𝑓𝜔 [61].  

 

2.5 Finite volume formulation [62] 

The resolution of the governing equations in time and space can done either by an exact or averaged (in a 

Favre form) solution. In this case, Ansys-Fluent® is used to solve the whole system of governing 

equations for the flow variables. 

Discretization i.e. integration is the integration of the governing equation (or equations) over a control 

volume is done by finite volume method. 
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 Momentum equation according to OX 
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                                                2.63 

Consider the staggered grid (Fig.2.1) for “u”, with a control volume uV . 

 

Figure 2.1: Grid 

The point “P” is the pivot point where we want to calculate the component “u” of the flight path vector 

localized on a node of index (i, J). This will be the case for all the nearby nodes intended for the 

calculation of the component “u”. On the other hand, the second component for velocity “v” is calculated 

on nodes located in places of the type (I, j). Noting that the lines “i” and columns “j” are upstream of the 

lines “I” and “J”, we intend to make a “regressive shift (backward staggering)” in the equations. 

The integral form of equation (63):  
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     (2.64) 

uu V,A   represent respectively the surface of the one of the four faces (e, w, n, s) of the volume of the 

cell “u” and the control volume of the same cell. 

The discrete form of the integral expression is written: 
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2.46                                                                     
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(2.65) 

It is can be seen that in the shifted cell (staggered cell), the nodes of the type (e, w, n, s) are in positions of 

the type (I, J), these positions are the ones that are used to evaluate the scalar quantities (pressure, 

temperature, laminar viscosity, density .....). 

uF   (or v  ) corresponds to the mass flows through the faces of edge of the cell “u”. 

 Pressures we P,P
 
are scalars and they are evaluated directly in their positions J,IwJ,Ie PP  PP 1 The 

values of the component of the velocity “u”, namely SNWE u,u,u,u  are evaluated in their positions since 

they belong to the nodes of the shifted grid  

( )J,i(S),J,i(N),J,i(W),J,i(E 1111  ).The distances used in the discretization can 

be expressed according to the indices (i, j, I, J)  like: 

1111 ,,   ,   JJSPJJNPiiWPiiEP yyyyyyxxxxxx                                 (2.66) 

Terms of velocity “u” on the nodes (e, w, n, s) that appear in the convective terms require a special 

treatment. By adopting an upwind scheme which implies that the value within the node is equal to that of 

the node located upstream according to direction of the flow. From this fact we thus have two cases 

according to .i.e. whether flows of mass are positive or negative.  

In the first case 

( 0000  snwe F,F,F,F ) 

we can write: 

SsPnWwPe uu,uu,uu,uu   

whereas in the second case (flow negative), it is possible to write 

PsNnPwEe uuuuuuuu  ,,, . 

It is important to establish a relation which is independent of the sign of mass flows in the cells. The 

discrete equation 2.65 in index terms is written: 



CHAPTER II: Modelling and governing equations 

 

47 
 

J,iJ,IJ,IJ,iJ,isJ,inJ,iwJ,ieJ,iP b)PP(Auauauauaua   11111                       (2.67) 

Where: 

snwesnweJ,iP FFFFaaaaaa                                                           (2.68) 

and, 
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1                                                                              (2.69) 

Terms J,iA  represents the surface of the “east” face is noted “e” or western “w” of the cell associated 

with control volume “u” and J,ib . 

Coefficients “a” contain mass flows of the edge faces and the diffusion terms, and are expressed in the 

case of an upwind scheme like: 
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                                                       (2.71) 

The distances between the points (E, W, N, P) are given in relation (2.65). 

The laminar viscosity of the mixture is a scalar which is evaluated (and known) with the nodes of not 

shifted cell of type “I, J”, these values in “n and n” must be calculated by an average of all the adjacent 

nodes: 
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Mass flows on the edge faces contain the product of a scalar (density) by a component of a vector; they 

are in this case discretized according to an average on the adjacent nodes, as follows: 

 J,iJ,iJ,iJ,i

J,iJ,i

J,Ie u.u.
)u()u(

)u(F 


 


 



11

1

2

1

2     (2.73)
 

However the density being a scalar, can be evaluated only on nodes of the “not shifted” cell of type (I, 

J), so we takes the average of these nodes, like: 
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    (2.74) 

In the same way, 
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 Momentum equation according to OY 

 

The final form of the equation realized according to OY is written like: 
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                                                (2.76) 

In this case, we will use another control volume relating to “v” (figure 2.2), where the components “v” 

velocity will be evaluated on nodes of the type (I,J). 
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Figure 2.2: v Staggered grid 

In same manner as in the case of the equation according to OX, we lead to a discrete form of the equation 

of momentum according to OY:                                                                                                  

j,IJ,IJ,Ij,Ij,Isj,Inj,Iwj,Iej,IP b)PP(Avavavavava   11111
                     (2.77) 

where, 

snwesnwej,IP FFFFaaaaaa                                        (2.78) 

and, 
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1                                                     (2.79) 

Terms j,IA  represents the “northern”  surface face noted “n” or “s” for “southern” surface face noted “s” 

of the cell associated with control volume  “v” and  j,Ib  . 

The coefficients of the equation 2.77 and in the case of an Upwind-scheme are expressed by a general 

form independent of the direction of flow: 
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and, 

snwesnwej,IP FFFFaaaaaa  , 
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The scalar terms located on the nodes “n, s” are evaluated directly, whereas the others (located in “e, w”) 

are interpolated starting from the adjacent nodes: 
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In the same manner as in the equation according to (OX), the terms of flow of mass are discretized as 

(knowing that in this case the averages are caught according to adjacent nodes' in direction OY): 
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2.6 Discretization schemes for convective terms (Roe) [59]:  

2.6.1 Governing equations in vector form 
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The system of governing equations for a single-component fluid, written to describe the mean flow 

properties, is cast in integral Cartesian form for an arbitrary control volume 𝑉 with differential surface 

area 𝑑𝐴 as follows [59]: 

                                                    (2.83) 

Where the vectors W, F, and G are defined as: 

                                      (2.84) 

And the vector 𝐻 contains source terms such as body forces and energy sources. 

𝜌:Density of the fluid 

𝑣: Velocity of the fluid 

𝑝: Pressure of the fluid 

𝐸: Total energy per unit mass 

𝜏: Viscous stress tensor 

𝑞: Heat flux 

𝐸 is related to total enthalpy by  𝐻 − 𝑝/𝜌  where, 𝐻 = ℎ + |𝑣2|/2                       

Derivation of the preconditioning matrix begins by transforming the dependent variable in (2.83) from 

conserved quantities to primitive variables using the chain-rule as follows: 

                                               (2.85) 

where 𝑄 is the vector {𝑝, 𝑢, 𝑤, 𝑇}𝑇 and the Jacobian 
𝜕𝑊

𝜕𝑄
  is given by: 
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                                                      (2.86) 

where,   

𝜌𝑝 =
𝜕𝜌

𝜕𝑝
|
𝑇

, 𝜌𝑇 =
𝜕𝜌

𝜕𝑇
|
𝑝

 

And 𝛿 = 1 for an ideal gas, and 𝛿 = 0 for an incompressible fluid. 

