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LMNOP85N 4QM
RSTUV T7WQXPY

ZP[Q85 \P ]^M_ `7X47ON YP 9

Ta bcUZUd LM7ePOOP^Mf ga YP b\6YQ LMNO6YP85
Ua b3ghiSTdji LM7ePOOP^Mf gakalaiabf d\mPM Z6MP`5M6`P YP 5WnOP
da bSVVdhiSZU LM7ePOOP^Mf gakalaiabf d\mPM SoQX68Q5P^M
Ta hiSccdcU LM7ePOOP^Mf ga YP b\6YQ SoQX68Q5P^M

b\6YQf pq ZN`PXrMP stpu
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g8P e78`5678 f : V (G) −→ {0, 1, ...., diam(G)} PO5 ^8 rM7QY`QO5 O^M \P mMQ4WP 878 5M6[6Q\
`788PoP G O6 47^M 57^5 O7XXP5 v ∈ V (G) f f(v) ≤ e(v) f 7{ diam(G) MP4MPOP85P \P Y6QXn5MP
YP G P5 e(v) MP4MPOP85P \|Po`P85M6`65N Y^ O7XXP5 v a

cP 87XrMP YP rM7QY`QO5 68YN4P8YQ8`P βb(G) PO5 \Q [Q\P^M XQo6XQ\P YP ∑

v∈V (G)

f(v) O^M
57^O \PO rM7QY`QO5O f }^6 OQ56Oe785 d(u, v) > max{f(u), f(v)} 47^M `WQ}^P 4Q6MP YP O7XXP5O
Y6O568`5O u, v YP 476YO 47O656eOa

ZQ8O `P XNX76MPf 87^O YN5PMX6878O `P5 68[QM6Q85 47^M \PO mM6\\PO Gm,n = Pm�Pn
f 7{

2 ≤ m ≤ n P5 � MP4MNOP85P \P 4M7Y^65 `QM5NO6P8a ~7^O Y78878O ^8P MN478OP � ^8 YPO
4M7r\nXPO 7^[PM5O 47ON 4QM �aSa Z^8rQMf Za�a SM�68f la�a iQ_8POf kaTa iPYP586P86 P5 kala
iPYP586PX6 YQ8O �bM7Y`QO5O 68 mMQ4WOf Z6O`MP5P d44\6PY TQ5WPXQ56`O p�� �stt�� ������a
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�P OQ_ 5WQ5 Q e78`5678 f : V (G) −→ {0, 1, ...., diam(G)}
6O Q rM7QY`QO5 78 Q 8785M6[6Q\

`788P`5PY mMQ4W G
6e e7M P[PM_ [PM5Po v ∈ V (G) f f(v) ≤ e(v) f �WPMP diam(G) YP875PO 5WP

Y6QXP5PM 7e G Q8Y e(v) YP875PO 5WP P``P85M6`65_ 7e 5WP [PM5Po v a

lWP rM7QY`QO5 68YP4P8YP8`P 8^XrPM βb(G)
6O 5WP XQo6X^X [Q\^P 7e ∑

v∈V (G) f(v)
7[PM

Q\\ rM7QY`QO5O f 5WQ5 OQ56Oe_ d(u, v) > max{f(u), f(v)}
e7M P[PM_ 4Q6M 7e Y6O568`5 [PM56`PO u, v

�65W 47O656[P [Q\^POa

U8 5W6O XPX7M_f �P YP5PMX68P 5W6O 68[QM6Q85 e7M mM6Y mMQ4WO Gm,n = Pm�Pn
f �WPMP 2 ≤

m ≤ n Q8Y � YP875PO 5WP `QM5PO6Q8 4M7Y^`5a �P m6[P Q8 Q8O�PM 57 78P 7e 5WP 74P8 4M7r\PXO
MQ6OPY r_ �aSa Z^8rPMf Za�a SM�68f la�a iQ_8POf kaT iPYP586P86 Q8Y kala iPYP586PX6 68
�bM7Y`QO5O 68 mMQ4WOf Z6O`MP5P d44\6PY TQ5WPXQ56`O p�� �stt�� ������a
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�P 56P8O � MPXPM`6PM 57^5 4QM56`^\6nMPXP85f XQ Y6MP`5M6`P YP 5WnOPf T\\P �������
���� ��� f LM7ePOOP^M � \Q ¡Q`^\5N YP TQ5WNXQ56}^PO YP \|gakalaiabf 47^M OPO `78OP6\Of
OPO MPXQM}^PO P5 OPO P8`7^MQmPXP85Oa �P \^6 Po4M6XP 57^5P XQ mMQ565^YP 47^M Q[76M XN8QmN
O78 5PX4Of O78 OQ[76M P5 OQ 4Q56P8`P Q¢8 }^P `P 5MQ[Q6\ QMM6[P � O78 5PMXPa

�P MPXPM`6P [6[PXP85 T78O6P^M �£�¤�� �¥�¦ § f LM7ePOOP^M � \|g86[PMO65N kQQY ZQW�
\Qr YP b\6YQf 47^M \|W788P^M }^|6\ XP eQ65 P8 4MNO6YQ85 \P ]^M_ YP XQ 5WnOPa

TPO O68`nMPO MPXPM`6PXP85O Q^o XPXrMPO YP ]^M_ T78O6P^M ��¨¨����¤� �©ª«¬�
­ ®ªf LM7ePOOP^M � \|gakalaiabf P5 T78O6P^M ���££�£� �¯�¦ °­ f LM7ePOOP^M � \|g86�
[PMO65N kQQY ZQW\Qr YP b\6YQf 47^M \|W788P^M }^|6\O XP e785 Y|Q[76M Q``P45NO YP eQ6MP 4QM56P
Y^ ]^M_a

�P MPXPM`6P [6[PXP85 57^O XPO P8OP6m8Q85O }^6 X|785 Q6YN 57^5 \P \78m YP XPO N5^YPOf P557^5P 4PMO788P Q_Q85 `785M6r^N � \Q MNQ\6OQ5678 YP `P55P 5WnOPa

�P MPXPM`6Pf P8¢8f XPO 4QMP85Of XPO eMnMPOf XPO O±^MO P5 XQ 4P565P eQX6\\P 47^M \P^M
O7^56P8 X7MQ\ \7MO YP \Q MNQ\6OQ5678 YP `P 5MQ[Q6\a
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¿ º�¶�¨�£�·�´ ´�¨ £�´ º¨�Á��´ ¿Â
pap ZN¢865678O P5 875Q5678O a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a p�

papap ÃMQ4WP P5 mMQ4WP O6X4\P a a a a a a a a a a a a a a a a a a a a a a a a a p�
papas Ä76O68QmPf YPmMN Y|̂ 8 O7XXP5 a a a a a a a a a a a a a a a a a a a a a a p�
papau k7^O�mMQ4WPf O7^O�mMQ4WP 68Y^65 a a a a a a a a a a a a a a a a a a a a a p�
papa� h78`P45 YP X686XQ\65Nf XQo6XQ\65Nf X686X^X P5 XQo6X^X a a a a a a p�
papa� hWQÅ8P P5 `_`\P a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a p�
papa� Z6O5Q8`Pf Po`P85M6`65Nf Y6QXn5MP P5 MQ_78 a a a a a a a a a a a a a a a a p�

pas Æ^P\}^PO `\QOOPO YP mMQ4WPO a a a a a a a a a a a a a a a a a a a a a a a a a a a pq
pau Æ^P\}^PO 74NMQ5678O YQ8O \PO mMQ4WPO a a a a a a a a a a a a a a a a a a a a a a sp

pauap LM7Y^65 `QM5NO6P8 a a a a a a a a a a a a a a a a a a a a a a a a a a a a a sp
pauas LM7Y^65 5P8O7M6P\ a a a a a a a a a a a a a a a a a a a a a a a a a a a a a sp
pauau LM7Y^65 e7M5 a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a ss

pa� Z7X68Q5678 YQ8O \PO mMQ4WPO a a a a a a a a a a a a a a a a a a a a a a a a a a a ss
pa�ap i6O57M6}^P a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a ss



pa�as Z7X68Q5678 O5Q8YQMY a a a a a a a a a a a a a a a a a a a a a a a a a a a su
pa�au Æ^P\}^PO 68[QM6Q85O YP Y7X68Q5678 a a a a a a a a a a a a a a a a a a a s�

pa� h7X4\Po65N Y^ 4M7r\nXP YP Y7X68Q5678 a a a a a a a a a a a a a a a a a a a a a s�

µ �¨��¤��´·´ ¤�¶´ £�´ º¨�Á��´ µ»
sap ~75678O e78YQXP85Q\PO O^M \PO rM7QY`QO5O a a a a a a a a a a a a a a a a a a a a s�
sas VNO^\5Q5O e78YQXP85Q^o a a a a a a a a a a a a a a a a a a a a a a a a a a a a a ut
sau b7M8PO 68eNM6P^MPO Y^ 87XrMP YP rM7QY`QO5 Y7X68Q5678 a a a a a a a a a a a a u�
sa� ÃMQ4WPO Q[P` ^8 4P565 87XrMP YP rM7QY`QO5 Y7X68Q5678 a a a a a a a a a a a a u�
sa� U8[QM6Q85O YP rM7QY`QO5 a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a uq

sa�ap bM7QY`QO5 68YN4P8YQ85 a a a a a a a a a a a a a a a a a a a a a a a a a a uq
sa�as bM7QY`QO5 Y7X68Q85 68YN4P8YQ85 a a a a a a a a a a a a a a a a a a a a �p
sa�au bM7QY`QO5 PÇ`Q`P a a a a a a a a a a a a a a a a a a a a a a a a a a a a a �s
sa�a� bM7QY`QO5 4Q`È68m a a a a a a a a a a a a a a a a a a a a a a a a a a a a �u

sa� h7X4\Po65N Q\m7M65WX6}^P Y^ 4M7r\nXP YP rM7QY`QO5 Y7X68Q5678 a a a a a a a ��

É ¶���¨� ¤� �¨��¤��´· �¶¤�Á�¶¤�¶�� ¤�´ º¨�££�´ ¸Ê
uap ~7XrMP YP rM7QY`QO5 Y7X68Q5678 Y^ 4M7Y^65 `QM5NO6P8 YP YP^o mMQ4WPO a a a �q
uas hQ\`^\ YP βb

47^M \Q `\QOOP YPO mM6\\PO Gm,n
a a a a a a a a a a a a a a a a a a a ��

uasap hQ\`^\ YP βb(Gm,n)
47^M m = 2, 3, 4

a a a a a a a a a a a a a a a a a a a �p
uasas hQ\`^\ YP βb(Gm,n)

47^M m ≥ 5
a a a a a a a a a a a a a a a a a a a a a ��
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pap ÃMQ4WP O6X4\P a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a p�
pas cP O7^O�mMQ4WP YP G 68Y^65 4QM S = {a, b, d, e}

a a a a a a a a a a a a a a a a a p�
pau ZP^o mMQ4WPO 6O7X7M4WPO G P5 G′ a a a a a a a a a a a a a a a a a a a a a a a a pq
pa� g8 ÃMQ4WP r64QM56 `7X4\P5 K4,2

a a a a a a a a a a a a a a a a a a a a a a a a a p�
pa� dMrMP r68Q6MP YP WQ^5P^M s a a a a a a a a a a a a a a a a a a a a a a a a a a a a p�
pa� ÃMQ4WP YP 4PMX^5Q5678 9 σ ≡ {4, 3, 5, 1, 2}

a a a a a a a a a a a a a a a a a a a st
pa� ÃMQ4WP Y|685PM[Q\\PO G P5 \Q eQX6\\P Y|685PM[Q\\PO I 5P\ }^P G = G(I)

a a a a a st
paq P4�P5

a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a sp
pa� P4 × P5

a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a sp
papt P4�P5

a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a ss
papp g8 mMQ4WP G Q[P` γ(G) = 2 P5 Γ(G) = 4

a a a a a a a a a a a a a a a a a a a a su

sap cP O7XXP5 w PO5 ^8 f �[76O68 YP x P5 \P O7XXP5 x 8|PO5 4QO f �[76O68 YP w a a a s�
sas g8 mMQ4WP G Q[P` γb(G) = 2 P5 Γb(G) = 3

a a a a a a a a a a a a a a a a a a a sq
sau ZP^o rM7QY`QO5 Y7X68Q85O O^M G a a a a a a a a a a a a a a a a a a a a a a a a sq
sa� \P mMQ4WP H4

a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a ut
sa� cP mMQ4WP Gn

a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a u�
sa� \P mMQ4WP S(K1,n), n ≥ 3

a a a a a a a a a a a a a a a a a a a a a a a a a a a a a u�
sa� g8 mMQ4WP G Q[P` γb(G) = 3 P5 min{γ(G), rad(G)} = 4 = rad(G)

a a a a a a u�
saq ÃMQ4WP YP LP5PMOP8 a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a u�
sa� bM7QY`QO5O PÇ`Q`PO O^M P5

a a a a a a a a a a a a a a a a a a a a a a a a a a a �s
sapt g8 4Q`È68m XQo6XQ\ }^6 8|PO5 4QO ^8 rM7QY`QO5 4Q`È68m XQo6XQ\ a a a a a a ��
uap cPO mM6\\PO a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a ��
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sap U8NmQ\65NO P85MP \PO 68[QM6Q85O YP rM7QY`QO5a a a a a a a a a a a a a a a a a a a a ��
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V
9S8OPXr\P YPO O7XXP5Oa

E
9S8OPXr\P YPO QMÚ5POa

G
9ÃMQ4WP 878 7M6P85Na

NG(v)
9Ä76O68QmP 7^[PM5 YP v a

NG[v]
9Ä76O68QmP ePMXN YP v a

dG(v)
9ZPmMN Y|̂ 8 O7XXP5 v a

4(G)
9ZPmMN XQo6X^X YQ8O Ga

δ(G)
9ZPmMN X686X^X YQ8O Ga

〈S〉
9k7^O�mMQ4WP YP G 68Y^65 4QM S a

d(u, v)
9Z6O5Q8`P P85MP u P5 v a

e(v)
9SoP85M6`65N YP v a

diam(G)
9Z6QXn5MP YP Ga

rad(G)
9VQ_78 YP Ga

T
9g8 QMrMPa

G�H
9LM7Y^65 `QM5NO6P8 YP G P5 H a

G×H
9LM7Y^65 5P8O7M6P\ YP G P5 H a

G�H
9LM7Y^65 e7M5 YP G P5 H a

γ(G)
9~7XrMP YP Y7X68Q5678a

Γ(G)
9~7XrMP YP Y7X68Q5678 O^4NM6P^Ma

i(G)
9~7XrMP YP Y7X68Q5678 O5Qr\Pa

β0(G)
9~7XrMP YP O5Qr6\65Na

P (G)
9~7XrMP YP 4Q`È68ma

p(G)
9~7XrMP YP 4Q`È68m 68eNM6P^Ma

γb(G)
9~7XrMP YP rM7QY`QO5 Y7X68Q5678a

Γb(G)
9~7XrMP YP rM7QY`QO5 Y7X68Q5678 O^4NM6P^Ma

βb(G)
9~7XrMP YP rM7QY`QO5 68YN4P8YQ8`Pa

ib(G)
9~7XrMP YP rM7QY`QO5 68YN4P8YQ8`P 68eNM6P^Ma

γib(G)
9~7XrMP YP rM7QY`QO5 68YN4P8YQ85 YP Y7X68Q5678a

Γib(G)
9~7XrMP YP rM7QY`QO5 68YN4P8YQ85 YP Y7X68Q5678 O^4NM6P^Ma

γeb(G)
9~7XrMP YP rM7QY`QO5 PÇ`Q`Pa

Γeb(G)
9~7XrMP YP rM7QY`QO5 PÇ`Q`P O^4NM6P^Ma



Pb(G)
9~7XrMP YP rM7QY`QO5 4Q`È68ma

pb(G)
9~7XrMP YP rM7QY`QO5 4Q`È68m 68eNM6P^Ma

Gm,n
9cQ mM6\\P YN¢86P 4QM Pm�Pn

a
Ri = {vi,1, . . . , vi,n}

9 \Q iÛÜÝ \6m8P YP Gm,n
f i ≤ m

a
Cj = {v1,j, . . . , vm,j}

9 \Q jÛÜÝ `7\788P YP Gm,n
f j ≤ n

a
Ri1,i2 = Ri1 ∪ · · · ∪ Ri2 f 9 \PO \6m8PO `7X4M6OPO P85MP \Q i1ÛÜÝ P5 \Q i2ÛÜÝ \6m8P YP Gm,n