We precondition the system by replacing the Jacobian matrix 
𝜕𝑊

𝜕𝑄
 (2.86) with the preconditioning matrix 𝛤 

so that the preconditioned system in conservation form becomes: 

                                             (2.87) 

where,  

                                                          (2.88) 

The parameter 𝜃 is given by  

𝜃 = (
1

𝑈𝑟
2 −

𝜌𝑇

𝜌𝐶𝑝
)                                                                  (2.89) 
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The reference velocity appearing in (2.89) is chosen locally such that the eigenvalues of the system 

remain well conditioned with respect to the convective and diffusive time scales [63]. 

2.6.2 Roe Flux-Difference Splitting Scheme: 

The inviscid flux vector 𝐹 appearing in (2.87) is evaluated by a standard upwind, flux difference splitting. 

This approach acknowledges that the flux 𝐹 vector contains characteristic information propagating 

through the domain with speed and direction according to the eigenvalues of the system. By splitting 𝐹 

into parts, where each part contains information traveling in a particular direction (that is, characteristic 

information), and upwind differencing the split fluxes in a manner consistent with their corresponding 

eigenvalues, we obtain the following expression for the discrete flux at each face [59]: 

 

                                                      (2.90) 

Here 𝛿𝑄 is the spatial difference 𝑄𝑅 − 𝑄𝐿. The flux  𝐹𝑅 = 𝐹(𝑄𝑅) and𝐹𝐿 = 𝐹(𝑄𝐿) are computed using the 

(reconstructed) solution vectors  𝑄𝑅 and 𝑄𝐿 on the “right” and “left” side of the face. The matrix |�̂�| is 

defined by: 

 

|�̂�| = 𝑀|𝛬|𝑀−1                                                                  (2.91) 

Where 𝛬 is the diagonal matrix of eigenvalues and M is the modal matrix that diagonalizes 𝛤−1𝐴, where 

 𝐴 is the inviscid flux Jacobian 
𝜕𝐹

𝜕𝑄
 . 

For the non-preconditioned system (and an ideal gas) (2.90) reduces to Roe’s flux-difference splitting 

[64], when Roe-averaged values are used to evaluate 𝛤|�̂�|. At present, arithmetic averaging of states  𝑄𝑅 

and 𝑄𝐿 is used. 
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Conclusion  

A first assumption is to qualify the compressible flow within the nozzle as 1D in a stationary regime. 

Indeed, this is a way to neglect the different losses (by divergence, by turbulence, by convection…) and 

achieve the ideal performances of the nozzle, by using the relations derived in the first part of this chapter. 

The second part was devoted to the FV formulation of the ‘realistic’ governing equations, where 

turbulence, divergence and shock separation were considered. Solving the set of continuity, momentum, 

energy and turbulence equations is expected to be undertaken by mean of the Ansys-Fluent software. 

Details on grid generation, BC, solution control and numerical results regarding compressible flow within 

an experimental overexpanded nozzle, will be performed in the next chapter.  
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CHAPTER III: Results and discussions 

 

Introduction 

This chapter covers the main objective of this present work. It presents the computational results 

obtained by means of the Ansys-Fluent® (19.2 Release) computational fluid dynamics (CFD) 

software [2]. This chapter is divided into five (5) parts. The first part covers the geometric 

description of the DRL-TIC nozzle model. In the second part, thermodynamic relations are 

applied to predict the operating parameters of the model for the given conditions. Thirdly, 

numerical methodology is outlined. This includes definition of the geometry, grid generation and 

boundary conditions. The fourth part is dedicated to the discussion of the numerical results. In 

addition, the numerical results are compared with experimental data of Stark and Al [1] for 

model validation. This study is completed with a parametric analysis for the different CFD 

simulation scenarios. 

3.1 Baseline model description 

The nozzle model studied in this computational work is the truncated ideal contour (TIC) 

subscale nozzle used by the German Aerospace Center (DRL) in the cold flow test campaigns of 

the European FSCD group, in the view of validating turbulence models and characterizing 

boundary layer separation and the related flow field in nozzles. It was the subject of study in the 

computational work carried out by Stark and Hagemann [1] with the objective to compute the 

flow inside a strongly overexpanded truncated ideal contour nozzle with respect to the prediction 

of location and shape of the flow separation, the oblique shock and the Mach disc [1]. 
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Figure 3.1: Acrylic glass TIC nozzle with transducer ports [1] 

The test specimen used in these cold flow test campaigns was made of acrylic glass, with a throat 

diameter of 20mm, an overall divergent length of 90mm, a wall thickness of 11.5mm, and a 

design Mach number of 5.15. Figure 3.2 shows the geometric model for the DRL-TIC nozzle. 

Table 3.1: Geometric properties of the DRL-TIC nozzle [1] 

Convergent length (mm) 𝐿𝑐𝑣 = 25.8 

Divergent length (mm) 𝐿𝑑𝑖𝑣 = 90.0 

Chamber diameter  (mm) ∅𝑐 = 40.0 

Throat diameter (mm) ∅𝑡 = 20.0 

Exit diameter (mm) ∅𝑒 = 74.88 

 

 

 

Figure 3.2: Geometric model for the DRL-TIC nozzle 

∅𝑡 ∅𝑐 ∅𝑒 

𝐿𝑑𝑖𝑣 𝐿𝑐𝑣 𝐿𝑐 
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3.2 Experimental operating conditions 

The data used in this work is obtained from the experiments conducted at DLR’s cold flow test 

facility P6.2 in Lampoldshausen, Germany [1]. As fluid, dry gaseous nitrogen N2 is used, stored 

in high pressure tanks at 25.25 bar and 283K. The nitrogen flow then accelerates in a convergent-

divergent nozzle to supersonic velocity and exits the nozzle to an ambient pressure and 

temperature of 1 Bar and 270 K respectively.  

A sketch of the experimental setup is shown below. 

 

 

 

 

 

 

 

Figure 3.3: Experimental operating conditions 

3.3 Prediction of nozzle flow conditions 

Prediction of operating parameters for any system that uses thermodynamic gas expansion in the 

nozzle can be done using mathematical relations obtained from gas dynamics principles covered 

in chapter 2. The equations for an assumed quasi-one-dimensional nozzle flow, represent an 

idealization and simplification of the full two- or three-dimensional equations of real 

aerothermochemical behavior. 

In the thermodynamic calculations two (02) important factors are going to be used .i.e. the ratio 

of specific heats 𝛾 and the specific gas constant r. The ratio of specific heats is important for its 

Fluid: gaseous nitrogen (N2) 

Surrounding 

𝑝𝑎 = 1 𝑏𝑎𝑟 

𝑇𝑎 = 270 𝐾 

 

Chamber 

𝑝𝑐 = 25.25 𝑏𝑎𝑟 

𝑇𝑐 = 283 𝐾 
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application in thermodynamical reversible processes and the specific gas constant is required in 

which a gas dynamic network is included. The speed of sound also depends on these factors. 

The relation of the gas constant is given as [13]:  

𝑟 =
𝑅

𝑀
   [

𝐽

𝑘𝑔. 𝐾
]                                                                     (3.1) 

where M is the molar mass of the gas [mole/kg] and R [J/(kg.mol.K)] is the universal gas 

constant. 