a
Cj1,j2 = Cj1 ∪ · · · ∪ Cj2 f 9 \PO `7\788PO `7X4M6OPO P85MP \Q j1ÛÜÝ P5 \Q j2ÛÜÝ `7\788P YP Gm,n

a
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cQ MP`WPM`WP 74NMQ56788P\\P PO5 ^8P Y6O`64\68P MN`P85P Y785 \P r^5 PO5 YP e7^M86M YPO XN�
5W7YPO YP MNO7\^5678 rQONPO O^M YPO `78`P45O P5 7^56\O XQ5WNXQ56}^POa

cQ 5WN7M6P YPO mMQ4WPO `78O565^P ^8 7^56\ 4^6OOQ85 YP \Q MP`WPM`WP 74NMQ56788P\\P 47^M
\Q X7YN\6OQ5678 P5 \Q MNO7\^5678 YP 87XrMP^o 4M7r\nXPO `78`MP5O YP \Q [6P `7^MQ85Pa S\\P
5M7^[P O78 7M6m68P Q^ pq6nXP O6n`\P YQ8O \|N5^YP Y^ `N\nrMP 4M7r\nXP YPO 4785O YP jÞ86m�
OrPMm ß`7XXP85 4QM`7^M6M ^8P e76O P5 ^8P OP^\P e76O \PO OP45 4785O YP \Q [6\\P YP j786mOrPMmßa
hP 4M7r\nXPf MNO7\^ 4QM S^\PMf MP4MNOP85P \P 4MPX6PM MNO^\5Q5 e7MXP\ YP \Q 5WN7M6P YPO mMQ4WPOa
cQ 5WN7M6P YPO mMQ4WPO O|PO5 Q\7MO YN[P\744NP YQ8O Y6[PMOPO Y6O`64\68PO 5P\\PO }^P \Q `W6X6Pf
4W_O6}^Pf \Q r67\7m6Pf \PO O`6P8`PO O7`6Q\POf \PO MNOPQ^o YP `7XX^86`Q5678f \PO `6M`^65O N\P`�5M6}^POfP5`aaa

cQ 5WN7M6P YPO mMQ4WPOf `7XXP O78 87X \|68Y6}^Pf 5MQ65P YPO 4M7r\nXPO QOOPà [QM6NO }^6785 57^O \Q `QMQ`5NM6O56}^P YP 47^[76M Ú5MP MP4MNOP85NO 4QM ^8 O`WNXQ Q44P\N ßmMQ4WPßa g8mMQ4WP PO5 `78O565^N Y|̂ 8 P8OPXr\P YP 47685O �O7XXP5O� MP4MNOP85Q85 YPO 68Y6[6Y^Of YPO 7r�
]P5O P5`a a a P5 YP \6m8PO �QMÚ5PO� MP\6Q85 `PO 47685Of O_Xr7\6OQ85 \P \6P8 Po6O5Q85 P85MP P^oa

g8 YPO Y7XQ68PO \PO 4\^O á7M6OOQ85O YP \Q 5WN7M6P YPO mMQ4WPO PO5 \Q Y7X68Q5678 }^6 Q
N5N N5^Y6NP 685P8O6[PXP85 `PO 5M76O YPM86nMPO YN`P886POa S\\P Q `7XXP8`N OPXr\P�5�6\ Q^ 16me

O6n`\P P8 U8YP �ss� `7XXP ^8 4M7r\nXP YP ]P^o Y|N`WP`a cP 4M68`64P `78O6O5P � `7^[M6M �Y7�
X68PM� \|P8OPXr\P YPO `QOPO Y|̂ 8 N`W6}^6PM 4QM ^8 87XrMP X686X^X YP MP68POf `|PO5 � Y6MP
}^P `WQ}^P 4\Q`P PO5 7``^4NP O765 4QM ^8P MP68Pf O765 P8 ^8 OP^\ X7^[PXP85 YP `P\\P�`6a

g8 Y7X68Q85 YQ8O ^8 mMQ4WP PO5 ^8 O7^O P8OPXr\P YP O7XXP5Of 7{ 57^5 O7XXP5 Y^
mMQ4WP PO5 7^ r6P8 YQ8O `P5 P8OPXr\P 7^ r6P8 QY]Q`P85 � ^8 O7XXP5 YP `P5 P8OPXr\Pa cP
`QMY68Q\ X686X^X Y|̂ 8 5P\ P8OPXr\P PO5 Q44P\N \P 87XrMP YP Y7X68Q5678a L\^O6P^MO 5_4PO YP
Y7X68Q5678 O785 YN¢86O O^M \Q rQOP YP \Q YN¢865678 4MN`NYP85P P8 6X47OQ85 YPO 4M74M6N5NO

ps



pu

O^44\NXP85Q6MPO O^M \PO P8OPXr\PO Y7X68Q85Oa

cP 4M7r\nXP YP \Q rM7QY`QO5 Y7X68Q5678 PO5 ^8P [QM6Q85P Y^ 4M7r\nXP YP Y7X68Q5678a
hP 4M7r\nXP Q N5N 685M7Y^65 P8 sttp 4QM Za �a SM�68 �p�� P5 `78O6O5P � Q55M6r^PM YPO P8�
56PMO 47O656eO �476YO� Q^o O7XXP5O Y^ mMQ4WP YP O7M5P }^P 57^5 O7XXP5 YP 476YO 8^\ O765rM7QY`QO5�Y7X68N 4QM ^8 O7XXP5 YP 476YO O5M6`5PXP85 47O656ef P5 }^P \Q O7XXP YPO 476YO
YP 57^O \PO O7XXP5O O765 X686X^Xa ¡7MXP\\PXP85f `P\Q MP[6P85 � YN¢86M ^8P Q44\6`Q5678 f �
[Q\P^MO P856nMPO O^M \|P8OPXr\P YPO O7XXP5O 5P\\P }^P 57^5 O7XXP5 Y^ mMQ4WP OP 5M7^[P Q^
4\^O � ^8P Y6O5Q8`P f(v) Y|Q^ X768O ^8 O7XXP5 v Q[P` f(v) > 0 f P5 5P\\P }^P \Q O7XXP YPO
476YO O765 X686X^Xa hP X686X^X O|Q44P\\P 87XrMP YP rM7QY`QO5 Y7X68Q5678 Y^ mMQ4WPa

g8P YPO Q44\6`Q5678O YP \Q rM7QY`QO5 Y7X68Q5678 PO5 \Q \7`Q\6OQ5678 YP O5Q5678O MQY67 ¡T
YQ8O ^8P àâ8P Y788NPf 7{ \PO O65PO � \7`Q\6OPM O785 \PO O7XXP5O Y|̂ 8 mMQ4WP MP4MNOP85Q85 \Q
àâ8P P8 }^PO5678a S8 4MQ56}^Pf \PO 5MQ8OXP55P^MO 8P O785 4QO 6YP856}^POa g8P O5Q5678 MQY67 ¡T
OP Y6O568}^P Y|̂ 8 `â5N 4QM OQ eMN}^P8`P YP 5MQ8OX6OO678 P5 Y|̂ 8 Q^5MP `â5N 4QM \Q 4^6OOQ8`P
Q44QMP85P MQ_788NP �SVL�a S8 mN8NMQ\f 6\ 8|PO5 4QO 8N`POOQ6MP }^P 57^O \PO 5MQ8OXP55P^MO
Y^ MNOPQ^ Q6P85 \P XÚXP SVLa g8 5MQ8OXP55P^M Q[P` ^8 4\^O WQ^5 SVL 4P^5 `7^[M6M ^8P
mMQ8YP à78P XQ6O OQ `78O5M^`5678 P5 O78 e78`56788PXP85 O785 4\^O `7ã5P^oa U\ PO5 Q\7MO ^56\P
YP X686X6OPM \Q O7XXP YPO SVL }^6 `7MMPO478Y � \Q X686X6OQ5678 Y^ `7ã5 Y^ rM7QY`QO5ac|7r]P5 4M68`64Q\ YP `P XNX76MP PO5 \Q YN5PMX68Q5678 Y^ 87XrMP YP rM7QY`QO5 68YN4P8�
YQ8`P YQ8O \PO mM6\\POa

d4MNO ^8P 685M7Y^`5678 mN8NMQ\Pf \P XNX76MP O|QM56`^\P Q^57^M YP 5M76O `WQ465MPO 9

cP 4MPX6PM `WQ465MP `7856P85 }^P\}^PO YN¢865678O e78YQXP85Q\PO P5 YPO 875Q5678O YP rQOP
YQ8O \P Y7XQ68P YP \Q 5WN7M6P YPO mMQ4WPO }^6 87^O O785 ^56\PO YQ8O `P XNX76MPa 38 4MNOP85P
Q^OO6 ^8 Q4PMä^ O^M \Q Y7X68Q5678 YQ8O \PO mMQ4WPOa

ZQ8O \P YP^o6nXP `WQ465MPf 87^O N878ä78O \|POOP856P\ YPO MNO^\5QO N5Qr\6O O^M \PO 68[QM6Q85O
YP rM7QY`QO5a

~75MP `785M6r^5678 OP O65^P YQ8O \P 5M76O6nXP `WQ465MP }^6 PO5 `78OQ`MN � \Q YN5PMX68Q5678
YPO [Q\P^MO PoQ`5PO Y^ 87XrMP YP rM7QY`QO5 68YN4P8YQ8`P YQ8O \Q `\QOOP YPO mM6\\POa
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cP XNX76MP O|Q`Wn[P 4QM ^8P `78`\^5678 O^M \|P8OPXr\P Y^ 5MQ[Q6\ MNQ\6ON P5 }^P\}^PO
4PMO4P`56[PO YP MP`WPM`WPa
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ZQ8O `P `WQ465MP 87^O 685M7Y^6O78O \PO Y6ëNMP85PO 875Q5678O YP rQOP YP \Q 5WN7M6P YPO
mMQ4WPOf }^6 87^O OPM[6M785 57^5 Q^ \78m YP `P XNX76MPa ~7^O Po47O78O NmQ\PXP85 ^8 Q4PMä^
O^M \Q Y7X68Q5678 YQ8O \PO mMQ4WPO P5 87^O 4MNOP8578O }^P\}^PO 68[QM6Q85O YP Y7X68Q5678acPO Y6ëNMP85PO YN¢865678O P5 \PO 4M68`64Q^o MNO^\5Q5O PX4\7_NO YQ8O `P `WQ465MP O785 68O46MNO
YPO \6[MPO YP MNeNMP8`PO �u� P5 �sp�a

pap ZN¢865678O P5 875Q5678O

papap ÃMQ4WP P5 mMQ4WP O6X4\P
g8 ìí °­« î¥î ¥íï«î¦ð P5 ®îïG PO5 ^8 `7^4\P (V,E) f 7{ V PO5 ^8 P8OPXr\P Y|N\NXP85O¢86 YN87XrMQr\P P5 E PO5 ^8 O7^O�P8OPXr\P YP 4Q6MPO YP O7XXP5O YP V fE ⊆ {uv, u, v ∈ V }

a
g8 N\NXP85 v ∈ V PO5 Y65 �¥��«¦f P5 ^8 N\NXP85 e = uv ∈ E PO5 Y65  íñ¦«a c|P856PM n = |V |� MPO4am = |E|

� MP4MNOP85P \|¥íªí« � MPO4a ¦ ï¬¬« � YP Ga k6 n = 1 f 78 Y65 }^P G PO5 ¦íïòï ¬aZP^o O7XXP5O u f v YQ8O V O785 Y65  ªó ô«î¦� 7^ ò¥ï�ïî� O6 \|QMÚ5P uv ∈ E
a ZQ8O `P `QOf

u P5 v MP4MNOP85P85 \PO Po5MNX65NO YP \|QMÚ5P ef P5 e PO5 Y65P ïîôïª«î¦« Q^o O7XXP5O u P5 v aZP^o QMÚ5PO O785 QY]Q`P85PO O6 P\\PO 785 Q^ X768O ^8P Po5MNX65N `7XX^8Pa k6 \|QMÚ5P
e = uu ∈ E 47^M ^8 O7XXP5 u ∈ V f Q\7MO e PO5 Y65P ©¥¯ô¬«a
g8 mMQ4WP G PO5 Y65 p�ìí °­« O6 \P 87XrMP Y|QMÚ5P uv P85MP YP^o O7XXP5O u P5 v PO568eNM6P^M 7^ NmQ\ � pa g8 ìí °­« �ï�°¬« PO5 ^8 1�mMQ4WP OQ8O r7^`\PaZQ8O 57^5 `P }^6 O^65 f 87^O `78O6YNM78O }^P \PO mMQ4WPO O6X4\PO P5 ¢86OacQ ¡UÃapap X785MP ^8 mMQ4WP O6X4\P G = (V,E) Q[P` V = {a, b, c, d, e} P5

E = {ab, bc, bd, ad, ae, ed, cd}
a

15
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a b

e d

c

õö÷øùú pap û ÃMQ4WP O6X4\P

papas Ä76O68QmPf YPmMN Y|̂ 8 O7XXP5
L7^M ^8 O7XXP5 v YP Gf cP ò¥ï�ïî ì« ¥¯ò«í¦ YP v PO5 YN¢86 4QM \|P8OPXr\P NG(v) =

{u ∈ V/uv ∈ E} P5 ¬« ò¥ï�ïî ì« §«í�ð YP v PO5 YN¢86 4QM \|P8OPXr\P NG[v] = NG(v)∪{v}
a

c|P8OPXr\P NG(S) =
⋃

v∈S NG(v)
�MPO4a NG[S] = NG(S) ∪ S

� PO5 ¬« ò¥ï�ïî ì« ¥¯ò«í¦
�MPO4a §«í�ð � Y^ O7^O�P8OPXr\P S ⊆ V

a k|6\ 8|_ Q 4QO YP M6O}^P YP `78e^O678f 87^O N`M6[78O
N(v) P5 N [v] Q^ \6P^ YP NG(v)

P5 NG[v]
MPO4P`56[PXP85a ZP XÚXPf 87^O N`M6[78O N(S) P5

N [S] Q^ \6P^ YP NG(S)
P5 NG[S]

MPO4P`56[PXP85a
cP ª«ìíð Y|̂ 8 O7XXP5 v ∈ V f 875N dG(v) f PO5 \P 87XrMP Y|QMÚ5PO 68`6YP85PO � v

a g8
O7XXP5 ï�¥¬ð PO5 ^8 O7XXP5 YP YPmMN 8^\a g8 O7XXP5 YP YPmMN NmQ\ � ^8 PO5 Y65 °«îª î¦
�§«¯ï¬¬«� P5 ^8 O7XXP5 QY]Q`P85 � ^8 O7XXP5 4P8YQ85 PO5 Y65 �¯°°¥í¦a ~7^O 875PM78O
4QM ∆(G) P5 δ(G) MPO4P`56[PXP85 \P ª«ìíð � üï�¯� P5 �ïîï�¯� YQ8O Ga k|6\ 8|_ Q
4QO YP M6O}^P YP `78e^O678f 87^O N`M6M78O d(v) f ∆ P5 δ 47^M YNO6m8PM dG(v) f ∆(G) P5 δ(G)
MPO4P`56[PXP85a
L7^M \P mMQ4WP 6\\^O5MN YQ8O \Q ¢m^MP ¡UÃapapf 78 Q N(a) = {b, e, d} P5 d(a) = 3

a

papau k7^O�mMQ4WPf O7^O�mMQ4WP 68Y^65
k76P85 G P5H YP^o mMQ4WPOa k6 V (H) ⊆ V (G) P5 E(H) ⊆ E(V ) f Q\7MOH PO5 Q44P\N �¥¯��ìí °­« YP G P5 78 N`M65 H ⊆ G

a k6 YP 4\^Of H 6= Gf Q\7MO H PO5 Q44P\N ^8 �¥¯��ìí °­«
°í¥°í« YP G P5 78 N`M65 H ⊂ G

a
L7^M ^8 P8OPXr\P S ⊆ V (G) f \P O7^O�mMQ4WP YP G ïîª¯ï¦ 4QM S f 875N 〈S〉 f PO5 \P mMQ4WP