The ratio of specific heats is calculated as: 

𝛾 =
𝑐𝑝

𝑐𝑣
                                                                                (3.2) 

where  𝑐𝑝 and 𝑐𝑣 are specific heats [J/(kg.K)] at constant pressure and volume which can be 

obtained from thermodynamics tables.  

For a calorifically perfect gas, the specific heats are constant. In real gas behavior, the specific 

heats 𝑐𝑝 and 𝑐𝑣 vary somewhat with temperature, however their ratio does not exhibit much 

change except over large temperature ranges. Thus the assumption of constant 𝛾 generally leads 

to acceptable engineering accuracy. 

In the following calculations, N2 is assumed to be a perfect gas with a gas constant  

 𝑟 = 296.8 𝐽/𝑘𝑔 and ratio of specific heat  𝛾 = 1.4005. 

3.3.1 Nozzle Inlet 

Mach number 

At the inlet, the Mach number is subsonic which can be computed from the area ratio using 

different methods, for example, Initial guess, Newton-Raphson, A Higher-Order Method etc. The 

contraction ratio can be given as [3]: 

𝐴

𝐴𝑡
=
1

𝑀
[
1 + (

𝛾 − 1
2 )𝑀2

𝛾 + 1
2

]

𝛾+1
2(𝛾−1)

                                                                                      (3.3) 
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Where 𝐴𝑡 stands for the throat sectional area, and: 

𝑀𝑖+1 =
𝐴𝑡
𝐴𝑖
[
1 + (

𝛾 − 1
2 )𝑀𝑖

2

𝛾 + 1
2

]

𝛾+1
2(𝛾−1)

                                                                           (3.4) 

The chamber contraction ratio is calculated as: 

∈𝑐=
𝐴𝑐
𝐴𝑡

=
𝜋𝑟𝑐

2

𝜋𝑟𝑡2
= (

𝑟𝑐
𝑟𝑡
)
2

= (
20

10
)
2

= 4.0                                                                  (3.5) 

 

To compute the Mach number using the area ratio equation (3.3), the fixed point method is used. 

In this method the equation is solved using an iterative process which requires a starting solution. 

The computational sequences are as follows: 

 

M (1) =0,5 M(1) =1 M(1) =2 

M(2)=0.16748046875 M(2)= 0.25 M(2)= 0.84375 

M(3)= 0.147124481384679 M(3)= 0.150169372558594 M(3)= 0.215690616458973 

M(4)= 0.14656303137364 M(4)= 0.146642306259479 M(4)= 0.148752024197441 

M(5)= 0.14654859420769 M(5)= 0.146550629283628 M(5)= 0.146605199488069 

M(6)= 0.1465482237098 M(6)= 0.14654827593327 M(6)= 0.146549676571515 

M(7)= 0.146548214202281 M(7)= 0.14654821554241 M(7)= 0.146548251484984 

M(8)= 0.146548213958305 M(8)= 0.146548213992694 M(8)= 0.146548214915032 

M(9)= 0.146548213952044 M(9)= 0.146548213952926 M(9)= 0.146548213976595 

M(10)= 0.146548213951883 M(10)=0.146548213951906 M(10)= 0.146548213952513 

M(11)=0.146548213951879 M(11)= 0.14654821395188 M(11)= 0.146548213951895 

M(12)=0.146548213951879 M(12)=0.146548213951879 M(12)= 0.146548213951879 

M(13)=0.146548213951879 M(13)=0.146548213951879 M(13)= 0.146548213951879 

M(14)=0.146548213951879 M(14)=0.146548213951879 M(14)= 0.146548213951879 

 

𝑴𝒔𝒖𝒃 = 𝟎. 𝟏𝟒𝟕 
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Static Temperature 

𝑇0
𝑇
= (1 +

𝛾 − 1

2
𝑀𝑖
2)                                                                                                         (3.6) 

                 
𝑇0
𝑇𝑖𝑛

= (1 +
𝛾 − 1

2
𝑀𝑠𝑢𝑏
2 ) → 𝑇𝑖𝑛 = 𝑇0 (1 +

𝛾 − 1

2
𝑀𝑠𝑢𝑏
2 )

−1

 

where 𝑇0 = 𝑇𝑐 = 283 𝐾 

                   𝑇𝑖𝑛 = 281.79 𝐾 

Static Pressure 

𝑝0
𝑝
= (1 +

𝛾 − 1

2
𝑀𝑖
2)

𝛾
𝛾−1

                                                                                                  (3.7) 

𝑝0
𝑝𝑖𝑛

= (1 +
𝛾 − 1

2
𝑀𝑠𝑢𝑏
2 )

𝛾
𝛾−1

→ 𝑝𝑖𝑛 = 𝑝0 (1 +
𝛾 − 1

2
𝑀𝑠𝑢𝑏
2 )

−
𝛾

𝛾−1
     

where  𝑝0 = 𝑝𝑐 = 25.25 𝑏𝑎𝑟 

𝑝𝑖𝑛 = 24.874 𝑏𝑎𝑟 

Density 

𝜌 =
𝑝

𝑟 × 𝑇
                                                                                                                               (3.8) 

𝜌𝑖𝑛 =
𝑝𝑖𝑛

𝑟 × 𝑇𝑖𝑛
 

𝜌𝑖𝑛 = 30.115 𝑘𝑔/𝑚3 

Velocity 

𝑀 =
𝑢

𝑎
→ 𝑢 = 𝑀 × 𝑎                                                                                                          (3.9) 

𝑎 = √𝛾𝑟𝑇                                                                                                                             (3.10) 

𝑢 = 𝑀√𝛾𝑟𝑇 
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𝑢𝑖𝑛 = 𝑀𝑠𝑢𝑏√𝛾𝑟𝑇𝑖𝑛 

𝑢𝑖𝑛 = 50.163 𝑚𝑠−1 

Mass flow rate 

�̇� = 𝜌𝑢𝐴                                                                                                                              (3.11) 

�̇� = 𝜌𝑖𝑛𝑢𝑖𝑛𝐴𝑐 

�̇�𝑖𝑛 = 1.898𝑘𝑔/𝑠 

 

3.3.2 Nozzle throat 

Mach number 

𝑴𝒕 = 𝟏 

Static Temperature 

𝑇0
𝑇𝑡
= (1 +

𝛾 − 1

2
𝑀𝑡
2) → 𝑇𝑡 = 𝑇0 (1 +

𝛾 − 1

2
𝑀𝑡
2)

−1

 

𝑇𝑡 = 235.83 𝐾 

Static Pressure 

𝑝0
𝑝𝑡
= (1 +

𝛾 − 1

2
𝑀𝑡
2)

𝛾
𝛾−1

→ 𝑝𝑡 = 𝑝0 (1 +
𝛾 − 1

2
𝑀𝑡
2)

−
𝛾

𝛾−1
 

𝑝𝑡 = 13.339 𝑏𝑎𝑟 

Density 

𝜌𝑡 =
𝑝𝑡

𝑟 × 𝑇𝑡
 

𝜌𝑡 = 19.31 𝑘𝑔/𝑚3 

Velocity 

𝑢 = 𝑀𝑡√𝛾𝑟𝑇𝑡 

       𝑢𝑡 = √𝛾𝑟𝑇𝑡 = 𝑎 

𝑢𝑡 = 313.039 𝑚𝑠−1 
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Mass flow rate 

�̇� = 𝜌𝑡𝑢𝑡𝐴𝑡  

�̇�𝑡 = 1.898 𝑘𝑔/𝑠 

3.3.3 Nozzle exit  

Mach number 

𝑀𝑖+1 =

√
  
  
  
  
  

(

  
 

(

 
 
(((

𝐴𝑖
𝐴𝑡
×𝑀𝑖)

2(𝛾−1)
𝛾+1

)(
𝛾 + 1

2
)) − 1

)

 
 
(

2

𝛾 − 1
)

)

  
 
                      (3.12) 

 

∈𝑒=
𝐴𝑒
𝐴𝑡

=
𝜋𝑟𝑒

2

𝜋𝑟𝑡2
= (

𝑟𝑒
𝑟𝑡
)
2

= (
37.44

10
)
2

=    14.017536 = 14.02 

𝑴𝒔𝒖𝒑 = 𝟒. 𝟑𝟎𝟓 

Static Temperature 

𝑇0
𝑇𝑒
= (1 +

𝛾 − 1

2
𝑀𝑠𝑢𝑝
2 ) → 𝑇𝑒 = 𝑇0 (1 +

𝛾 − 1

2
𝑀𝑠𝑢𝑝
2 )

−1

 

𝑇𝑒 = 60.124 𝐾 

Static Pressure 

𝑝0
𝑝𝑒
= (1 +

𝛾 − 1

2
𝑀𝑠𝑢𝑝
2 )

𝛾
𝛾−1

→ 𝑝𝑒 = 𝑝0 (1 +
𝛾 − 1

2
𝑀𝑠𝑢𝑝
2 )

−
𝛾

𝛾−1
 

𝑝𝑒 = 0.112 𝑏𝑎𝑟 

Density 

𝜌𝑒 =
𝑝𝑒

𝑟 × 𝑇𝑒
 

𝜌𝑒 = 0.633 𝑘𝑔/𝑚3 

Velocity 
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𝑢𝑒 = 𝑀𝑠𝑢𝑝√𝛾𝑟𝑇𝑒 

𝑢𝑒 = 680.704 𝑚𝑠−1 

Mass flow rate 

𝑚𝑒̇ = 𝜌𝑒𝑢𝑒𝐴𝑒  

�̇�𝑒 = 1.898 𝑘𝑔/𝑠 

From the thermodynamic calculations, the design exit pressure is found to be less than that of the 

surrounding. This in tells that the nozzle is operating in an overexpansion regime. 

The conservation of mass can be seen from the fact that the mass flow rate at the prescribed 

cross-sectional areas constant. This is a proper indication that this thermodynamic formulation is 

suitable and has been well applied. 

3.4 Flow regime across the nozzle 

In determining whether the flow is laminar or turbulent, a dimensionless grouping of parameters 

called the Reynolds number is used [58]. 

𝑅𝑒 =
𝜌𝑢∅

𝜇
                                                                     (3.13) 

where; 𝜌 is the fluid density, 𝑢 is the fluid velocity, ∅ is the diameter and 𝜇 the viscosity of the 

fluid. 

The viscosity is assumed constant and equals  𝜇 = 1.663 × 10−5𝑘𝑔𝑚−1𝑠−1 at standard 

conditions. 

The Reynolds number is evaluated at each cross-sectional area of the nozzle, as: 

Nozzle inlet 

𝜌𝑖𝑛 = 30.115 𝑘𝑔/𝑚3 ,  𝑢𝑖𝑛 = 50.163 𝑚𝑠−1, ∅𝑐 = 0.04 𝑚 

𝑅𝑒𝑖𝑛 =
𝜌𝑖𝑛𝑢𝑖𝑛∅𝑐

𝜇
 

𝑅𝑒𝑖𝑛 = 3.634 × 106 
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Nozzle throat 

𝜌𝑡 = 19.31 𝑘𝑔/𝑚3 ,  𝑢𝑡 = 313.309 𝑚𝑠−1, ∅𝑡 = 0.02 𝑚 

𝑅𝑒𝑡 =
𝜌𝑡𝑢𝑡∅𝑡
𝜇

 

𝑅𝑒𝑡 = 7.27 × 106 

Nozzle exit section 

𝜌𝑒 = 0.633 𝑘𝑔/𝑚3 ,  𝑢𝑒 = 680.704𝑚𝑠−1, ∅𝑒 = 0.07488 𝑚 

𝑅𝑒𝑒 =
𝜌𝑒𝑢𝑒∅𝑒
𝜇

 

𝑅𝑒𝑒 = 1.941 × 106 

 

The Reynolds values computed across the prescribed sectional-areas of the nozzle .i.e. inlet, 

throat and exit are over 106 which indicates that the flow is fully turbulent and no transition 

occurs in its pattern.  

3.5  Nozzle theoretical performances 

Inasmuch as the studied experimental case is an overexpanded nozzle, experiments on nozzle 

flow may also be performed on either a sea-level adapted nozzle (𝑝𝑒 = 𝑝𝑎 = 1 𝑏𝑎𝑟) or a vacuum 

adapted nozzle (𝑝𝑒 = 𝑝𝑎 = 0 𝑏𝑎𝑟). These nozzles produce different thrust force which can be 

determined using thermodynamic relations: 

i. Adaptation conditions : 𝑝𝑒 = 𝑝𝑎 

a.  𝑝𝑒 = 𝑝𝑎 = 0 𝑏𝑎𝑟 (Vacuum) 

𝐶𝐹 = 𝛾√
2

𝛾−1
((

2

𝛾+1
)

𝛾+1

𝛾−1
) [1 − (

𝑝𝑒

𝑝𝑐
)

𝛾−1

𝛾
]+(

𝑝𝑒

𝑝𝑐
−

𝑝𝑎

𝑝𝑐
) ∈𝑒= 1.812                      (3.14) 

b.  𝑝𝑒 = 𝑝𝑎 = 1 𝑏𝑎𝑟 (Sea level) 

𝐶𝐹 = 𝛾√
2

𝛾−1
((

2

𝛾+1
)

𝛾+1

𝛾−1
) [1 − (

𝑝𝑒

𝑝𝑐
)

𝛾−1

𝛾
]+(

𝑝𝑒

𝑝𝑐
−

𝑝𝑎

𝑝𝑐
) ∈𝑒= 1.406 
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ii. Overexpansion conditions; 𝑁𝑃𝑅 =
𝑝𝑐

𝑝𝑎
=

25.25

1
= 25.25 

 

𝑝𝑒 = 0.112 𝑏𝑎𝑟 

𝐶𝐹 = 𝛾√
2

𝛾−1
((

2

𝛾+1
)

𝛾+1

𝛾−1
) [1 − (

𝑝𝑒

𝑝𝑐
)

𝛾−1

𝛾
]+(

𝑝𝑒

𝑝𝑐
−

𝑝𝑎

𝑝𝑐
) ∈𝑒= 1.115 

Thrust efficiency represented by the thrust coefficient is proportional to exhaust velocity.  From 

a thermodynamics point of view, the exhaust velocity is a function of (
𝑝𝑒

𝑝𝑐
)

𝛾−1

𝛾
  (3.14) and for 

vacuum, 𝑝𝑒 is almost equal to zero making the term above equal to zero hence the exhaust 

velocity is maximum.  