Q_Q85 S 47^M P8OPXr\P YP O7XXP5O P5 Y785 \PO QMÚ5PO O785 `P\\PO YP E Q_Q85 \P^MO YP^o
Po5MNX65NO YQ8O S aL7^M \P mMQ4WP G 6\\^O5MN YQ8O \Q ¡UÃa papf \P O7^O�mMQ4WP 68Y^65 4QM S = {a, b, d, e} PO56\\^O5MN YQ8O \Q ¡UÃa pasa
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a b

e d

õö÷øùú pas û cP O7^O�mMQ4WP YP G 68Y^65 4QM S = {a, b, d, e}

papa� h78`P45 YP X686XQ\65Nf XQo6XQ\65Nf X686X^X P5 XQo6X^X
g8 O7^O P8OPXr\P S YP V PO5 Y65 �ïîï� ¬ 4QM MQ447M5 � ^8P 4M74M6N5N P O|6\ 8|Po6O5P

4QO ^8 O7^O P8OPXr\P S ′ ⊂ S
5P\ }^P \P O7^O mMQ4WP 68Y^65 4QM S ′ [NM6¢P \Q 4M74M6N5N P a g8

O7^O P8OPXr\P S YP V PO5 Y65 � üï� ¬ 4QM MQ447M5 � ^8P 4M74M6N5N P O|6\ 8|Po6O5P 4QO ^8
O7^O P8OPXr\P S ′ 5P\ }^P S ⊂ S ′ P5 \P O7^O mMQ4WP 68Y^65 4QM S ′ [NM6¢P \Q 4M74M6N5N P a
g8 O7^O P8OPXr\P S YP V PO5 Y65 �ïîï�¯� 7^ YP ¦ ï¬¬« �ïîï� ¬« 4QM MQ447M5 � ^8P

4M74M6N5N P O|6\ 8|Po6O5P 4QO ^8 O7^O P8OPXr\P S ′ ⊆ V
5P\ }^P \P O7^O mMQ4WP 68Y^65 4QM S ′

[NM6¢P \Q 4M74M6N5N P P5 |S ′| < |S|
a g8 O7^O P8OPXr\P S YP V PO5 Y65 � üï�¯� 7^ YP ¦ ï¬¬«� üï� ¬« 4QM MQ447M5 � ^8P 4M74M6N5N P O|6\ 8|Po6O5P 4QO ^8 O7^O P8OPXr\P S ′ ⊆ V

5P\ }^P\P O7^O mMQ4WP 68Y^65 4QM S ′ [NM6¢P \Q 4M74M6N5N P P5 |S ′| > |S|
a

papa� hWQÅ8P P5 `_`\P
g8P ô­ ýî« C YQ8O ^8 mMQ4WP G = (V,E) PO5 ^8P ON}^P8`P ¢86P YP O7XXP5O v1, v2, ..., vk5P\\P }^P 47^M 57^5 1 ≤ i ≤ k − 1 f ei = vivi+1 ∈ E

a c|P856PM k − 1 MP4MNOP85P \Q ¬¥îì¯«¯í YP
C
�Q^ OP8O YPO QMÚ5PO� P5 \PO O7XXP5O v1 P5 vk O785 \PO «ü¦íð�ï¦ð� YP \Q `WQÅ8P C ag8P `WQÅ8P PO5 Y65P ð¬ð�«î¦ ïí« �MPO4a �ï�°¬«� O6 57^O OPO O7XXP5O �MPO4a QMÚ5PO� O785

Y6O568`5Oa g8P ô¥íª« PO5 ^8P QMÚ5P MP\6Q85 YP^o O7XXP5O 878 `78ON`^56eO YQ8O ^8P `WQÅ8Pa
g8P `WQÅ8P �ïîï� ¬« 68Y^65P 4QM n O7XXP5Of 875NP 4QM Pn

f PO5 ^8P `WQÅ8P N\PXP85Q6MP OQ8O
`7MYPa
g8 ôþô¬« Cn

PO5 ^8P `WQÅ8P O6X4\P Y785 \PO Po5MNX65NO O785 `78e78Y^POa

papa� Z6O5Q8`Pf Po`P85M6`65Nf Y6QXn5MP P5 MQ_78
cQ ªï�¦ îô« P85MP YP^o O7XXP5O u P5 v Y|̂ 8 mMQ4WP Gf 875NP dG(u, v) � 7^ O6X4\PXP85

d(u, v)
�f PO5 \Q \78m^P^M YP \Q 4\^O `7^M5P `WQÅ8P ]76m8Q85 u P5 v a c|«üô«î¦íïôï¦ð Y|̂ 8

O7XXP5 v YQ8O ^8 mMQ4WP G = (V,E) PO5 e(v) = max{d(v, w), w ∈ V }
a cP ªï �ÿ¦í« YP



pq

Gf 875N diam(G) f PO5 NmQ\ � max{e(v), v ∈ V } P5 \P í þ¥î YP Gf 875N rad(G) f PO5 NmQ\ �
min{e(v), v ∈ V }

a g8 O7XXP5 YP G Q_Q85 ^8P Po`P85M6`65N X686X^X PO5 Q44P\N ô«î¦í«aL7^M \P mMQ4WPG 6\\^O5MN YQ8O \Q ¢m^MP ¡UÃapapf d(a, c) = 2 fDiam(G) = 2 P5 rad(G) = 1
a

cP O7XXP5 d PO5 ^8 O7XXP5 `P85MP YQ8O \Q ¢m^MP ¡UÃapapa

pas Æ^P\}^PO `\QOOPO YP mMQ4WPO

g8 mMQ4WP O6X4\P G PO5 Y65 ô¥�°¬«¦ O6 57^5P 4Q6MP YP O7XXP5O YP G PO5 MP\6NP 4QM ^8P
QMÚ5Pa
g8 mMQ4WP PO5 Y65 ô¥îî«ü« O6 57^5P 4Q6MP YP O7XXP5O Y^ mMQ4WP PO5 MP\6NP 4QM ^8P `WQÅ8Pa

g8P ô¥�°¥� î¦« ô¥îî«ü« Y|̂ 8 mMQ4WP PO5 ^8 O7^O mMQ4WP `788PoP XQo6XQ\a g8 mMQ4WP
PO5 î¥î ô¥îî«ü« O|6\ 47OOnYP Q^ X768O YP^o `7X47OQ85PO `788PoPOa

ZP^o mMQ4WPO G = (V,E) P5 G′ = (V ′, E ′) O785 Y65O ï�¥�¥í°­«� O|6\ Po6O5P ^8P Q44\6`Q�5678 r6]P`56[P ϕ YP V O^M V ′ 5P\\P }^P 47^M 57^O O7XXP5O u, v ∈ V f uv ∈ E O6 P5 OP^\PXP85
O6 ϕ(u)ϕ(v) ∈ E ′ a

u u u u

u u u u

z t t z

x y x y

G G′

õö÷øùú pau û ZP^o mMQ4WPO 6O7X7M4WPO G P5 G′

g8 mMQ4WP PO5 Y65 ©ï° í¦ï O|6\ PO5 47OO6r\P YP 4QM565678PM \|P8OPXr\P YP OPO O7XXP5O P8
YP^o O7^O�P8OPXr\PO V1

P5 V2
5P\O }^P \PO O7^O mMQ4WPO 〈V1〉

P5 〈V2〉
8P `7856P88P85 Q^`^8P

QMÚ5Pa g8 mMQ4WP PO5 r64QM56 O6 P5 OP^\PXP85 O6f 6\ 8P `7856P85 4QO YP `_`\P YP \78m^P^M 6X4Q6MPa
U\ PO5 Y65 ©ï° í¦ï ô¥�°¬«¦ P5 PO5 875N 4QM Kp,q

O6 |V1| = pf |V2| = q f P5 57^5 O7XXP5 YP V1PO5 MP\6N � 57^5 O7XXP5 YP V2
a
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u u

u u

u

u

V1 V2

õö÷øùú pa� û g8 ÃMQ4WP r64QM56 `7X4\P5 K4,2

g8 mMQ4WP PO5 Y65 ¦íï îì¯¬ð O6 57^5 `_`\P YP \78m^P^M ≥ 4 `7856P85 ^8P `7MYPacP mMQ4WP G 6\\^O5MN YQ8O \Q ¢m^MP ¡UÃa pap PO5 ^8 mMQ4WP 5M6Q8m^\Na

g8  í©í« O7^[P85 875N 4QM T f PO5 ^8 mMQ4WP `788PoP OQ8O `_`\Pa cPO O7XXP5O YP YPmMN p
YP T O785 Q44P\NO O7XXP5O °«îª î¦� �7^ §«¯ï¬¬¬«��f P5 \PO O7XXP5O QY]Q`P85O Q^o eP^6\\PO
O785 Q44P\NO �¯°°¥í¦�a g8 QMrMP P8MQ`68N P8 ^8 O7XXP5 r PO5 ^8 QMrMP 4P8Y^ 4QM `P O7XXP5a
£  °í¥§¥îª«¯í Y|̂ 8 O7XXP5 v PO5 \Q \78m^P^M YP \Q `WQÅ8P }^6 [Q YP \Q MQ`68P � `P O7XXP5a
£« îïò« ¯ p PO5 e7MXN YPO O7XXP5O YP 4M7e78YP^M pa
£  ­ ¯¦«¯í Y|̂ 8 QMrMP PO5 \Q \78m^P^M Y^ 4\^O \78m^P `WQÅ8P YP \Q MQ`68P � ^8P eP^6\\Pa
�í©í« ©ïî ïí« 9 g8 QMrMP PO5 Y65 r68Q6MP O|6\ PO5 `78O565^N Y|̂ 8 ^86}^P O7XXP5 YP YPmMN
YP^o P5 O6 57^5 Q^5MP O7XXP5 PO5 O765 YP YPmMN 5M76Of O765 YP YPmMN ^8a
�í©í« ô¥�°¬«¦ 9 g8 QMrMP PO5 `7X4\P5 O6 57^5PO OPO eP^6\\PO O785 O^M \P XÚXP 86[PQ^a
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õö÷øùú pa� û dMrMP r68Q6MP YP WQ^5P^M s
ºí °­« ª« °«í�¯¦ ¦ï¥î � g8 mMQ4WP G PO5 YP °«í�¯¦ ¦ï¥î O|6\ Po6O5P ^8P 4PMX^5Q�5678
σ YPO O7XXP5O 5P\\P }^P x PO5 QY]Q`P85 � y YQ8OG O6 P5 OP^\PXP85 O6 x < y P5 σ(x) > σ(y)

a
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v v v
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1
3

2

4

5

1 2 3 4 5

4 3 5 1 2õö÷øùú pa� û ÃMQ4WP YP 4PMX^5Q5678 9 σ ≡ {4, 3, 5, 1, 2}a

ºí °­« ª�ïî¦«íò ¬¬«� � h78O6YNM78O ^8P eQX6\\P I = {I1, I2, . . . , In}
Y|685PM[Q\\POa 38

4P^5 e7MXPM ^8 mMQ4WPG(I) f Q44P\N ìí °­« í«°íð�«î¦ ¦ï§ YP I Y785 \PO O7XXP5O i1, i2, ..., inMP4MNOP85P85 MPO4P`56[PXP85 \PO 685PM[Q\\PO I1, I2, ..., In a ZP^o O7XXP5O O785 QY]Q`P85O O6 P5OP^\PXP85 O6 \PO 685PM[Q\\PO `7MMPO478YQ85O O|685PMOP`5P85a g8 mMQ4WP G PO5 Y65 Y|685PM[Q\\PO
O|6\ Po6O5P ^8P eQX6\\P Y|ïî¦«íò ¬¬«� I 5P\ }^P G = G(I)

a
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u u

u u u
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f

ed

a b c

G

u u u u u u

u u u u

u u
f

d e

a b c

I
õö÷øùú pa� û ÃMQ4WP Y|685PM[Q\\PO G P5 \Q eQX6\\P Y|685PM[Q\\PO I 5P\ }^P G = G(I)

a



sp

pau Æ^P\}^PO 74NMQ5678O YQ8O \PO mMQ4WPO

pauap LM7Y^65 `QM5NO6P8
cP °í¥ª¯ï¦ ô í¦ð�ï«î YP YP^o mMQ4WPO G P5 H f 875N 4QM G�H f PO5 \P mMQ4WP Y785 \PO

O7XXP5O O785 \PO 4Q6MPO 7MY788NPO (x, y) 7{ x ∈ V (G) P5 y ∈ V (H)
a ZP^o O7XXP5O (u, v) P5

(x, y) O785 QY]Q`P85O O6 P5 OP^\PXP85 O6 u = x P5 v PO5 QY]Q`P85 � y YQ8O H f 7^ v = y P5 u PO5
QY]Q`P85 � x YQ8O Ga
�ü«�°¬« ¿�É�¿ �� ����	� 
���
��� ���
 ������� ������� �
� �� �����
� �����

�� �� �� �	����
P4

��� �� �	���� P5 �

u u u u u

u u u u u

u u u u u

u u u u u

õö÷øùú paq û P4�P5

pauas LM7Y^65 5P8O7M6P\
cP °í¥ª¯ï¦ ¦«î�¥íï«¬ YP G P5 H f 875N 4QM G×H f PO5 \P mMQ4WP Y785 \PO O7XXP5O O785\PO 4Q6MPO 7MY788NPO (x, y) 7{ x ∈ V (G) P5 y ∈ V (H)

a ZP^o O7XXP5O Y6O568`5O (u, v) P5 (x, y)
O785 QY]Q`P85O O6 P5 OP^\PXP85 O6 u ∈ NG(x)

P5 v ∈ NH(y)
a

�ü«�°¬« ¿�É�µ �� ����	� 
���
��� ���
 �� �
���� ���� ��� �
� �� �����
� ���
��
�� �� P4
���

P5 �

u u u u u

u u u u u

u u u u u

u u u u u
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õö÷øùú pa� û P4 × P5
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pauau LM7Y^65 e7M5
cP °í¥ª¯ï¦ §¥í¦ YP G P5 H f 875N 4QM G � H f PO5 \P mMQ4WP Y785 \PO O7XXP5O O785 \PO

4Q6MPO 7MY788NPO (x, y) 7{ x ∈ V (G) P5 y ∈ V (H)
a c|P8OPXr\P YPO QMÚ5PO PO5 \|̂ 8678 YP

E(G�H) P5 YP E(G×H) f `|PO5 � Y6MPf E(G�H) = E(G�H) ∪ E(G×H)
a

�ü«�°¬« ¿�É�É �� ����	� 
���
��� ���
 �� �
���� ���� ���� �
� �� �����
� � ��� �� P4
��� P5 �

u u u u u

u u u u u

u u u u u

u u u u u
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õö÷øùú papt û P4�P5

pa� Z7X68Q5678 YQ8O \PO mMQ4WPO

pa�ap i6O57M6}^P
b6P8 }^P \|N5^YP XQ5WNXQ56}^P YPO P8OPXr\PO Y7X68Q85O Q `7XXP8`N YQ8O \PO Q88NPO

O76oQ85Pf \P O ]̂P5 5M7^[P O78 7M6m68P P8 pq�s YQ8O \PO ]P^o Y|N`WP`O }^Q8Y ZP �QP86O`W �pu�
N5^Y6Q \P 4M7r\nXP YP \Q YN5PMX68Q5678 Y^ 87XrMP X686X^X YP MP68PO � 4\Q`PM O^M ^8 N`W6�
}^6PM n× n YP O7M5P }^P `WQ}^P `QOP O765 7``^4NP 4QM ^8P MP68P 7^ 4P^5 Ú5MP 7``^4NP P8 ^8
OP^\ X7^[PXP85 4QM \|̂ 8P Y|P\\POf 57^5 P8 OQ`WQ85 }^P \PO Mnm\PO Y^ ]P^ YPO N`WP`O 4PMXP5 �
^8P MP68P YP OP YN4\Q`PM � 5MQ[PMO \PO `QOPO W7M6à785Q\PXP85f [PM56`Q\PXP85 7^ Y6Qm78Q\PXP85a
L7^M ^8 N`W6}^6PM 8×8 f `68} PO5 \P 87XrMP X686X^X YP MP68PO }^6 Y7X68P85 57^5PO \PO `QOPO
YP \|N`W6}^6PMa ZQ8O `P `QOf \P 4M7r\nXP PO5 Q44P\N � \P 4M7r\nXP YPO `68} MP68PO  }^6 PO5 �\|7M6m68P YP \|N5^YP XQ5WNXQ56}^P YP \Q Y7X68Q5678a