For sea level conditions, the term (
𝑝𝑒

𝑝𝑐
)

𝛾−1

𝛾
does not reduce to zero hence the exhaust is less 

compared to that in the vacuum with a deviation of -22.41%. 

Overexpanded flows are characterized with loss in thrust efficiency. As already described in 

chapter 1, the second term in the equation (1.1) for the thrust is negative resulting in a decrease 

in thrust coefficient. The relative deviation compared with vacuum and sea level conditions are -

38.41% and -20.7 % respectively indicating a high loss in thrust performance. 

3.6 Numerical calculations 

Navier -Stokes equations, energy and turbulence equations were averaged in a Favre form, using 

Ansys-Fluent®. Density based solver with implicit time integration is used to obtain steady state 

solutions. The inviscid fluxes are discretized using ROE flux difference splitting scheme. The 

solution is second order accurate in space. Spalart-Allmaras turbulence model is used to account 

for the turbulence effects. For the scaled residuals, 10-6 was adopted for the energy, momentum 

and µt equations while 10-3 was adopted for the continuity equation. A net mass flow rate of 10-4 

was adopted as the convergence criteria. 

3.6.1 Computational domain and boundary conditions 
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The solution domain consists of 2 sub-domains; the converging-diverging nozzle (Fig.3.4.a) and 

a large extension (12.5∅𝑖𝑛 × 10∅𝑖𝑛 caisson) as shown in figure 3.4.b. The purpose of the extension 

is to avoid disturbing the flow at the exit section, such that a Dirichlet condition for the ambient 

pressure, 𝑝𝑎 could be imposed at the far-field of the nozzle. 

 

 

 

 

.  

 

 

Figure 3.4.a: Nozzle domain with boundary conditions 

 

 

 

     

 

 

 

 

 

Figure 3.4.b: Computational domain and boundary conditions 

Pressure outlet 
Pressure outlet 

Pressure outlet 

Axis 

Pressure inlet 

Pressure outlet 

Adiabatic wall 
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The flow at the nozzle inlet is subsonic, and using the values obtained from the 1D 

thermodynamic calculations, we have  𝑝𝑎=25.25 bar, 𝑇𝑐 = 283 𝐾 and 𝑝𝑖𝑛 = 24.874 𝑏𝑎𝑟 as inlet 

boundary conditions. In the case of the extension (caisson), ambient conditions have been 

imposed with a constant static pressure 𝑝𝑎. The nozzle wall is taken as a stationary wall with no 

slip. For the lower boundary, the imposed condition is an axis because the model under 

consideration is an axisymmetric nozzle. The adopted boundary conditions are provided in the 

table below. 

 

 

Table 3.2: Physical boundary conditions  

Geometric entity Physical BCs Mathematical BCs 

Chamber inlet  Imposed static pressure   

Imposed stagnation temperature  

Pc = 25.25 bar; Pin =24.874 bar  

Tc =283 K 

Chamber and divergent 

axis  

Zero flux on velocity magnitude   ∂ux /∂r = 0 

∂ur /∂r = 0  

Chamber wall Zero velocity + adiabatic ux=ur= 0 

∂T /∂n│wall = 0 

Divergent wall Zero velocity + adiabatic  ux=ur= 0 

∂T /∂n│wall = 0 

Caisson boundaries   Imposed static pressure  Δp= p-p∞=0  

 

3.6.2 Grid generation 

Grid generation is the sub-division of the computational domain into a number of smaller, non-

overlapping sub-domains: a grid (or mesh) of cells (or control volumes). The solution to a flow 

problem (velocity, pressure, temperature etc.) is defined at nodes inside each cell.  

Grid generation is of great importance as the accuracy of the computational results depends on it. 

Over 50% of the time spent on this project was devoted to the definition of the domain geometry 

and grid generation. The accuracy of a CFD solution is governed by the number of cells in the 

grid. In general, the larger the number of cells, the better the solution accuracy. Both the 
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accuracy of a solution and its cost in terms of necessary computer hardware and calculation time 

are dependent on the fineness of the grid. 

For the present numerical problem, after several attempts so as to obtain a good mesh quality, a 

structured 100x100 mesh generated in GAMBIT 2.4.6 was adopted. For turbulent layer boundary 

resolutions, the near wall region is refined with a ratio of 1.6. 

 

 

Figure 3.5: 100X100 structured mesh for the nozzle. 

For the caisson an unstructured mesh with 13 368 grid elements was used. Refinement in the 

case of the caisson is done in the vicinity of the nozzle exit where the shocks are located and it is 

coarsened in the far-field zone as shown in figure 3.6. The total number of grid elements for the 

computational domain is 23 368.   

 

.  

Figure 3.6: Computational domain mesh 
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In order to recover concisely the boundary layer separation, an improvement of the near-wall 

region is mandatory (Fig.3.5). The implementation of wall boundary conditions in turbulent 

flows starts with the evaluation of [60] 

𝑦+ =
∆𝑦

𝜗
√
𝜏𝑤
𝜌
                                                                   (3.15) 

where ∆𝑦 is the distance of the near-wall node to the solid surface, 𝜏𝑤 is the wall shear stress, 𝜗 

is the kinematic viscosity and 𝜌 is the fluid density.  

For an accurate resolution of turbulent boundary layer, fine grids with near-wall grid points 

should verify y+ ≤ 1 [59]. 

The plots have been drawn according to a reduced axial coordinate (X/Ldiv) where the values 

X/Ldiv=-0.5 and X/Ldiv=+1.0 correspond to the nozzle inlet and exit respectively. 

From the curve in figure 3.7, it can be seen that the global y+ is less than 1, which simply means 

that the mesh provides an accurate resolution of the boundary layer thereby nicely detecting the 

separation of the boundary layer and provide a good location for the separation shock.  
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Figure 3.7: Distribution of wall Y+ 

3.6.3 Computational analysis of the compressible flow 

This part presents the results obtained from the CFD simulations ran on the axisymmetric model 

using Ansys-Fluent® commercial software as the solver. The turbulence is handled by Spalart-

Allmaras model, which is a one-equation model for turbulent viscosity 𝜇𝑡.  

  

Figure 3.8.a: Distribution of Mach number 
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As already predicted using basic gas dynamics equations at NPR=25.25, the nozzle runs in 

overexpansion regime as shown in the figure above. The maximum Mach number attained at the 

nozzle exit section is 5.13 (Fig.3.8.a). This values reveals a relative deviation of +16.08% 

compared with the thermodynamics analysis. It is also clearly shown that the Mach disc (oblique 

to normal shock) is positioned slightly downstream the exit section (Fig.3.8.a), a behavior that 

seems captured in the figure below (Fig.3.8.b) 

 

Figure 3.8.b: Sketch of the Mach disc Schlieren image [1] 

The curve in the figure below (Fig.3.9) shows that the Mach number increases along the nozzle. 

Just before the nozzle exit, the nozzle reaches its maximum Mach number of 5.13. Across the 

disc (oblique to normal shock) in the close downstream (X/Ldiv=1.016) of the nozzle exit, the 

Mach number drops to 2.65 and then the flow eventually becomes subsonic with a Mach number 

of 0.14. The relative decay of the Mach number across the disc is close to -97% which indicates 

a huge shock intensity. 
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Figure 3.9: Shock and evolution of Mach number  

The figure below (Fig.3.10) shows that the Mach number is well resolved by the computations. 

The given design Mach number for the subscale DIC-TIC nozzle was 5.15 [1]. From the 

computations, the Mach number just before the nozzle exit is 5.13 with a relative offset of -0.39 

% from the experiments’ value.  

Figure 3.10: Axial Mach number 



CHAPTER III: Results and discussions 

73 
 

The curve in figure 3.11 shows continual drop of static pressure along the nozzle. A rapid rise in 

pressure is observed in the vicinity of the nozzle exit, which is due to a standing shock that is 

normal to the flow at the exit to match the exit pressure to that of the surrounding. This reveals a 

recompression normal shock at X/Ldiv=1.016. 

The figure also shows an inlet (X/Ldiv=-0.5) static pressure P/Pc= 0.9850 which is quite close to 

the thermodynamic value P/Pc= 24.874/25.25=0.9851. 

 

Figure 3.11: Evolution of static pressure on the nozzle centerline 

From the figure below (Fig.3.12), it can be seen that there is a difference in the exit pressure 

between the experimental value and that from the computations. The exit pressure for the 

experiments is an estimation computed from the given design Mach number using gas dynamics 

relations. For this reason, an additional curve has been added i.e. thermodynamics, to show that 

1D thermodynamics calculations are simplified and do not take into consideration other factors 

that affect compressible flows, hence, do not give the exact value but are useful for prediction of 

operating conditions. In this case, an over-prediction of the exit pressure is noted for 

thermodynamic calculations. That said, looking at the difference (+39.32%), it can be said that 

given the actual experimental exit pressure, the computations can be easily validated. 
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Figure 3.12: Axial static pressure 

Since flow separation occurs when the nozzle theoretical wall exit pressure goes down to 

approximately 80% to 40% of the ambient pressure and this computational work is devoted to 

flow separation, it is therefore of great importance to validate the model using wall pressures 

from the experiments [1].    

Comparing the numerical results with those from the experiments, it is evident that the wall 

pressures are well resolved by the computations (Fig.3.13). 
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Figure 3.13: Computed and experimental wall pressures 

 

Separation location 

To show where in the divergent region the separation is located, iso-surfaces called stations have 

been created from the centerline to the nozzle wall at six (06) different points, each X/Ldiv=1.5 

apart. For example, station 6/6=1 means the radial line at the exit, i.e. the nozzle exit 

(X/Ldiv=6/6=1).   

The evolution of the Mach number (Fig.3.14) on stations 2/6 and 4/6 appears stable while 

stations 6/5 and 6/6 present fluctuations at the near wall region which is as a result of the shock 

that is oblique in nature. Upon this, it can be concluded that the separation shock is somewhere 

between station 4/6 and 5/6, which in turn can be termed as station S. 
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Figure 3.14: Radial evolution of Mach number 

The figure 3.15.a shows the contour of axial velocity. The values of the axial velocity in the 

vicinity of the wall after the separation present negative values. This is an indication of the 

existence of a reverse flow.  The velocity vectors (Fig.3.15.b) show the recirculation region. In 

the recirculation zone, the velocity vectors are in the opposite direction of the incident flow thus 

the negative axial velocity values. However, at the end of this zone, the velocity vectors change 

their direction again towards the incident flow direction (Fig.3.15.b)   
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Figure 3.15.a: Axial velocity contours 

 

Figure 3.15.b: Recirculation zone 

The evolution of shear stress on the wall gives the exact location of the separation shock. At the 

separation point of two-dimensional boundary layers, the wall shear stress becomes zero.                                
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𝜏𝑤 = μ. (∂𝑢/ ∂𝑦)𝑤  =  0 

The curve in figure 3.16 shows the evolution of the axial wall shear stress. Comparing with the 

experimental data, it can be seen that the flow separation location has been over-predicted by the 

computations.        

 

  Figure 3.16: Evolution of axial wall shear stress 

The computed locations differ from the experimental one over a certain range [1]. According to 

the experiments, the given separation location is Xsep/Ldiv=0.733333 and the computed location 

for the separation is Xsep/Ldiv=0.736356, giving an offset of 0.41%. The minor difference shows a 

good agreement with the experimental data. The table below (table 3.3) depicts the numerical 

values for the evolution of the normal shear stress on the divergent wall.  

Table 3.3: Wall pressure and shear stress values 

X/Ldiv 0.0000 0.1668 0.3333 0.5000 0.6667 0.736356 0.8333 1.0000 

Pw/Pc 0.361175 0.060841 0.0302562 0.018244 0.0126545 0.0188963 0.0345813 0.0389879 

Shear 

stress(Pa) 

4016.06 1360.11 840.484 581.476 437.504 0 -55.6683 95.2213 
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From the values, it is observed that as the wall pressure decreases, the shear stress values also 

decrease. This drop in wall pressure results in an adverse pressure gradient which tends to reduce 

the velocity near the wall. This continuous retardation brings the shear stress at X/Ldiv=0.736356 

on the wall to zero. This point corresponds to a pressure of ratio Pw/Pc=0.0188963. From this 

points, the shear stress becomes negative and then a region of recirculating flow develops 

(Fig.3.15.b). The shear stress values change back to positive values (Fig.3.16) due to the inflow 

and upstream acceleration of gas from the ambience into the recirculation region. 

Thrust coefficient 

The figure below (Fig.3.17) shows the different values for the thrust coefficient which were 

obtained from the computations and thermodynamic calculations. Represented in blue are 

estimated values for the thrust coefficient calculated using the ideal thrust coefficient equation 

(3.14) in the thermodynamic calculations. The CFD computed thrust coefficient (in black) is 

termed 1D-CFD simply because it is not an averaged value computed over the exit section but 

from the centerline at the nozzle exit.    

Thrust efficiency represented by the thrust coefficient is proportional to the exhaust velocity.  A 

vacuum offers no flow resistance, hence, the maximum flow rate and the highest exhaust 

velocity through the exhaust nozzle are attained in the vacuum of space. At sea level conditions, 

the adaptation conditions tend to give the highest thrust efficiency because of the absence of 

pressure loss due to shocks or separation as compared to overexpansion conditions which require 

a shock at the nozzle exit to match the exit pressure to the ambient conditions. Comparing the 

overexpansion condition with the sea adaptation condition, a drop in thrust efficiency of 20.7 % 

is observed.  The estimated value of the experiments’ thrust coefficient and that of the 

computations present an offset of -3.37%.  
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Figure 3.17: 1D thrust coefficients for different conditions 

3.7 Parametric Analysis 

The given nozzle divergent length 90mm [1] was split into three (3) equal parts of 30mm each 

starting from the nozzle throat. Div. 1 corresponds to the first part of the divergent section of the 

nozzle from the throat, Div. 2 the second part and Div. 3 the last part of the nozzle to the exit. 