S8 pq�sf bQ\\ �p� Q 5MQ65N \Q }^PO5678 YP ZP �QP86OW P8 `78O6YNMQ85 Y|Q^5MPO `78Y65678O
O^44\NXP85Q6MPOa



su

S8 p���f \PO eMnMPO !Qm\7X �up� N5^Y6nMP85 \PO 4M7r\nXPO 47ONO 4QM ZP �QP86OW P5 bQ\\a
c|Q44P\\Q5678 � `7PÇ`6P85 YP O5Qr6\65N Po5PM8P  e^5 685M7Y^65N 4QM bPMmP �u� 47^M YN¢86M \P
87XrMP YP Y7X68Q5678 P5 P8 p��sf 3MP �s�� e^5 \P 4MPX6PM � PX4\7_PM \PO 5PMXPO � P8OPXr\P
Y7X68Q85  P5 � 87XrMP YP Y7X68Q5678  }^|6\ 875Q d(G)

a

c|N5^YP X7YPM8P YP \Q Y7X68Q5678 Q YNr^5N Q4MNO \|Q44QM65678 YP \|QM56`\P YP h7`ÈQ_8P
P5 iPYP586PX6 ��� P8 p���a cPO Q^5P^MO YP ��� 785 N5N \PO 4MPX6PMO � ^56\6OPM \Q 875Q5678 γ(G)
47^M YNO6m8PM \P 87XrMP YP Y7X68Q5678a

pa�as Z7X68Q5678 O5Q8YQMY
k765

G = (V,E) ^8 mMQ4WPa g8 O7^O�P8OPXr\P YP O7XXP5O S ⊆ V PO5 ¯î ª¥�ïî î¦ YP G
O6 57^5 O7XXP5 YP V \S PO5 QY]Q`P85 � Q^ X768O ^8 O7XXP5 YP S f `|PO5���Y6MP O6N [S] = V

a cP
î¥�©í« ª« ª¥�ïî ¦ï¥î γ(G) P5 \P î¥�©í« ª« ª¥�ïî ¦ï¥î �¯°ðíï«¯í Γ(G) YP G O785
MPO4P`56[PXP85 \P `QMY68Q\ X686X^X P5 XQo6X^X Y|̂ 8 P8OPXr\P Y7X68Q85 X686XQ\ O^M Ga
g8 P8OPXr\P Y7X68Q85 YP G YP `QMY68Q\ X686X^X PO5 Q44P\N γ�«î�«�©¬«f P5 ^8 P8OPXr\P
Y7X68Q85 X686XQ\ YP G YP `QMY68Q\ XQo6X^X PO5 Q44P\N Γ�«î�«�©¬«a

�ü«�°¬« ¿�̧ �¿ �� ��"#�� �� ��"
���
�� �� �� ��"#�� �� ��"
���
�� 
����
��� �� ����	�

���
��� ���
 ��� ���� $����� ��
����
$�"��� γ(G) = 2

�� Γ(G) = 4 � � %��
�"#�� S = {u, v}�
� �� γ &��
�"#�� �� � %��
�"#�� S ′ = {w, x, y, z}
�
� �� Γ&��
�"#���

u

u u

u

u

u
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@
@
@
@x

u

w

v

z

y

õö÷øùú papp û g8 mMQ4WP G Q[P` γ(G) = 2 P5 Γ(G) = 4

ZQ8O \Q \655NMQ5^MPf 6\ Po6O5P Y|Q^5MPO YN¢865678O N}^6[Q\P85PO Q^o P8OPXr\PO Y7X68Q85O
YQ8O ^8 mMQ4WP 9
• g8 P8OPXr\P S ⊆ V PO5 ^8 P8OPXr\P Y7X68Q85 YP G O6 47^M 57^5 O7XXP5 v YP V f |N [v] ∩

S| ≥ 1.



s�

• g8 P8OPXr\P S ⊆ V PO5 ^8 P8OPXr\P Y7X68Q85 YP G O6 47^M 57^5 O7XXP5 v YP V \ S f
N(v) ∩ S 6= ∅.

• g8 P8OPXr\P S ⊆ V PO5 ^8 P8OPXr\P Y7X68Q85 YP G O6 N [S] = V
a

pa�au Æ^P\}^PO 68[QM6Q85O YP Y7X68Q5678

38 YN87XrMP Q`5^P\\PXP85 4MnO Y|̂ 8P `P85Q68P YP 5_4PO YP Y7X68Q5678 P5 MNeNMP8`PO YQ8O
\P Y7XQ68Pa L7^M ^8 Q4PMä^ YN5Q6\\Nf \P \P`5P^M 4P^5 `78O^\5PM \PO YP^o \6[MPO MPXQM}^Qr\PO
YP iQ_8POf iPYP586PX6 P5 k\Q5PM � �st�f �sp��a

�îªð°«îª îô« �
g8 P8OPXr\P S YP O7XXP5O PO5 Y65 �¦ ©¬« �7^ 68YN4P8YQ85� O6 \PO O7XXP5O YP S O785878 QY]Q`P85O YP^o � YP^oa cP î¥�©í« ª« ª¥�ïî ¦ï¥î �¦ ©¬« i(G) P5 ¬« î¥�©í« ª«�¦ ©ï¬ï¦ð β0(G) O785 MPO4P`56[PXP85 \P `QMY68Q\ X686X^X P5 XQo6X^X Y|̂ 8 O5Qr\P XQo6XQ\

YQ8O Ga h7XXP 57^5 O5Qr\P XQo6XQ\ PO5 ^8 P8OPXr\P Y7X68Q85 X686XQ\ �s�f 78 Q 9

γ(G) ≤ i(G) ≤ β0(G) ≤ Γ(G)

Á ô'ïîì �
g8 P8OPXr\P S PO5 ^8 ° ô'ïîì O6 47^M 57^5 O7XXP5 v ∈ V, |N [v]

⋂

S| ≤ 1
a cP î¥�©í« ª«

° ô'ïîì P (G) P5 ¬« î¥�©í« ª« ° ô'ïîì ïî§ðíï«¯í p(G) O785 MP4P`56[PXP85 \P `QMY68Q\
XQo6X^X P5 X686X^X Y|̂ 8 4Q`È68m XQo6XQ\ YQ8O Ga ~7^O Q[78O \Q `WQÅ8P Y|68NmQ\65NO
O^6[Q85P �sp� 9

p(G) ≤ P (G) ≤ γ(G) ≤ i(G) ≤ β0(G) ≤ Γ(G).

�(ô ôï¦ð �
g8 P8OPXr\P Y7X68Q85 S PO5 Y65 «(ô ô« O6 47^M 57^5 O7XXP5 v ∈ V f |N [v] ∩ S| = 1 f

`|PO5���Y6MP }^P 57^5 O7XXP5 PO5 Y7X68N 4QM ^8 ^86}^P O7XXP5 YP S a~7578O }^|̂ 8 P8OPXr\P Y7X68Q85 PÇ`Q`P 8|Po6O5P 4QO 57 ]̂7^MO 4^6O}^P \P `_`\P C5
8P

47OOnYP 4QO Y|P8OPXr\P Y7X68Q85 PÇ`Q`Pa
LQM Q6\\P^MOf O6 ^8 mMQ4WPG 47OOnYP ^8 P8OPXr\P Y7X68Q85 PÇ`Q`P S f Q\7MO 57^5 P8OPXr\P

Y7X68Q85 PÇ`Q`P YP G Q \P `QMY68Q\ YP S }^6 PO5 e7M`NXP85 γ(G)
a



s�

pa� h7X4\Po65N Y^ 4M7r\nXP YP Y7X68Q5678
ZQ8O `P55P OP`5678f 78 7XP55MQ \PO MQ44P\O MP\Q56eO � \Q 5WN7M6P YP \Q `7X4\Po65N Q\m7M65W�

X6}^Pa L7^M 4\^O YP YN5Q6\f \P \P`5P^M 4P^5 OP MNeNMPM Q^o \6[MPO YP ÃQMP_ P5 �7W8O78 �p��fLQ4QY6X65M67^ �s�� P5 kQÈQM7[65`W �s��a

k765
G = (V,E) ^8 mMQ4WP Y|7MYMP na cP 4M7r\nXP YP YN`6O678 �pp� QOO7`6N Q^ 4M7r\nXP

YP MP`WPM`WP Y|̂ 8 P8OPXr\P Y7X68Q85 X686X^X PO5 Y788N 4QM 9
�î�«�©¬« ª¥�ïî î¦
�î�¦ îô« � g8 mMQ4WP G = (V,E) Y|7MYMP n P5 ^8 P856PM 47O656e k f k ≤ n

a
)¯«�¦ï¥î � So6O5P�6\ ^8 P8OPXr\P Y7X68Q85 YP G YP `QMY68Q\ ≤ k?

LQM \Q MNY^`5678 Y^ 4M7r\nXP ß3�kdlß Q^ 4M7r\nXP ßS8OPXr\P Y7X68Q85ßf ZQ[6Y �7W8�
O78 X785MP }^P \P 4M7r\nXP YP \|S8OPXr\P Y7X68Q85 PO5 ~L�`7X4\P5a

·­ð¥íÿ�« ¿�Â�¿ *��+ �� ���#�,"� -.�
�"#�� ��"
���� - �
� /0&��"�����
cP 4M7r\nXP ßS8OPXr\P Y7X68Q85ß MPO5P ~L�`7X4\P5 47^M \Q `\QOOP YPO mMQ4WPO r64QM56O

�p�� P5 \PO mMQ4WPO 5M6Q8m^\NO ���a ~NQ8X768Of 6\ PO5 47\_8âX6Q\ 47^M \Q `\QOOP YPO QMrMPO Q[P`
^8 7MYMP YP `7X4\Po65N NmQ\ � O(n) �q� P5 47^M \Q `\QOOP YPO mMQ4WPO YP 4PMX^5Q5678O Q[P`
^8 7MYMP YP `7X4\Po65N NmQ\ � O(n2) �pq�a
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d4MnO \|685M7Y^`5678 mN8NMQ\P YPO 875678O YP e78`5678 rM7QY`QO5 P5 YP 87XrMP YP rM7QY`QO5
Y7X68Q5678f 87^O 685M7Y^6O78O }^P\}^PO 68[QM6Q85O YPO rM7QY`QO5O P5 \PO MP\Q5678O }^6 \PO
MP\6P85a S8O^65Pf 87^O PoQX6878O \Q `7X4\Po65N Y^ 4M7r\nXP YP rM7QY`QO5 Y7X68Q5678a

sap ~75678O e78YQXP85Q\PO O^M \PO rM7QY`QO5O
k765

G = (V,E) ^8 mMQ4WP 878 5M6[6Q\ `788PoPa
¤ð®îï¦ï¥î µ�¿�¿ 2�
� G �� ����	�� 3� ������ 4567897:; 
�� G< ����� � ����
�� f : V −→

{0, . . . , diam(G)} $��
���� f(v) ≤ e(v) ���� ���� 
�""�� v ��
G � =� 
�""�� v ���� ��>���

f(v) > 0
�
� �� 
�""�� f &86?@A7A; �� :6??B; 4567897:;< �� � %��
�"#�� f &86?@A7A;

�
� V +
f (G) = {v ∈ V : f(v) > 0} � 2 %
� �%C � ��
 �

>�� �� �����

��< �� ���� 

"���"��� V +

f�� �
�� ��
V +
f (G) �

¨«� íD¯« µ�¿�µ =� 
�""�� f &��"
���� v f &��"
�� �	�>�� 
�""�� u �$�� d(u, v) ≤

f(v)< �� ��
 
�""��
 ���
 V \ V +
f

�� f &��"
���� ����� 
�""�� ��G � 2
 u ∈ V +
f < v ∈ V

��
d(u, v) ≤ f(u)< �� �
� >�� �� 
�""�� v ���� ����
���� �� #������
� E ����
� �� u � � %��
�"#��
��
 
�""��
 >�� v ∈ V ���� ����
���� �
� ����
 ��� H(v) = {u ∈ V +

f : d(u, v) ≤ f(u)} �
¤ð®îï¦ï¥î µ�¿�É =� #������
� ��"
���� 
�� G �
� �� #������
� f ���
 ��>��� �	�>�� 
�"&"�� �
� f &��"
�� ��� �� �����
� 
�""�� ���
 V +

f < �����"��� �
�< �� #������
� f �
� ��
��"
���� 

 ���� ���� v ∈ V, |H(v)| ≥ 1 �
¨«� íD¯« µ�¿�̧ 2 %
� �F

�� �� 
�""�� v �$�� f(v) = diam(G)< ����
 f �
� �� #������
�
��"
����� G
�

< 
� �%�
� ��
 ����

�
�� �� ���

����� ��
 #������
�
 ��"
����
 �$�� ��


�""��
 �� ��H� 
����
��� �� diam(G) �

s�
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¤ð®îï¦ï¥î µ�¿�Â 0��� �� #������
� f < �� 
�""�� u >�
 �
� f &��"
�� ��� �� 
�""�� v �
�
�� f &I6@:@A ��

v � �� f &I6@:@A7JB ��
v < ���� ��� Nf [v]

�
� � %��
�"#�� ��
 f &$�


�
 �� v � 2

S ⊆ V +

f < ����
 Nf [S] =
⋃

v∈S Nf [v]
�
� �� f &$�


���� �� S � �� f &$�


���� �� f �
� Nf [V

+
f ]

¨«� íD¯« µ�¿�» u
�
� �� $�


� ��

v 

 �� 
����"��� 

 v �
� �� $�


� ��
u "�

< 
� �
���


#�� >�� u 
�
� �� f &$�


� ��

v 
��
 >�� v �� 
�
� ���� u �
�ü«�°¬« µ�¿�½ �� ����	� 
���
��� ���
 ����K�� �$�� f(w) = f(y) = 0

�� f(x) = 1 "�����
>�� w �
� �� f &$�


� ��

x< "�

 >�� �� 
�""�� x �% �
� ��
 f &$�


� ��
w �

k k kw x y
0 1 0

õö÷øùú sap û cP O7XXP5 w PO5 ^8 f �[76O68 YP x P5 \P O7XXP5 x 8|PO5 4QO f �[76O68 YP w a

¤ð®îï¦ï¥î µ�¿�Ê =� 
�""�� u �
� �� f &I6@:@A L5@IM ��
v 

 u �
� f &��"
�� 
����"���

��� v � 0��� �� 
�""�� v ∈ V +
f < �� f &I6@:@A7JB L5@IM pnf [v]

�
� � %��
�"#�� ��
 f &$�


�
��
$�
 �� v � 2
 v ∈ pnf [v]< ����
 �� �
� >�� v �
� 
�� f &I6@:@A L5@IM L56L5B� 0��� S ⊆ V +
f <�� ����
� � %��
�"#�� ��
 f & $�


�
 ��
$�
 �� S ��� PNf [S] = Nf [S] \Nf [V

+
f \ S] �

¤ð®îï¦ï¥î µ�¿�N =� #������
� f �%�� �����
� �C�� O��"
���
�� �� �����P �
� �
� "
�
"��
O��
�� "�F
"��P 
 %
� �%�F

�� ��
 �� #������
� g 6= f ��� >�� ���� ���� 
�""�� u ∈ V, g(u) ≤

f(u)
O��
�� g(u) ≥ f(u)

P�
¤ð®îï¦ï¥î µ�¿�¿À 2�
� f �� #������
� 
�� �� ����	� G �� σ(f) = ∑

v∈V f(v) � �� A6?45B
8B 4567897:; 86?@A7;@6A γb(G)

�
� �� $����� "
�
"�" ��
σ(f)
�� ���
 ��
 #������
�


��"
����
 ��G � =� #������
� ��"
���� f 
�� G ���� ��>��� σ(f) = γb(G)
�
� �
� #������
�

��"
���� "
�
"�" 
�� G � �� A6?45B 8B 4567897:; 86?@A7;@6A :QLM5@BQ5 Γb(G)
�
�

���� �� ��H� "�F
"�" �%�� #������
� ��"
���� "
�
"�� 
�� G �
�ü«�°¬« µ�¿�¿¿ �� ��"#�� �� #������
� ��"
���
�� �� �� ��"#�� �� #������
� ��"
���
��

����
��� �� ����	� 
���
��� ���
 �� ����� ���� K�K $����� ��
����
$�"��� K �� R�
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u

u u

u u

u
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�
�
�

@
@

@
@

õö÷øùú sas û g8 mMQ4WP G Q[P` γb(G) = 2 P5 Γb(G) = 3

�ü«�°¬« µ�¿�¿µ 0��� 
���
���� ��
 �������
< ���

�����
 �� ����	�G = (V,E)

���
��� ��� ��

����� ����K�R� ��
 �����
 ����K�R O#P �� ����K�R O�P 
���
����� ���F #������
�
 ��"
����
 f�� g < �S � %��
�"#�� f &��"
���� �
� V +
f = {s, v, y}

�� � %��
�"#�� �&��"
���� �
� V +
g = {t, z} ��� 
�""�� 
 f &��"
�� s< t<u< w < x �� 
�� f &$�


���� �
� Nf [s] = {s, t, u, w, x}< "�

 s ��

g &��"
�� ����� 
�""��� 3� � |Hf(u)| = 3< |Hf(x)| = 2< |Hf(z)| = 2
�� |Hf(r)| = 1 ����

���� 
�""�� r ∈ {s, t, v, w, y} � 3� � σ(f) = 4
�� σ(g) = 3 � .� ��
� 
� �%�
� ��
 �
T�
�� ��

$�
� >�� γb(G) = 3
�� g �
� �� γb &#������
��

u u u u u u u u u u u u

u u u u u u u u u u u u

w x y z 0 0 1 0 0 0 0 1

s t u v 2 0 0 1 0 2 0 0

UVWXYZ G[\]
^V_W`aWbc f bdV G[e]

^V_W`aWbc g bdV G[f]

õö÷øùú sau û ZP^o rM7QY`QO5 Y7X68Q85O O^M G

g8P `QMQ`5NM6OQ5678 YP \Q X686XQ\65N Y|̂ 8 rM7QY`QO5 Y7X68Q85 4P^5 Ú5MP e7MX^\NP P8
5PMXPO YPO f �[76O68O 4M6[NO YPO O7XXP5O f �Y7X68Q85Oa
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·­ð¥íÿ�« µ�¿�¿É *�g+ h2�
� f �� #������
� ��"
���� 
�� �� ����	� G � G���
< f �
� "
�
"�� 

 �� 
����"��� 


��
 ���F ����
�
��
 
�
$����
 
��� 
��

� �
��
 i

�� j	�>�� 
�""�� v $��
���� f(v) ≥ 2 � �� f &$�


���� ��
$� >�
 �
� E �

����� f(v) ��
v �

K� j	�>�� 
�""�� v $��
���� f(v) = 1 � �� f &$�


���� ��
$� ���
 N [v] �

k765
G = (V,E) ^8 mMQ4WP P5 fS : V → {0, 1}

\Q e78`5678 `QMQ`5NM6O56}^P Y|̂ 8 P8OPXr\P
S ⊆ V YN¢86P 4QM fS(v) = 1 O6 v ∈ S f P5 fS(v) = 0 O6878a
¨«� íD¯« µ�¿�¿¸ �

�� �� � ����
�� ��������

�
>�� fS �%�� ��
�"#�� ��"
���� "
�
"�� S ���
 �� ����	� G�
� �� #������
� ��"
���� "
�
"�� �� ���� γb(G) ≤ γ(G) �
K� 2�
� u ∈ V < �� 
�
� fu : V → {0, ..., diam(G)}

�� � ����
�� ����
� ��� fu(u) = e(u)
��

fu(v) = 0< 

 v 6= u � �� #������
� fu �
� �� ��"
���� "
�
"��< ��

>�� �	�>�� 
�""��
�
� f &��"
�� ��� u � 2
 u �
� �� 
�""�� ���
 �� ������ �� � �%�
� E �
�� e(u) = rad(G)<����
 �� �
�� >�� �� #������
� fu �
� �� #������
� 578@7k< �� 

 e(u) = diam(G)< ����
�� �
�� >�� fu �
� �� #������
� 8@7?M;57k�

Áí¥°¥�ï¦ï¥î µ�¿�¿Â *�g+ h2

f
�
� �� #������
� ��"
���� "
�
"�� 
�� �� ����	�G �� |V +

f | ≥ 2< ����
 ���� �	�>��
�""�� v < f(v) < e(v) �
ZP \Q VPXQM}^P sapap� f 78 Q \P MNO^\5Q5 O^6[Q85 9

�©�«íò ¦ï¥î ¿ *�l+ h
0��� ���� ���	�G

γb(G) ≤ min{γ(G), rad(G)} ≤ max{Γ(G), diam(G)} ≤ Γb(G).



ut

sas VNO^\5Q5O e78YQXP85Q^o
L7^M 57^5 mMQ4WP G P5 57^5 P856PM k Q[P` 1 ≤ k ≤ rad(G) f \P 87XrMP YP k�Y6O5Q8`Pf 875N

γk(G) f PO5 \Q 4\^O 4P565P `QMY68Q\65N Y|̂ 8 P8OPXr\P S YP G 5P\ }^P 57^5 O7XXP5 YP G PO5 �
Y6O5Q8`P k Y|Q^ X768O ^8 O7XXP5 YP S a

Áí¥°¥�ï¦ï¥î µ�µ�¿ *�m+ h
0��� ���� ����	�G<

γb(G) ≤ min{kγk(G) : 1 ≤ k ≤ rad(G)}.

~7578O }^P \P MNO^\5Q5 YP \Q LM747O65678 sasap 4M7Y^65 ^8P XP6\\P^MP r7M8P 47^M γb(G) }^P
`P\\P YP \|3rOPM[Q5678 p `QM O6 k = 1

�MPO4a k = rad(G)
�f78 7r56P85 γb(G) ≤ γ(G)

�MPO4a
γb(G) ≤ rad(G)

�a

L7^M 57^5 P856PM 47O656e t ≥ 3 f 78 Q44P\\P N576\P P5 78 875P 4QM K1,t
\|QMrMP � t O7XXP5O

4P8YQ85O MP\6NO � \|̂ 86}^P O7XXP5 YP YPmMN ta 38 Q44P\\P mMQ4WP O^rY6[6ON Y|̂ 8 mMQ4WP G \PmMQ4WP S(G)
7r5P8^ P8 68ONMQ85 ^8 O7XXP5 O^M `WQ}^P QMÚ5P YPGa k765 T = S(K1,t)

\P mMQ4WP
O^rY6[6ON YP \|N576\P K1,t

47^M 57^5 P856PM t ≥ 2
a L^6O}^P Q^`^8 O7XXP5 8P Y7X68P T f Q\7MO

γb(T ) ≥ 2 f P5 4^6O}^P ^8 rM7QY`QO5 MQY6Q\ Y7X68P T f Q\7MO γb(T ) ≤ rad(T ) = 2
a d68O6f 78

4P^5 Q55P68YMP \|68NmQ\65N 9 γb(G) ≤ min{γ(G), rad(G)}
a LQM Q6\\P^MOf 6\ PO5 4M7^[N YQ8O �p��f

}^P \Q Y6ëNMP8`P P85MP min{γ(G), rad(G)} P5 γb(G) P5 P85MP Γb(G) P5 max{Γ(G), diam(G)}
4P^5 Ú5MP 5MNO mMQ8YPa L7^M ^8 P856PM 47O656e k f O765 Hk

\P mMQ4WP 7r5P8^ P8 ]76m8Q85 ^8
O7XXP5 4P8YQ85 YP S(K1,2+k)

� ^8 O7XXP5 4P8YQ85 YP \Q `WQÅ8P P2k
�[76M ¡UÃasa��a
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�
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�
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õö÷øùú sa� û \P mMQ4WP H4



up

d68O6f Γ(Hk) = 2k+3 P5 diam(Hk) = 2k+4 f Y78`max{Γ(Hk), diam(Hk)} = 2k+4
a k765

v
\|Po5MNX65N YP P2k }^6 PO5 Po5MNX65N YP Hk

a k765 \P rM7QY`QO5 f : V (Hk) → {0, 1, 2k + 2}
YN¢86 4QM f(v) = 2k + 2 f f(x) = 1 47^M 57^5 Po5MNX65N x YP Hk

Y6O568`5P YP v P5 f(x) = 0
47^M 57^5 Q^5MP O7XXP5 x YP Hk

a d\7MO \Q e78`5678 f PO5 ^8 rM7QY`QO5 Y7X68Q85 X686XQ\
O^M Hk

YP `7ã5 3k + 3
a Z|7{f Γb(Hk) ≥ 3k + 3 f P5 78 Q \P MNO^\5Q5 O^6[Q85 9

�©�«íò ¦ï¥î µ *�l+ h
0��� ���� ���
�� ��

�
� k <

Γb(Hk)−max{Γ(Hk), diam(Hk)} ≥ k − 1.

LQM Q6\\P^MOf \Q Y6ëNMP8`P P85MP min{tγt(G) : 1 ≤ t ≤ rad(G)} P5 γb(G) 4P^5 Ú5MP 5MNO mMQ8YP
`7XXP \P 4M7^[P \P lWN7MnXP `6 YPOO7^O 9
·­ð¥íÿ�« µ�µ�µ *�m+ h

0��� ���� ���
�� ��

�
� k <
min{tγt(Hk) : 1 ≤ t ≤ rad(Hk)} − γb(Hk) ≥

2k

15
− 1.

L7^M ^8P e78`5678 f γb�rM7QY`QO5f O6 \|P8OPXr\P YPO O7XXP5O f �rM7QY`QO5 PO5 MNY^65 � ^8N\NXP85f Q\7MO \Q [Q\P^M YP `P O7XXP5 PO5 NmQ\P � O78 Po`P85M6`65N P5 Q^ MQ_78 Y^ mMQ4WPa
Áí¥°¥�ï¦ï¥î µ�µ�É *�m+ h2�
� f �� γb &#������
� 
�� �� ����	�G � G���
 V +

f = {v} 

 �� 
����"��� 

 f(v) = e(v) =

rad(G) �

cP O7^O�mMQ4WP 68Y^65 4QM \P f �[76O68QmP YP 57^5 O7XXP5 f �rM7QY`QO5 PO5 Y|̂ 8P 4QM5 MQY6Q\
P5 Y|Q^5MP 4QM5 [Q^5 \Q [Q\P^M YP `P O7XXP5a
Áí¥°¥�ï¦ï¥î µ�µ�̧ *�m+ h2�
� G �� ����	� �� f �� γb &#������
� 
�� G � 2
 v ∈ V +

f < ����


f(v) = γb(〈Nf [v]〉) = rad(〈Nf [v]〉).

g8P YPO `QMQ`5NM6OQ5678O YPO mMQ4WPO MQY6Q^o PO5 YN¢86P YQ8O \Q LM747O65678 `6� YPOO7^Oa



us

Áí¥°¥�ï¦ï¥î µ�µ�Â *�m+ h2�
� G �� ����	�� G���
 γb(G) = rad(G) 

 �� 
����"��� 



min{kγk(G) : 1 ≤ k ≤ rad(G)} = rad(G).

S8 mN8NMQ\f 6\ 8|_ Q Q^`^8P MP\Q5678 P85MP \P 87XrMP YP rM7QY`QO5 Y7X68Q5678 Y|̂ 8 mMQ4WP
P5 \P 87XrMP YP rM7QY`QO5 Y7X68Q5678 YP OPO O7^O�mMQ4WPOf XÚXP O6 \P O7^O�mMQ4WP PO5 68Y^65a
L\^O6P^MO PoPX4\PO YP mMQ4WPO G P5 H Po6O5P85 47^M }^P G ⊆ H P5 γb(G) ≤ γb(H)

a Ä76M
}^P `P 8|PO5 57 ]̂7^MO \P `QOf P8 PëP5f `78O6YNM78O ^8 mMQ4WP G Y|7MYMP n ≥ 4 P5 YP YPmMN
XQo6X^X Q^ 4\^O n− 2

a L^6O}^P Q^`^8 O7XXP5 YP G 8|PO5 QY]Q`P85 � 57^O \PO O7XXP5O Y^mMQ4WP Gf Q\7MO γb(G) ≥ 2
a k765

H
\P mMQ4WP 7r5P8^ P8 ]76m8Q85 ^8 87^[PQ^ O7XXP5 � 57^O

\PO O7XXP5O YP Gf Q\7MO γb(H) = 1
a Z78` YQ8O `P `QOf G ⊆ H f r6P8 }^P γb(G) > γb(H)

a
hP4P8YQ85f 6\ _ Q ^8P MP\Q5678 P85MP \P 87XrMP YP rM7QY`QO5 Y7X68Q5678 Y|̂ 8 mMQ4WP P5

\P 87XrMP YP rM7QY`QO5 Y7X68Q5678 Y|̂ 8P O^rY6[6O678 YP `P mMQ4WPa
·­ð¥íÿ�« µ�µ�» *�m+ h2


H
�
� �� ����	� 
�#�
$

� �%�� ����	�G< ����


γb(G) ≤ γb(H).

k765
G ^8 mMQ4WPa L7^M 57^5 P856PM k ≥ 0 f 78 Q44P\\P mMQ4WP k��¯©ªïòï�ð Y^ mMQ4WP G \PmMQ4WP 7r5P8^ � 4QM56M YP G P8 68ONMQ85 k O7XXP5O O^M `WQ}^P QMÚ5P YP Ga L7^M 57^O P856PMO

k ≥ 0 P5 t ≥ 3 f 78 875P 4QM Sk,t
\P mMQ4WP k�O^rY6[6ON Y^ mMQ4WP t�N576\P K1,t

a cP ô«î¦í« YP
Sk,t
PO5 \|̂ 86}^P O7XXP5 c YP Sk,t

Y|Po`P85M6`65N e(c) = rad(Sk,t) = k + 1
a

S8 sttpf Za SM�68 �p�� X785MQ }^P \P mMQ4WP k�O^rY6[6ON Y^ mMQ4WP N576\P K1,t
PO5 γb�MQY6Q\ 47^M k ≥ 0 P5 t ≥ 5 4^6O 4M747OQ \Q `78]P`5^MP }^6 QÇMXP }^P \P MNO^\5Q5 MPO5P [MQ6

47^M t ∈ {3, 4}
a

S8 stt�f Va kQWr6 �sq� Q MN478Y^ � \Q `78]P`5^MP YP ZaSM�68 �p�� 9
·­ð¥íÿ�« µ�µ�½ *�g+ h

0��� ���
 ���
��
 k ≥ 0
�� t ≥ 3<

γb(Sk,t) = rad(Sk,t) = k + 1.

L7^M 57^O P856PMO k ≥ 1 P5 t ≥ 2 f 78 Q44P\\P QMrMP t� ïí« ô¥�°¬«¦ YP 4M7e78YP^M k \PmMQ4WP Ak,t
YN¢86 `7XXP O^65 9



uu

nïo
A1,t

PO5 \P mMQ4WP r64QM56 `7X4\P5 K1,t
a

nïïo L7^M k ≥ 2 fAk,t
PO5 7r5P8^ � 4QM56M YP t `746PO Y6O]7685PO YP Ak−1,t

P5 Y|̂ 8 O7XXP5 MP\6N
4QM ^8P QMÚ5P � \|̂ 86}^P O7XXP5 YP YPmMN t YP `WQ`^8P YPO t `746PO YP Ak−1,t

a
Va kQWr6 Q 4M7^[N \Q γb�MQY6Q\65N YP 57^O \PO QMrMPO t�Q6MPO `7X4\P5O 9

·­ð¥íÿ�« µ�µ�Ê *K�+ h
0��� ���
 ���
��
 k ≥ 1

�� t ≥ 2 �� �

γb(Ak,t) = rad(Ak,t) = k.

k765
G ^8 mMQ4WP γb�MQY6Q\ P5 O765 H ^8 O7^O mMQ4WP YP G 5P\ }^P rad(H) = rad(G)

a k6
H PO5 γb�MQY6Q\f 78 Y65 }^P H PO5 ^8 O7^O mMQ4WP γb�MQY6Q\aVa kQWr6 Q YN5PMX68N \P O7^O mMQ4WP YP Sk,3, γb(Sk,3)�MQY6Q\ P5 X686XQ\ �Q^ OP8O YP \Q O^4�4MPOO678 Y|QMÚ5PO�a

·­ð¥íÿ�« µ�µ�N *K�+ h
2�
� k ≥ 3

�� ���
�� �� S ′
k,3

�� 
��
&����	� �� Sk,3
E R 
�""�� �������
 v1, v2, v3 ���
 >��

d(c, v1) = k + 1< d(c, v2) = k
�� d(c, v3) = k − 1 � G���
 S ′

k,3

�
� γb(Sk,3)&���
���
d \Q XÚXP 4NM67YPf iPMÈP P5 T_8WQMY5 4^r\6P85 ^8 QM56`\P }^6 `QMQ`5NM6OP \PO QMrMPO MQ�

Y6Q^o �s�f s��a

k765
P ^8P `WQÅ8P Y6QXN5MQ\P Y|̂ 8 QMrMP T f `|PO5 � Y6MP P PO5 YP \78m^P^M XQo6XQ\Pa g8

P8OPXr\P M YPO QMÚ5PO YP P PO5 ^8 P8OPXr\P P �° í¦ï¦ï¥î O6 \PO Po5MNX65NO YP `WQ}^P QMÚ5P
YQ8O M O785 YP YPmMN s YQ8O T a

·­ð¥íÿ�« µ�µ�¿À *Kp< Kl+ h
=� ��#�� T �
� ���
�� 

 �� 
����"��� 

 T �%��"�� ��
 �%��
�"#�� ����
�
�� ��� $
���
g8 γb�rM7QY`QO5 f PO5 ^8 γb�rM7QY`QO5 ¦íÿ� «(ô ô« O6 P5 OP^\PXP85 O6 f PO5 ^8 γb�rM7QY`QO5 Q[P` ^8 87XrMP X686X^X YP O7XXP5O rM7QY`QO5a38 YNY^65 Y6MP`5PXP85 ^8 MNO^\�

5Q5 Y^ lWN7MnXP sasapt 9



u�

�¥í¥¬¬ ïí« µ�µ�¿¿ *Kp< Kl+ h
�� 2�
� f �� γb &#������
� ��,
 �T���� �%�� ��#�� T E s 
�""��
 #������
�
� G���
<

γb(T ) = rad(T )− b
s

2
c.