The fully adiabatic wall case will be used as the baseline case to provide a reference datum to 

check the influence of wall temperature on flow dynamics in overexpanded nozzles. Due to the 

high temperatures in the nozzle cooling is implemented to reduce wall temperatures to 

acceptable levels making an adiabatic case not possible to achieve. However, regenerative 

cooling mimics in essence the adiabatic wall since some of the heat that would have been lost as 

a heat to the walls is transferred to the fuel and then injected back from the chamber. 

Maintaining the same geometric properties of the baseline model, we analyze the influence of 

wall temperature on the flow, especially its influence on flow separation, recirculation zone size 

and nozzle performance CF.  

The table 3.4 shows the different wall configurations (modification of wall boundary conditions) 

of the divergent section of the nozzle wall and cases (imposed wall temperatures Tw) used in this 

section. 
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Table 3.4: Wall thermal configurations 

Configuration  Case Div. 1 Div. 2 Div. 3 

Baseline  Baseline Adiabatic Adiabatic Adiabatic  

 

Configuration A 

Case 1 273 K 273 K 273 K 

Case 2 283 K 283 K 283 K 

Case 3 298 K 298 K 298 K 

 

Configuration B 

 

Case 1 Adiabatic Adiabatic 273 K 

Case 2 Adiabatic Adiabatic 283 K 

Case 3 Adiabatic Adiabatic 298 K 

 

Configuration C 

 

Case 1 273 K Adiabatic  Adiabatic  

Case 2 283 K Adiabatic  Adiabatic  

Case 3 298 K Adiabatic  Adiabatic  

 

Configuration A 

In this first scenario, a comparative analysis where a fully isothermal divergent wall with 

different imposed wall temperatures Tw is discussed (table 3.5). The objective is to check the 

effect of wall temperature Tw on flow separation and the thrust efficiency. 

Table 3.5: Wall thermal configuration A 

Configuration  Case Div. 1 Div. 2 Div. 3 

 

Configuration A 

 

Case 1 273 K 273 K  273 K 

Case 2 283 K 283 K 283 K 

Case 3 298 K 298 K 298 K 

 

The curve in figure 3.18 shows that the distribution of the Mach number computed across the 

centerline is not affected by thermal conditions on the divergent wall. 
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Figure 3.18: Axial Mach number (Config.A) 

However, axial Mach number values computed from the near wall region is affected by thermal 

conditions at the divergent wall. As temperature increases, the near wall region experiences a 

decrease in axial Mach number (Fig.3.19). 

 

Figure 3.19: Mach number computed from the near wall (Config.A) 
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The evolution of the wall pressure in figure 3.20 from the throat to X/Ldiv=0.7 appears not to be 

affected by thermal conditions at the divergent wall. However, a rapid rise in wall pressure at 

different locations is easily observed for each case. This indicates different points for the origin 

of interaction which results in different locations of separation. 

The computed wall pressure results also show that Case 3 which has the highest wall temperature 

is the first to present a rise in wall pressure (Fig.3.20). As the temperature decreases, the origin 

of the interaction shifts further in the downstream direction.  

 

Figure 3.20: Wall pressures (Config.A) 

For the imposed wall temperatures, it can be observed from figure 3.21 that the flow separation 

shifts in the upstream direction of the nozzle with an increase in temperature.  
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Figure 3.21: Evolution of axial wall shear stress (Config.A) 

Table 3.6: Separation location 

Case Separation location(X/Ldiv) Offset (%) 

Baseline 0.73636 Reference 

Case 1 0.73409 -0.31 

Case 2 0.73166 -0.64 

Case 3 0.72093 -2.09 

 

Table 3.6 shows the exact computed separation locations for the cases. Compared to baseline 

case, Case 1 gives an offset of -0.31% and an offset of -2.09% for Case 3. This shows that as the 

temperature increases, the separation point moves in the upstream direction from the initial 

position. 

For configuration A, The separation location for the isothermal divergent wall condition are all 

upstream the initial location i.e. baseline case separation location. This is shown in figure 3.21 

and from the negative offset values in table 3.6.  
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The recirculation zone computed in terms of axial size is also observed to differ with respect to 

the imposed wall temperature on the divergent wall. 

For the recirculation zone size, the results in the histograms indicate an increase in size of the 

recirculation zone as the wall temperature increases (Fig.3.22). A relative increase of +4.87% is 

observed for Case 3 while Case 1 presents +1.33% when compared to the baseline. 

 

Figure 3.22: Recirculation zone size (Config. A) 

The computation of the thrust coefficients shows that the shift of the separation location further 

upstream results in loss of performance. Case 3 which has the furthest location upstream the 

nozzle shows the least thrust efficiency with a 1.73% drop in thrust force compared to the 

baseline. Case 1 shows a better advantage compared to the other two (02) thermal cases as it 

presents a higher thrust efficiency (Fig.3.23).  A relative difference of +1.35% is observed when 

compared with Case 3.  

The thrust coefficients for the isothermal divergent wall conditions are all less than the baseline 

case .i.e. the fully adiabatic divergent wall, this correlates with the findings in the separation 

location where all the cases are upstream of the baseline case location. 

As the separation moves further in the upstream direction, loss in thrust efficiency is observed. 
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Figure 3.23: Thrust coefficient (Config.A) 

Configuration B 

After observing the effect of wall temperature on flow separation, recirculation zone size and 

thrust efficiency, the next 2 configurations .i.e. Configurations B and C are studied to check the 

best cooling position of the divergent wall that could lead to improved thrust efficiency when 

cooled. 

In configuration B, maintaining the same wall temperatures, the last portion of the divergent 

section of the nozzle wall is treated as isothermal with a fixed wall temperature Tw while the rest 

of the nozzle wall is taken as adiabatic (table 3.7)  

Table 3.7: Wall thermal  configuration B 

Configuration  Case Div. 1 Div. 2 Div. 3 

 

Configuration B 

 

Case 1 Adiabatic Adiabatic 273 K 

Case 2 Adiabatic Adiabatic 283 K 

Case 3 Adiabatic Adiabatic 298 K 

 

Figure 3.24 shows that for configuration B, the distribution of the Mach number computed across 

the centerline is not affected by the imposed thermal conditions as in configuration A. 
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Figure 3.24: Axial Mach number (Config.B) 

In Figure 3.25 the distribution of wall pressure shows that the point associated with a rise in wall 

pressure is the same for all thermal cases. The effect of the adverse pressure gradient is felt at the 

around same point in the nozzle divergent. This is due to the small difference in wall 

temperature. 
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Figure 3.25: Wall pressures (Config.B) 

In this configuration (Config.B), the evolution of the shear stress indicates that all the locations 

are upstream of the baseline case location and downstream of the experimental location 

(Fig.3.26). 