K� 0��� �� ��#�� T < 

 M �
� �� ��
�"#�� ����
�
�� �� ����
��� "�F
"�" m< ����
<
γb(T ) = rad(T )− b

m

2
c.

g8 QMrMP PO5 Y65 ô­«îï¬¬« O6 \P mMQ4WP 7r5P8^P P8 O^44M6XQ85 57^5PO \PO eP^6\\PO PO5 ^8P
`WQÅ8Pa kPQmPM �ut� Q `QMQ`5NM6ON \PO `WP86\\PO Q[P` γb = γ

a h7`ÈQ_8Pf iPMÈP P5 T_8WQMY5 �pt�
785 `QMQ`5NM6ON \Q `\QOOP T Y|QMrMPO T [NM6¢Q85 γb(T ) = γ(T )

a

·­ð¥íÿ�« µ�µ�¿µ *��+ h
=� ��#�� T ∈ T 

 �� 
����"��� 

 T � �� ��
�"#��&����
�
�� "�F
"�"M ��� >�� �	�>��

��"��
���� Ti
��

T \M
�
� ���
 T �

sau b7M8PO 68eNM6P^MPO Y^ 87XrMP YP rM7QY`QO5 Y7X68Q5678
ZaSM�68 YNX785MQ }^P \Q XÚXP r7M8P 68eNM6P^MP }^P `P\\P Y^ 87XrMP YP Y7X68Q5678 MPO5P

[Q\Qr\P 47^M \P 87XrMP YP rM7QY`QO5 Y7X68Q5678a

·­ð¥íÿ�« µ�É�¿ *�m+ h2

G

�
� �� ����	� ��� ��
$
��< ����


γb(G) ≥ d
diam(G) + 1

3
e.

ZP \|3rOPM[Q5678 p P5 Y^ lWN7MnXP sauapf78 YNY^65 Y6MP`5PXP85 \P MNO^\5Q5 O^6[Q85 9
·­ð¥íÿ�« µ�É�µ *�m+ h

0��� ���� ���
�� n ≥ 2<
γb(Pn) = γ(Pn) = d

n

3
e.

g8P r7M8P 68eNM6P^MP P8 5PMXP YP MQ_78 PO5 4M7^[NP 4QM bMPOQM P5 k4Q`Q4Q8 47^M \P
87XrMP YP rM7QY`QO5 Y7X68Q5678a



u�

·­ð¥íÿ�« µ�É�É *m+ h2

G

�
� �� ����	�< ����

γb(G) ≥ d

2rad(G)

3
e.

L7^M 57^5 mMQ4WP `788PoP G Y|7MYMP nf dn
3
e PO5 ^8P r7M8P O^4NM6P^MP YP O78 87XrMP YPrM7QY`QO5 Y7X68Q5678a

·­ð¥íÿ�« µ�É�̧ *Kl+ h
0��� ���� ����	�G �%����� n<

γb(G) ≤ d
n

3
e.

U\ Po6O5P Y|Q^5MPO r7M8PO }^6 YN4P8YP85 Y^ MQ_78a L7^M ^8 γb�rM7QY`QO5 f f 87578O 4QM
M = max{f(x) : x ∈ V +

f }
a

£«��« µ�É�Â *�g+ h2�
� G �� ����	� �� f �� γb &#������
� 
�� G � G���


rad(G) ≤ 2γb + |V +
f | −M − 1.

Z^ cPXXP saua�f 87^O 7r5P878O 6XXNY6Q5PXP85 \P MNO^\5Q5 O^6[Q85 9
·­ð¥íÿ�« µ�É�» *�g+ h2�
� G �� ����	� �� f �� γb &#������
� 
�� G � G���


γb(G) ≥ d
rad(G) +M + 1− |V +

f |

2
e.

sa� ÃMQ4WPO Q[P` ^8 4P565 87XrMP YP rM7QY`QO5 Y7X68Q5678

g8P `QMQ`5NM6OQ5678 `788^P YPO mMQ4WPO G `788PoPO YP 87XrMP YP Y7X68Q5678 NmQ\ � p
PO5 rad(G) = 1

a cPO mMQ4WPO Q[P` ^8 87XrMP YP rM7QY`QO5 Y7X68Q5678 NmQ\ � p QYXP55P85
^8P `QMQ`5NM6OQ5678 6YP856}^Pa

Áí¥°¥�ï¦ï¥î µ�̧ �¿ *�m+ h2�
� G �� ����	�� G���
 γb(G) = 1 

 �� 
����"��� 

 rad(G) = 1 �
cPO mMQ4WPO Q[P` ^8 87XrMP YP rM7QY`QO5 Y7X68Q5678 NmQ\ � s OP `QMQ`5NM6OP85 Q^OO6 P8

e78`5678 Y^ MQ_78a
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·­ð¥íÿ�« µ�̧ �µ *�m+ h2�
� G �� ����	�� G���
 γb(G) = 2 

 �� 
����"��� 

 min{rad(G), γ(G)} = 2 �
~7578O }^|6\ Po6O5P 9nïo ^8P 68¢865N YP mMQ4WPO G Q[P` γb(G) = 2 = γ(G) < rad(G)

a U\ O^Ç5 YP `78O6YNMPM
\PO mMQ4WPO Gn

7r5P8^O P8 68ONMQ85 s O7XXP5O O^M `WQ}^P QMÚ5P Y^ X^\56mMQ4WP �
s O7XXP5O MP\6NO 4QM 8 QMÚ5POf n ≥ 1 f 47^M \PO}^P\O 78 Q γb(Gn) = γ(Gn) = 2 P5
rad(Gn) = 3

a
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õö÷øùú sa� û cP mMQ4WP Gn

nïïo ^8P 68¢865N YP mMQ4WPO G Q[P` γb(G) = 2 = rad(G) < γ(G)
a U\ O^Ç5 YP `78O6YNMPM

\PO mMQ4WPO S(K1,n), n ≥ 3 f 47^M \PO}^P\O 78 Q γb(S(K1,n)) = rad(S(K1,n)) = 2 P5
γ(S(K1,n)) = n
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u u u. . . u

�
�
�
�
�
�

�
�
�
�
�
��

B
B
B
B
B
BB
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@
@

@
@

r

õö÷øùú sa� û \P mMQ4WP S(K1,n), n ≥ 3

nïïïo ^8P 68¢865N YP mMQ4WPO G Q[P` γb(G) = 2 = γ(G) = rad(G)
a U\ O^Ç5 YP `78O6YNMPM \PO

mMQ4WPO X^\564QM56O `7X4\P5O Kn1,n2...,nt
, t ≥ 2

a
ni ∈ sf ni ≥ 2 47^M 57^5 if 1 ≤ i ≤ tf

47^M \PO}^P\O 78 Q γb(Kn1,n2...,nt
) = γ(Kn1,n2...,nt

) = 2 P5 rad(Kn1,n2...,nt
) = 2



u�

ZP �66�f 78 4P^5 QÇMXPM }^|̂ 8 mMQ4WP Q[P` γb(G) = 2 4P^5 Q[76M ^8 87XrMP YP Y7X68Q5678
Q^OO6 mMQ8Y }^P \|78 [7^YMQ65f P5 YP �6� ^8P }^PO5678 \Nm656XP OP 47OP 9 Æ^P 4P^5� 78 Y6MP
YP \Q mMQ8YP^M Y^ MQ_78 Y|̂ 8 mMQ4WP G \7MO}^P γb(G) = 2 t g8P MN478OP PO5 Y788NP 4QM \QLM747O65678 sa�au

Áí¥°¥�ï¦ï¥î µ�̧ �É *�m+ h2

G

�
� �� ����	� �$�� γb(G) = 2< ����

�� rad(G) = 2< ��<K� rad(G) = 3

�� γ(G) = 2 �
h7XXP `78ON}^P8`P Y^ lWN7MnXP sa�as 78 Q 9

Áí¥°¥�ï¦ï¥î µ�̧ �̧ *�m+ h2

G

�
� �� ����	� �� min{rad(G), γ(G)} = 3< ����
 γb(G) = 3 �
S8 MPmM7^4Q85 \PO Y6ëNMP85O MNO^\5Q5O 4N`NYPXXP85 `65NOf 78 7r56P85 9

Áí¥°¥�ï¦ï¥î µ�̧ �Â *�g+ h2�
� G �� ����	�� 2
 min{rad(G), γ(G)} = k < �S 1 ≤ k ≤ 3< ����
 γb(G) = k �
cP MNO^\5Q5 YP \Q 4M747O65678 sa�a� 8P 4P^5 Ú5MP N5P8Y^ Q^ `QO k = 4

a S8 PëP5f Za SM�68
`78O6YNMQ \P mMQ4WP G 7r5P8^ P8 ]76m8Q85 ^8P Po5MNX65N YP S(K1,4)

� ^8P Po5MNX65N YP P3
a

cP mMQ4WP [PM6¢P γb(G) = 3 P5 min{rad(G), γ(G)} = 4
a

u u u u u u u u

u

u

u

u

u u r u u u
q

u
u
u

u
u

õö÷øùú sa� û g8 mMQ4WP G Q[P` γb(G) = 3 P5 min{γ(G), rad(G)} = 4 = rad(G)



uq

sa� U8[QM6Q85O YP rM7QY`QO5
Z^8rQM P5 Q\a �p�� YN¢86MP85 Y|Q^5MPO 4QMQXn5MPO \6NO Q^o rM7QY`QO5Oa ~7^O `65PM78O YQ8O

`P55P 4QM56P \|POOP856P\ YPO MNO^\5Q5O � `PO 68[QM6Q85Oa

sa�ap bM7QY`QO5 68YN4P8YQ85
g8 rM7QY`QO5 f PO5 Y65 ïîªð°«îª î¦ O6 57^5 O7XXP5 f �Y7X68Q85 8|PO5 Y7X68N }^P 4QM\^6 XÚXPa S8 Y|Q^5MPO 5PMXPOf O6 47^M 57^5 O7XXP5 v ∈ V +

f , Nf [v]
⋂

V +
f = {v} f 7^ P8`7MP

|H(v)| = 1 47^M v ∈ V +
f

a
cP `7ã5 XQo6X^X Y|̂ 8 rM7QY`QO5 68YN4P8YQ85 YP G PO5 Q44P\N î¥�©í« ª« ©í¥ ªô �¦ïîªð°«îª îô« P5 PO5 875N βb(G)

a cP î¥�©í« ª« ©í¥ ªô �¦ ïîªð°«îª îô« ïî§ðíï«¯íf
875N ib(G) f PO5 NmQ\ Q^ `7ã5 X686X^X Y|̂ 8 rM7QY`QO5 68YN4P8YQ85 XQo6XQ\ YP Ga

h7XXP \PO YP^o e78`5678O rM7QY`QO5 MQY6Q\P P5 rM7QY`QO5 Y6QXN5MQ\P O785 YPO rM7QY`QO5
68YN4P8YQ85O XQo6XQ^o f 78 YNY^65 \PO 68NmQ\65NO O^6[Q85PO �p�� 9

ib(G) ≤ rad(G) ≤ diam(G) ≤ βb(G),

47^M 57^5 mMQ4WP Ga

k765
M ^8 O7^O�P8OPXr\P YP O7XXP5O YP G 5P\ }^P 47^M 57^5P 4Q6MP YP O7XXP5O u P5 v

YPM f d(u, v) = diam(G) f P5 O765 µ(G)
\Q `QMY68Q\65N XQo6X^X Y|̂ 8 5P\ O7^O�P8OPXr\P YP GacQ 4M747O65678 }^6 O^65 QXN\67MP \Q r7M8P 68eNM6P^MP diam(G) 47^M βb(G)

a

Áí¥°¥�ï¦ï¥î µ�Â�¿ *�l+ h
0��� ���� ����	�G<

βb(G) ≥ µ(G)(diam(G)− 1) ≥ 2(diam(G)− 1)

�� ����� #���� �
� ����
��� �
~7578O }^P \Q e78`5678 `QMQ`5NM6O56}^P fS Y|̂ 8 P8OPXr\P 68YN4P8YQ85 XQo6XQ\ S YQ8O^8 mMQ4WP G PO5 ^8 rM7QY`QO5 68YN4P8YQ85f P5 Y78` i(G) ≤ β0(G) ≤ βb(G) f XQ6O fS 8|PO54QO 8N`POOQ6MPXP85 ^8 rM7QY`QO5 68YN4P8YQ85 XQo6XQ\aS8 PëP5f `78O6YNM78O \Q `WQÅ8P P4 :

(v1, v2, v3, v4)
a k6 78 QëP`5P Q^o O7XXP5O \PO 476YO f(v1) = f(v4) = 1 P5 f(v2) = f(v3) = 0 f

Q\7MO f PO5 \Q e78`5678 `QMQ`5NM6O56}^P Y|̂ 8 P8OPXr\P 68YN4P8YQ85 XQo6XQ\a f PO5 Q^OO6 ^8



u�

rM7QY`QO5 68YN4P8YQ85 P5 ^8 rM7QY`QO5 Y7X68Q85 X686XQ\a TQ6O `P55P e78`5678 8|PO5 4QO
^8 rM7QY`QO5 68YN4P8YQ85 XQo6XQ\f 4^6O}^P \Q e78`5678 g YN¢86P 4QM g(v1) = g(v4) = 2 P5
g(v2) = g(v3) = 0 [NM6¢P 47^M 57^5 O7XXP5 u, g(u) ≥ f(u)

a

ZQ8O `P }^6 O^65f \7MO}^P YP^o 4QMQXn5MPO θ P5 η O785 68`7X4QMQr\POf 87^O N`M6M78O rM6n�
[PXP85 θ � η a~7578O }^P 86 γ(G)

86
i(G)

8|PO5 `7X4QMQr\P � ib(G)
a S8 PëP5f Z^8rQM P5 Q\a X785MnMP85

}^P 47^M \Q `WQÅ8P P6
f 78 Q γ(P6) = i(P6) = 2 < 3 = ib(P6)

f Q\7MO }^P 47^M \P mMQ4WP S(K1,t)
f

78 Q γ(S(K1,t)) = i(S(K1,t)) = t > 2 = ib(S(K1,t))
a d^OO6f 86 p(G)

86
P (G)

8|PO5 `7X4QMQr\P
� ib a LQM PoPX4\Pf \P mMQ4WP YP LP5PMOP8 LÃ Q p(PG)v P (PG) = 1 < 2 = γb(PG) = ib(PG) w
4QM Q6\\P^MO O6 G ^8 mMQ4WP 7r5P8^ 4QM \|̂ 8678 YP 5M76O `746PO Y6O]7685PO YP P5

P8 Q]7^5Q85
5M76O QMÚ5PO 47^M e7MXPM ^8 5M6Q8m\P O^M \P^MO `P85MPOf Q\7MO γb(G) = ib(G) = 3 < 5 = p(G) <

P (G) = 6
a

u u

u u

u

u

u u

u u

B
B
B
B
B
BB
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�
�
�
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@
@
@
@
�
�
�
�
�
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��������
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�
�
�
�
�
��

B
B
B
B
B
B
B
B
BB

õö÷øùú saq û ÃMQ4WP YP LP5PMOP8

~7^O 47^[78O MPmM7^4PM 57^5PO `PO MPXQM}^PO 9L7^M 57^5 mMQ4WP Gfnïo
γ(G) ≤ i(G) ≤ β0(G) ≤ βb(G) fnïïo
{γ(G), i(G)} � ib(G) fnïïïo
{p(G), P (G)} � {γb(G), ib(G)}

a



�t

ZQ8O �p��f \PO Q^5P^MO N5^Y6nMP85 \|Po5P8O678 YP \Q `WQÅ8P Y|68NmQ\65NO

γ(G) ≤ i(G) ≤ β0(G) ≤ Γ(G),

� OQ[76M O6
γb(G) ≤ ib(G) ≤ βb(G) ≤ Γb(G)

PO5 OQ56OeQ65Pa c|68NmQ\65N Y^ X6\6P^ 4M7[6P85 YPO YN¢865678O YP ib P5 βb
a \|68NmQ\65N YP YM765P

8|PO5 4QO [MQ6P P8 mN8NMQ\P 4^6O}^P βb(P4) = 4 > Γb(P4) = 3 P5 βb(PG) = 4 < 5 = Γb(PG)7{
P4
PO5 \Q `WQÅ8P Y|7MYMP � P5 PG PO5 \P mMQ4WP YP LP5PMOP8 �[76M ¡UÃasaq�a

h78äPM8Q85 \|68NmQ\65N mQ^`WP P\\P OP YNY^65 Y^ lWN7MnXP 9
·­ð¥íÿ�« µ�Â�µ *�m+ h2�
� f �� #������
� 
���������� 
�� �� ����	� G � 2
 V +

f = {v} ����
 f �
� "�F
"�� 


�� 
����"��� 

 f(v) = e(v) � 0�� �
�����
< 

 |V +

f | ≥ 2< ����
 f �
� "�F
"�� 

 �� 
����"���


 ��
 ���F ����
�
��
 
�
$����
 
��� 
��

� �
��
 i
nïo

f
�
� �� #������
� ��"
���� ��

nïïo ���� ���� v ∈ V +
f , f(v) = min{d(v, u) : u ∈ V +

f \ {v}} − 1 �
LQM Q6\\P^MOf βb

P5 Γ O785 68`7X4QMQr\PO 4^6O}^P Γ(PG) = 5 > 4 = βb(PG) P5 βb(P4) =

4 > 2 = Γ(P4)
a l7^O `PO MNO^\5Q5O OP MNO^XP85 YQ8O \P h7M7\\Q6MP }^6 O^65 9

�¥í¥¬¬ ïí« µ�Â�É *�l+ h
0��� ���� ����	�G<nïo
γb(G) ≤ ib(G)<nïïo
βb(G) � Γb(G)<nïïïo
βb(G) � Γ(G) �

Z|Q^5MPO MP\Q5678O Po6O5P85 P85MP \PO 87XrMPO YP rM7QY`QO5 Y|68YN4P8YQ8`PO ib P5 βb
Q[P` \P

87XrMP Y|68YN4P8YQ8Y`P β0
a �aZ^8rQM P5 Q\a 785 N878`N ^8P `WQÅ8P Y|68NmQ\65NO P85MP β0

P5
\PO 87XrMPO YP rM7QY`QO5 68YN4P8YQ8`P 9
Áí¥°¥�ï¦ï¥î µ�Â�̧ *�l+ h

0��� ���� ����	�G<
ib(G) ≤ rad(G) ≤ β0(G) ≤ βb(G).



�p

h7XXP γb(G) ≤ ib(G) f YP \Q LM747O65678 sa�a�f 78 YNY^65 9
�¥í¥¬¬ ïí« µ�Â�Â *�l+ h

0��� ���� ����	�G< 

 γb(G) = rad(G)< ����
 ib(G) = rad(G) �
k^65P � 57^O `PO MNO^\5Q5Of 87^O 7r5P878O \P O`WNXQ YP `7X4QMQ6O78O O^6[Q85O 9

γ(G) ≤ i(G) ≤ β0(G) ≤ Γ(G)

∨ | � ∧| ∧|

γb(G) ≤ ib(G) ≤ βb(G) � Γb(G)

sa�as bM7QY`QO5 Y7X68Q85 68YN4P8YQ85
g8 rM7QY`QO5 f PO5 Y65 ª¥�ïî î¦ ïîªð°«îª î¦ O|6\ PO5 P8 XÚXP 5PX4O Y7X68Q85 P568YN4P8YQ85a

cP `7ã5 XQo6X^X �MPO4a X686X^X � Y|̂ 8 rM7QY`QO5 Y7X68Q85 68YN4P8YQ85 X686XQ\ YP G
PO5 Q44P\N \P î¥�©í« ª« ©í¥ ªô �¦ ïîªð°«îª î¦ ª« ª¥�ïî ¦ï¥î �¯°ðíï«¯í � MPO4a
î¥�©í« ª« ©í¥ ªô �¦ ïîªð°«îª î¦ ª« ª¥�ïî ¦ï¥î �f P5 PO5 875N Γib(G)

�MPO4a γib(G)
�a

L^6O}^P \Q e78`5678 `QMQ`5NM6O56}^P YP 57^5 P8OPXr\P 68YN4P8YQ85 XQo6XQ\ PO5 ^8 rM7QY`QO5
Y7X68Q85 68YN4P8YQ85 X686XQ\f γib(G) ≤ i(G) P5 Γib(G) ≥ β0(G)

a

~7578O }^P O6 f PO5 ^8 rM7QY`QO5 Y7X68Q85 68YN4P8YQ85 X686XQ\f Q\7MO 47^M 57^5 rM7QY�
`QO5 g 6= f }^6 [NM6¢P g ≤ f f g PO5 68YN4P8YQ85 XQ6O 8|PO5 4QO e7M`NXP85 ^8 rM7QY`QO5
Y7X68Q85a

·­ð¥íÿ�« µ�Â�» *�g+ h2

f
�
� �� #������
� ��"
���� ��� 
���������� �� G< ����
 
� �F

�� �� #������
� g >�


�
� ��"
���� 
����������< �$�� g(V ) ≤ f(V )< �� V +
g ⊂ V +

f

cP lWN7MnXP sa�a� 4PMXP5 Y|QÇMXPM }^P 57^5 mMQ4WP G Q ^8 γb�rM7QY`QO5 }^6 PO5 68YN�4P8YQ85f `|PO5 � Y6MP γb(G) = γib(G) f P5 [PM6¢P \Q `WQÅ8P Y|68NmQ\65NO 9

γib(G) ≤ ib(G) ≤ rad(G) ≤ diam(G) ≤ Γib(G).

h78äPM8Q85 ^8P r7M8P O^4NM6P^MP 47^M \P 87XrMP YP rM7QY`QO5 68YN4P8YQ85 YP Y7X68Q�
5678 O^4NM6P^Mf 78 Q 9



�s

Áí¥°¥�ï¦ï¥î µ�Â�½ *�g+ h
0��� ���� ����	�G<

β0(G) ≤ Γib(G) ≤ min{Γb(G), βb(G)}.

cPO 4QMQXn5MPO Γib(G) P5 Γ(G) O785 68`7X4QMQr\POa S8 PëP5f Z^8rQM P5 Q\a X785MnMP85 }^Pf
47^M \P mMQ4WP YP LP5PMOP8 LÃ P5 \Q `WQÅ8P P10

f 78 Q Γib(PG) = 4 < 5 = Γ(PG) P5
Γ(P10) = 5 < 9 = diam(P10) ≤ Γib(P10)

a

sa�au bM7QY`QO5 PÇ`Q`P

g8 rM7QY`QO5 f PO5 Y65 PÇ`Q`P O6 `WQ}^P O7XXP5 PO5 f �Y7X68N 4QM ^8 ^86}^P O7XXP5rM7QY`QO5f `|PO5 � Y6MPf 47^M 57^5 O7XXP5 v ∈ V, |H(v)| = 1
a cP `7ã5 XQo6X^X Y|̂ 8 rM7QY�

`QO5 PÇ`Q`P PO5 Q44P\N \P î¥�©í« ª« ©í¥ ªô �¦ «(ô ô« �¯°ðíï«¯í P5 PO5 875N Γeb(G)
a cP

î¥�©í« ª« ©í¥ ªô �¦ «(ô ô« γeb(G) PO5 NmQ\ Q^ `7ã5 X686X^X Y|̂ 8 rM7QY`QO5 PÇ`Q`PaLQM PoPX4\Pf \Q ¢m^MP ¡UÃa sa� 6\\^O5MP � rM7QY`QO5O PÇ`Q`PO Y6O568`5O O^M \Q `WQÅ8P P5
f 7{

γeb(P5) = 2 P5 Γeb(P5) = 4
a

u u u u u

u u u u u

u u u u u

u u u u u

u u u u u

4 0 0 0 0

0 3 0 0 0

0 0 2 0 0

0 1 0 0 1

1 0 0 0 2

õö÷øùú sa� û bM7QY`QO5O PÇ`Q`PO O^M P5

·­ð¥íÿ�« µ�Â�Ê *�l+ hx��� ����	�G ��

,�� �� γb &#������
� >�
 �
� �T�����



�u

�¥í¥¬¬ ïí« µ�Â�N *�l+ hx��� ����	� G � �� γb &#������
� ���� ��>��� �� �

����� ����� �%
"����� >����� ��
�� ��

�""��
 #������
�
 u �� v �
� 
����
���� E f(u) + f(v) �
L^6O}^P 57^5 rM7QY`QO5 Y7X68Q85 PÇ`Q`P PO5 68YN4P8YQ85 P5 Y7X68Q85 X686XQ\f 57^5mMQ4WP G [NM6¢P 9

Γeb(G) ≤ min{βb(G),Γb(G),Γeb(G)}.

LQM YN¢865678 YP γeb f γb(G) ≤ γeb(G) f P5 4QM \P lWN7MnXP sa�aqf γb(G) = γeb(G)
a LQM

Q6\\P^MO 57^5 rM7QY`QO5 Y6QXN5MQ\ PO5 ^8 rM7QY`QO5 Y7X68Q85 PÇ`Q`Pa d68O6f 57^5 mMQ4WP
[NM6¢N \Q `WQÅ8P Y|68NmQ\65NO 9
�¥í¥¬¬ ïí« µ�Â�¿À *�l+ h

0��� ���� ����	�G<
γb(G) = γib(G) = γeb(G) ≤ ib(G) ≤ rad(G) ≤ diam(G) ≤ Γeb(G) ≤ Γib(G).

~7578O }^P 86 p(G)
86

P (G) PO5 `7X4QMQr\P Q[P` Γeb(G)
a S8 PëP5f 47^M \P mMQ4WP YP

LP5PMOP8 LÃf p(PG) = P (PG) = 1 < 2 = Γeb(PG) w Q\7MO }^P 47^M \|QMrMP r68Q6MP `7X4\P5
T YP WQ^5P^M O6o }^6 Q �u O7XXP5Of 78 Q Γeb(T ) = 10 < 13 = p(T )

a LQM Q6\\P^MOf γ(PG) =

3 < 2 = Γeb(PG) w P5 47^M n ≥ 3 f Γeb(Pn) = n− 1 > Γ(Pn)
a d68O6 57^5 mMQ4WP G OQ56OeQ65 9

�¥í¥¬¬ ïí« µ�Â�¿¿ *�l+ h
0��� ���� ����	�G<

Γeb(G) � {p(G), P (G), γ(G), i(G), β0(G),Γ(G)}.

sa�a� bM7QY`QO5 4Q`È68m

g8 rM7QY`QO5 f PO5 ^8 ©í¥ ªô �¦ ° ô'ïîì O6 `WQ}^P O7XXP5 PO5 f �Y7X68N 4QM Q^ 4\^O
^8 O7XXP5 rM7QY`QO5f `|PO5 � Y6MPf 47^M 57^5 O7XXP5 v ∈ V f |H(v)| ≤ 1

a cP `7ã5 XQo6X^X
Y|̂ 8 rM7QY`QO5 4Q`È68m YP G PO5 Q44P\N \P î¥�©í« ª« ©í¥ ªô �¦ ° ô'ïîì P5 PO5 875N 4QM
Pb(G)

a ZP XÚXPf \P î¥�©í« ª« ©í¥ ªô �¦ ° ô'ïîì ïî§ðíï«¯íf 875N 4QM pb(G) f PO5 NmQ\
Q^ `7ã5 X686X^X Y|̂ 8 rM7QY`QO5 4Q`È68m XQo6XQ\a



��

cQ e78`5678 `QMQ`5NM6O56}^P fS Y|̂ 8 4Q`È68m XQo6XQ\ 8|PO5 4QO e7M`NXP85 ^8 rM7QY`QO54Q`È68m XQo6XQ\a hP`6 4P^5 Ú5MP [^ P8 `78O6YNMQ85 \Q `WQÅ8P P5
a k765

c
\P `P85MP YP P5

a
cP 4Q`È68m S = {c} YP ¡UÃasapt�Q� PO5 XQo6XQ\f XQ6O fS 8|PO5 4QO ^8 rM7QY`QO5 4Q`È68mXQo6XQ\f 4^6O}^P \Q [Q\P^M fS(c) = 1 4P^5 Ú5MP Q^mXP85NP � fS(c) = 2 }^6 MP4MNOP85P \PrM7QY`QO5 4Q`È68m XQo6XQ\ �[76M ¡UÃasapt�r��a

u u u u u u u u u u
0 0 1 0 0

(a)

0 0 2 0 0

(b)

õö÷øùú sapt û g8 4Q`È68m XQo6XQ\ }^6 8|PO5 4QO ^8 rM7QY`QO5 4Q`È68m XQo6XQ\

¨«� íD¯« µ�Â�¿µ ��
 
�$��
���
 p(G)
�� pb(G) 
��� 
���"����#��
� .� �y�� < ���� ��

�	���� P5 < �� �< p(P5) = 1 < 2 = pb(P5)< ����
 >�� ���� �� ����	� �� 0����
�� PG< ���< pb(PG) = 2 > 1 = p(PG) �0�� �
�����
< ���� #������
� ���
�� �� �
�"����� �
� �� #������
� ���z
�� �� �� #������
�

�����������
cQ VPXQM}^P sa�aps OP MPO^XP YQ8O `P }^6 O^65 9

�©�«íò ¦ï¥î É *�l+ h
0��� ���� ����	�G<

O
P
pb(G) � P (G)<

O

P
pb(G) � p(G) ≤ P (G) ≤ Pb(G)< ��

O


P
pb(G) ≤ rad(G) ≤ diam(G) ≤ Pb(G) ≤ βb(G) �
~7578O }^|78 4P^5 Q[76M ^8 rM7QY`QO5 4Q`È68m XQo6XQ\ }^6 8|PO5 4QO ^8 rM7QY`QO5 Y7�

X68Q85a LQM PoPX4\Pf `78O6YNM78O \PO [Q\P^MO pftftfpftft YQ8O \Q `WQÅ8P P6
a



��

38 OQ65 }^P 47^M 57^5 mMQ4WP Gf

p(G) ≤ P (G) ≤ γ(G).

Z^8rQM P5 Q\a OP 47OnMP85 8Q5^MP\\PXP85 \Q }^PO5678 YP \Q `78OPM[Q5678 YP `P55P `WQÅ8P P85MP\PO 68[QM6Q85O YP rM7QY`QO5 `7MMPO478YQ85Oa U\O Q447M5nMP85 ^8P MN478OP `7X4\n5P � `P55P
}^PO5678 4QM `P }^6 O^65 9
Áí¥°¥�ï¦ï¥î µ�Â�¿É *�l+ h j	�>�� #������
� �T���� �
�
O
P �� #������
� ���z
�� "�F
"��<O

P �� #������
� ��"
���� "
�
"��< ��O


P �� #������
� ��"
���� 
���������� "
�
"���
Z^ h7M7\\Q6MP sa�apt P5 \Q LM747O65678 sa�apuf 78 YNY^65 9

�¥í¥¬¬ ïí« µ�Â�¿¸ *�l+ h
0��� ���� ����	�G<
pb(G) ≤ γeb(G) = γib(G) = γb(G) ≤ ib(G) ≤ Γeb(G) ≤ min{Pb(G),Γb(G),Γib(G)}.