 

Figure 3.26: Evolution of axial wall shear stress (Config.B) 
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Table 3.8: Separation location 

Case Separation location (X/Ldiv) Offset (%) 

Baseline 0.73636 Reference 

Case 1 0.73553 -0.11 

Case 2 0.73501 -0.18 

Case 3 0.73439 -0.27 

 

From the offsets shown in table 3.8, the values indicate how close the separation locations are to 

the baseline case, the case with the lowest temperature being the closest. 

Thrust coefficient decrease with an increase in temperature as shown from the histogram 

(Fig.3.27). All thermal cases present a thrust coefficient less than the baseline case (Fig.3.27). A 

relative difference of -0.1% between Case 1 and the baseline case is observed while Case 3 gives 

a difference of -0.27%. This difference is as a result of the closeness of the separation point to 

the baseline case shown by the offset (table 3.8). 

 

Figure 3.27: Thrust coefficient (Config.B) 
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Configuration C 

In this configuration, the first portion of the divergent section of the nozzle wall starting from the 

throat is treated as isothermal with a fixed wall temperature Tw while the rest of the nozzle wall 

is taken as adiabatic (table 3.9).  

Table 3.9: Wall thermal configuration C 

Configuration  Case Div. 1 Div. 2 Div. 3 

 

Configuration C 

 

Case 1 273 K Adiabatic Adiabatic 

Case 2 283 K Adiabatic Adiabatic 

Case 3 298 K Adiabatic Adiabatic 

 

As in the other 2 configurations, the distribution of the Mach number computed across the 

centerline for all thermal conditions does not change with respect to the imposed wall 

temperature (Fig.3.28).  

 

Figure 3.28: Axial Mach number (Config.C) 
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The origin of the interaction in the boundary layer for all thermal cases is the same as the 

baseline case excepting that of the experiments which is first along the axis (Fig.3.29). This 

implies that effect of the adverse pressure gradient is ‘felt’ around the same point in the nozzle 

divergent wall. 

 

Figure 3.29: Wall pressures (Config.C) 

From figures 3.30 and 3.31, Cases 1 and 2 present separation locations downstream of the 

baseline yet not sparse which is due to the closeness of the origin of interaction. Unlike Case 1 

and 2, the separation location for Case 3 is situated upstream owing to the high wall temperature 

which reduces the resistance of the flow to boundary layer separation. 
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Figure 3.30: Evolution of axial wall shear stress (Config.C) 

 

Figure 3.31: Separation location (Config.C) 

 

 

 



CHAPTER III: Results and discussions 

93 
 

Table 3.10: Separation location 

Case Separation location (X/Ldiv) Offset (%) 

Baseline 0.73636 Reference 

Case 1 0.736682 0.0443 

Case 2 0.736512 0.0212 

Case 3 0.736157 -0.0270 

 

Despite the closeness of the location observed in figure 3.30, table 3.10 shows the relative 

difference in distance. Case 1 and Case 2 present positive offset values implying a downstream 

shift of the separation from the initial point. 

The shift of the separation location in the downstream direction resulted in a decrease in size of 

the recirculation zone for Cases 1 and 2. A relative decrease in size of 0.15% is observed for 

Case 1 while the size of the recirculation zone for Case 3 increases by 0.31% (Fig.3.32). 

 

Figure 3.32: Recirculation zone size (Config.C) 

Case 1 which presented a location furthest downstream of the nozzle (table 3.10) has the highest 

thrust coefficient for this configuration (Fig.3.33) with a relative increase in thrust efficiency of 

0.039%. The computations also show a relative difference in thrust of -0.10% for Case 3 when 

compared with Case 1 and a 0.064% loss in thrust compared to the baseline case.  
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Figure 3.33: Thrust coefficient (Config.C) 

Conclusion 

The 1D thermodynamic calculations showed that at given conditions, the nozzle runs in 

overexpansion regime. An offset of -16.41% was found for the exit Mach number calculated 

from thermodynamic relations when compared to the exit design Mach number from the 

experiments. Also, the 1D thermodynamic calculations tend to overpredict the exit pressure ratio 

as compared to the experiments and the 1D CFD results. 

The numerical results were obtained for a fully adiabatic case. Model validation was done by 

comparing the computed wall pressure and the separation location with the experimental data. 

The computed results presented an offset of +0.41% and the wall pressures showed a good 

agreement with the experimental wall pressures. In addition, the recirculation zone and the Mach 

disc pattern was in accordance with the observations by Meister [65] and Al. 

In the parametric analysis, it has been shown that the wall temperature that the wall temperature 

has an effect on the separation location and consequently the thrust coefficient CF. As the wall 

temperature increases, the separation location moves from the initial position in the upstream 

direction resulting in a loss of thrust.  

Comparing the results for the considered configurations, Configuration C has shown to give the 

furthest separation location downstream in the nozzle’s divergent region. As a result, 

Configuration C presented the highest thrust efficiency.  
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Conclusion and perspectives 

 

Flow separation continues to be an engineering problem of fundamental importance in numerous 

industrial applications. In this study, the phenomenon of flow separation and its associated 

undesirable effect on thrust efficiency in overexpanded nozzles has been analyzed. In addition, 

the influence of wall cooling on the free shock-induced separation has been investigated through 

the analysis of wall temperature properties.  

The validation of the model was performed by a numerical study of the location of separation, 

wall pressure and Mach number. The calculations agreed well with the experimental data and the 

exit jet shape also showed good agreement with shapes from literature for different experiments.  

In the case of wall cooling, three (03) wall thermal configurations with different imposed wall 

temperatures Tw were analyzed. The first configuration i.e. an isothermal divergent wall was 

used to analyze the effect of wall temperature on the free shock-induced separation while the 

other two (02) were used to study the best wall cooling configuration to be employed to achieve 

the best thrust efficiency possible. 

By analyzing wall temperature properties, it has been observed that the wall temperature is 

directly linked to the separation location. Lowering the wall temperature enhances the resistance 

of the flow to the separation of the boundary layer. It has been shown that the separation location 

moves further downstream with decrease in wall temperature resulting in a decrease in the size 

of the recirculation zone. Compared to all thermal cases, Case 1 .i.e. case with the lowest wall 

temperature presented the highest thrust coefficient. 

In the wall cooling position analysis, configuration C i.e. cooling from the nozzle throat 

presented the highest thrust efficiency with an increase in thrust coefficient of 0.039% compared 

to the baseline configuration and a relative difference of +0.14% when compared to 

configuration B. The separation location for Case 1 (in Config.C) was the furthest location 

downstream in the nozzle’s divergent region with an offset of 0.044%.  
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The numerical results also showed that Mach number computed across the centerline is not 

affected by the thermal conditions on the divergent wall. The effect of the wall temperature is 

observed in the near wall region of the divergent section of the nozzle. 

This thesis provides an analysis of the influence of wall cooling on flow dynamics with respect 

to flow separation and thrust efficiency. As a future work, the parameters affecting cooling of the 

nozzle wall can be optimized for given conditions. Heat transfer at the wall has been shown to be 

useful in controlling flow separation in overexpanded nozzles and based on the analysis of the 

solutions, better coolant conditions which can give higher cooling efficiency will be proposed. 
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