L7^M \P mMQ4WP YP LP5PMOP8 LÃf 78 Q 2 = Pb(PG) < 3 = γ(PG) ≤ i(PG) ≤ β0(PG) ≤

Γib(PG) ≤ Γb(PG) = Γ(PG) = 5
a Z|̂ 8 Q^5MP `â5Nf 47^M \Q `WQÅ8P Pn = i(Pn) = dn/2e =

β0(Pn) = Γ(Pn) < diam(Pn) = n− 1 ≤ Pb(Pn)
a

Z|7{f Pb(G) � {γ(G), i(G), β0(G),Γ(G)}
a

ZQ8O �p��f \PO Q^5P^MO 4M747OP85 4\^O6P^MO PoPX4\PO 47^M X785MPM }^P 86 Γib(G)
86

Γb(G)8|PO5 `7X4QMQr\P Q[P` Pb(G)
a

Z|7{ 87^O Q[78O \|7rOPM[Q5678 O^6[Q85P 9

�©�«íò ¦ï¥î ¸ *�l+ h
0��� ���� ����	�G<

Pb(G) � {γ(G), i(G), β0(G),Γ(G),Γib(G),Γb(G)}.

~7^O Y78878O ^8 5Qr\PQ^ ldbasap }^6 MNO^XP \PO MP\Q5678O P85MP 57^O \PO 68[QM6Q85O YP Y7�
X68Q5678 P5 YP rM7QY`QO5 [^PO Q^o hWQ465MPO p P5 sa



��

p P γ i β0 Γ γb ib βb Γb Γib Γeb pb Pb

p = ≤ ≤ ≤ ≤ ≤ � � ≤ ≤ ≤ � � ≤

P ≥ = ≤ ≤ ≤ ≤ � � ≤ ≤ ≤ � � ≤

γ ≥ ≥ = ≤ ≤ ≤ ≥ � ≤ ≤ ≤ � ≥ �

i ≥ ≥ ≥ = ≤ ≤ ≥ � ≤ ≤ ≤ � ≥ �

β0 ≥ ≥ ≥ ≥ = ≤ ≥ ≥ ≤ ≤ ≤ � ≥ �

Γ ≥ ≥ ≥ ≥ ≥ = ≥ ≥ � ≤ � � ≥ �

γb � � ≤ ≤ ≤ ≤ = ≤ ≤ ≤ ≤ ≤ ≥ ≤

ib � � � � ≤ ≤ ≥ = ≤ ≤ ≤ ≤ ≥ ≤

βb ≥ ≥ ≥ ≥ ≥ � ≥ ≥ = � ≥ ≥ ≥ ≥

Γb ≥ ≥ ≥ ≥ ≥ ≥ ≥ ≥ � = ≥ ≥ ≥ �

Γib ≥ ≥ ≥ ≥ ≥ � ≥ ≥ ≤ ≤ = ≥ ≥ �

Γeb � � � � � � ≥ ≥ ≤ ≤ ≤ = ≥ ≤

pb � � ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ ≤ = ≤

Pb ≥ ≥ � � � � ≥ ≥ ≤ � � ≥ ≥ =

{|}~ú sap û U8NmQ\65NO P85MP \PO 68[QM6Q85O YP rM7QY`QO5a

sa� h7X4\Po65N Q\m7M65WX6}^P Y^ 4M7r\nXP YP rM7QY`QO5 Y7X68Q5678

k765
G = (V,E) ^8 mMQ4WP Y|7MYMP na cP 4M7r\nXP YP YN`6O678 �pp� QOO7`6N Q^ 4M7r\nXP

YP MP`WPM`WP Y|̂ 8 rM7QY`QO5 Y7X68Q85 X686X^X PO5 Y788N 4QM 9

�í¥ ªô �¦ ª¥�ïî î¦
�î�¦ îô« �g8 mMQ4WP G = (V,E) Y|7MYMP n P5 ^8 P856PM 47O656e k, k ≤ n

a
)¯«�¦ï¥î � So6O5P�6\ ^8 rM7QY`QO5 Y7X68Q85 f YP G 5P\ }^P γb(G) = min

∑

v∈V f(v) ≤ k t
iPmmPM8PO P5 c7ÈOW5Q87[ X785MnMP85 }^P \Q h7X4\Po65N Q\m7M65WX6}^P Y^ 4M7r\nXP YPrM7QY`QO5 Y7X68Q5678 PO5 47\_87X6Q\P P8 O(n6) 47^M \PO mMQ4WPO P8 mN8NMQ\f r6P8 }^P rPQ^�

`7^4 Y|Q\m7M65WXPO 4\^O MQ46YPO 785 N5N `78O5M^65O 47^M YPO `\QOOPO 4QM56`^\6nMPO YP mMQ4WPOa

·­ð¥íÿ�« µ�»�¿ *KR+ h
�� ���#�,"� �� #������
� ��"
���� ���
"��� �
� ���C��"
��< �� ��"���F
��O(n6) �



��

S8 stt�f b\Q6M P5 Q\a ��� Y788nMP85 YPO Q\m7M65WXPO 47^M \PO mMQ4WPO Y|685PM[Q\\POf \PO
mMQ4WPO ONM6PO�4QMQ\\n\PO P5 \PO QMrMPO MPO4P`56[PXP85 P8 O(n3) f O(nr4) = O(n5) P5 P8
O(nh) = O(n2)

7{
r MP4MNOP85P \P MQ_78 Y^ mMQ4WP ONM6P�4QMQ\\n\P P5 h \Q 4M7e78YP^M YP\|QMrMPa

S8 stt�f ZQr8P_ P5 Q\a ��� Q447M5nMP85 ^8 87^[P\ Q\m7M65WXP 47^M \PO QMrMPO P8 O(n)
a



�åËæÒÖÕÎ �
�Øz�vw ³w �vØ�³��x� ��³wéw�³���w

³wx èv�²²wx

ZQ8O `P `WQ465MPf 87^O `6578O }^P\}^PO MNO^\5Q5O `788^O O^M \P 87XrMP YP rM7QY`QO5 Y7�
X68Q5678 Y^ 4M7Y^65 `QM5NO6P8 G1�G2

YP YP^o mMQ4WPO }^P\`78}^POa S8O^65Pf 87^O N5Qr\678O\Q [Q\P^M PoQ`5P YP βb(Pm�Pn)
f 7{ Pm

P5 Pn
O785 YP^o `WQÅ8PO YP \78m^P^M m P5 n MPO4P`56�

[PXP85f m ≤ n
a

k76P85 Pm
P5 Pn

YP^o `WQÅ8PO YP \78m^P^M m P5 n MPO4P`56[PXP85f P5 Gm,n = Pm�Pn
a

~7578O \PO O7XXP5O YP \Q mM6\\P Gm,n
4QM vi,j f 1 ≤ i ≤ mf 1 ≤ j ≤ n

a ZP^o O7XXP5O vi,j P5
vk,l
O785 MP\6NO 4QM ^8P QMÚ5P O6 P5 OP^\PXP85 O6 |i− k|+ |j− l| = 1

a ~7^O ePM78O MNeNMP8`P Q^o
\6m8PO P5 `7\788PO Y|̂ 8P mM6\\P 4QM Ri = {vi,1, ...., vi,n}

P5 Cj = {v1,j , ...., vm,j}
a d^OO6f 87^O

ePM78O MNeNMP8`P Q^o \6m8PO P5 `7\788PO `78ON`^56[PO Y|̂ 8P mM6\\P 4QM Ri1,i2 = Ri1
⋃

....
⋃

Ri2 f
1 ≤ i1 ≤ i2 ≤ m P5 Cj1,j2 = Cj1

⋃

....
⋃

Cj2 f 1 ≤ j1 ≤ j2 ≤ n
a ZNO6m78O 4QM Hj1,j2 \P O7^O

mMQ4WP YP Gm,n
68Y^65 4QM \PO O7XXP5O YP Cj1,j2

a ZQ8O \Q O^65P YP `P `WQ465MPf 78 O^447OPMQ
OQ8O 4PM5P YP mN8NMQ\65N }^P 1 ≤ m ≤ n

a

38 Y65 }^P YP^o O7XXP5O u ∈ V (G) P5 v ∈ V (G) O785  î¦ï°¥ª ¯ü O6 P5 OP^\PXP85 O6
d(u, v) = diam(G)

a

uap ~7XrMP YP rM7QY`QO5 Y7X68Q5678 Y^ 4M7Y^65 `QM5NO6P8 YP YP^o mMQ4WPO
L7^M \P 87XrMP YP rM7QY`QO5 Y7X68Q5678 Y|̂ 8 4M7Y^65 `QM5NO6P8 YP YP^o `WQÅ8PO Pm�Pn

f
6\ Q N5N YN5PMX68N 4QM SM�68 9

·­ð¥íÿ�« É�¿�¿ *�l< �g+ h 0��� ���
 ���
��
 m �� n �$�� 2 ≤ m ≤ n<
γb(Gm,n) = rad(Gm,n) = b

m

2
c + b

n

2
c.

�q



��

h78`PM8Q85 \P 87XrMP YP rM7QY`QO5 Y7X68Q5678 Y|̂ 8 4M7Y^65 `QM5NO6P8 YP YP^o `_`\POCm�Cn
f

6\ Q N5N YN5PMX68N 4QM bMPOQM P5 k4Q`Q4Q8a

·­ð¥íÿ�« É�¿�µ *m+ h
0��� ���
 ���
��
 m �� n �$�� 2 ≤ m ≤ n<

γb(Cm�Cn) =

{

rad(Cm�Cn)


 " �� � �
� 
"��
�<

rad(Cm�Cn)− 1 

���,
7{f

rad(Cm�Cn) =











m+n
2

O6 X P5 8 O785 4Q6MOf
m+n−2

2
O6 X P5 8 O785 6X4Q6MOf

m+n−1
2

O6878.

uas hQ\`^\ YP βb
47^M \Q `\QOOP YPO mM6\\PO Gm,n

L7^M 57^5 mMQ4WPG = (V,E) f \Q `WQÅ8P Y|68N}^Q\65NO ib(G) ≤ rad(G) ≤ diam(G) ≤ βb(G)
PO5 [NM6¢NP �p��a Z^ lWN7MnXP sa�asf `P55P `WQÅ8P 4P^5 Ú5MP N5P8Y^P P8 Q]7^5Q85 ^8P MP\Q5678
P85MP γb(G) P5 ib(G) f � OQ[76M γb(G) ≤ ib(G)

a

~7^O MQ44P\78O s MNO^\5Q5O N878`NO Q^ hWQ465MP sa

·­ð¥íÿ�« µ�Â�µ �p���k765
f ^8 rM7QY`QO5 68YN4P8YQ85 O^M ^8 mMQ4WP Ga k6 V + = {v} Q\7MO f PO5 XQo6XQ\ O6 P5

OP^\PXP85 O6 f(v) = e(v)
a LQM Q6\\P^MOf O6 |V +| ≥ 2 f Q\7MO f PO5 XQo6XQ\ O6 P5 OP^\PXP85 O6 \PO

YP^o `78Y65678O O^6[Q85PO O785 OQ56OeQ65PO 9
nïo

f PO5 ^8 rM7QY`QO5 Y7X68Q85 P5nïïo 47^M 57^5 v ∈ V +, f(v) = min{d(v, u) : u ∈ V + \ {v}} − 1
a

k765
M ^8 O7^O�P8OPXr\P YP O7XXP5O YP G 5P\ }^P 47^M 57^5P 4Q6MP YP O7XXP5O u P5 v

YPM f d(u, v) = diam(G) f P5 O765 µ(G)
\Q `QMY68Q\65N XQo6X^X Y|̂ 8 5P\ O7^O�P8OPXr\P YP Ga

Áí¥°¥�ï¦ï¥î µ�Â�¿ �p���L7^M 57^5 mMQ4WP Gf

βb(G) ≥ µ(G)(diam(G)− 1) ≥ 2(diam(G)− 1)



�t

P5 `P55P r7M8P PO5 Q55P685Pa

ZQ8O OQ LWaZaY6OOPM5Q5678 �p��f Za SM�68 Q YN5PMX68N \Q [Q\P^M PoQ`5P YP βb(Pn)
f n ∈ s∗ a

U\ Q 4M7^[N }^P \Q r7M8P 68eNM6P^MP Y788NP YQ8O \Q LM747O65678 sa�ap PO5 Q55P685Pa
Áí¥°¥�ï¦ï¥î É�µ�¿ *�g+ h 0��� ���� ���
�� n ≥ 2<

βb(Pn) = 2(n− 2).

ZQ8O \Q O^65Pf 78 O^447OPMQ Y78` m ≥ 2
a

£«��« É�µ�µ *g+ h 2�
� f �� #������
� 
���������� 
�� G< 

 diam(G) > 2
�� |V +| ≤ 2<����


f(V (G)) ≤ 2(diam(G)− 1)
�ùúø�ú �
k765

f ^8 rM7QY`QO5 68YN4P8YQ85 O^M Ga k6 |V +| = 1 f `|PO5 � Y6MP V + `7856P85 ^8 ^86}^P
O7XXP5 rM7QY`QO5 x1

f Q\7MO f(V (G)) = f(x1) ≤ e(x1) ≤ diam(G) ≤ 2(diam(G) − 1)
a

TQ685P8Q85 O6 |V +| = 2 P5 V + = {x1, x2}
f Q\7MO f(x1), f(x2) ≤ d(x1, x2) − 1 f P5 f(V (G)) =

f(x1) + f(x2) ≤ 2(diam(x1, x2)− 1) ≤ 2(diam(G)− 1)
a

�

k765
Gm,n

f Q[P` 2 ≤ m ≤ nf ^8P mM6\\P Y785 \|P8OPXr\P YPO O7XXP5O PO5 875N 4QM Vm,n
a

38 875P 4QM R(x) = if 1 ≤ i ≤ mf \Q iÛÜÝ \6m8P 7{ \P O7XXP5 x Q44QM56P85 P5 4QM C(x) = j f
1 ≤ j ≤ nf \Q jÛÜÝ `7\788P 7{ \P O7XXP5 x Q44QM56P85aL7^M ^8 rM7QY`QO5 68YN4P8YQ85 f f O765 V + = {x1, . . . , xt}

7{ 47^M `WQ}^P if 1 ≤ i ≤ t − 1 f
C(xi) = k ≤ C(xi+1) = `, 1 ≤ k ≤ ` ≤ n

a

k765
Ri

+ = {v ∈ Ri : f(v) > 0} f Cj
+ = {v ∈ Cj : f(v) > 0} f Ri1,i2

+ = Ri1
+

⋃

. . .
⋃

Ri2
+
f

1 ≤ i1 ≤ i2 ≤ m P5 Cj1,j2
+ = Cj1

+

⋃

. . .
⋃

Cj2
+
f 1 ≤ j1 ≤ j2 ≤ n

a
L7^M \Q YN5PMX68Q5678 Y^ βb(Gm,n)

f 87^O ^56\6OPM78O O7^[P85 \Q 4M747O65678 O^6[Q85Pa
Áí¥°¥�ï¦ï¥î É�µ�É *g+ h 2�
� f �� #������
� 
���������� 
��Gm,n < n ≥ m+1 � 0��� �	�>�����
�� k < m ≤ k ≤ n− 1 <

f(Vm,n) ≤

{

βb(Gm,k) +
∑

v∈Ck+1,n
+

f(v) 

 |C1,k
+ | ≥ 2,

min{d(x1, u) : u ∈ Ck+1,n
+ }+

∑

v∈Ck+1,n
+

f(v)− 1 

 |C1,k
+ | = 1.



�p

�ùúø�ú �
k6

|C1,k
+ | ≥ 2 f Q\7MO f/

H1,k

PO5 ^8 rM7QY`QO5 68YN4P8YQ85 O^M H1,k a S8 PëP5f 47^M `WQ}^P
O7XXP5 v ∈ V (H1,k), f(v) ≤ min{d(v, u) : u ∈ C1,n

+ \ {v}} − 1 ≤ min{d(v, u) : u ∈

C1,k
+ \ {v}} − 1 ≤ e(v) YQ8O H1,k P5 O6 Q^`^8 O7XXP5 rM7QY`QO5 8P f �Y7X68P ^8 Q^5MP
O7XXP5 rM7QY`QO5 YQ8O Gm,n

Q\7MO \Q XÚXP 4M74M6N5N PO5 4MNOPM[NP YQ8O H1,k a
L^6O}^P H1,k PO5 6O7X7M4WP � Gm,k

f 87^O `78`\^78O }^P f

f(Vm,n) = f/
H1,k

(V (H1,k)) +
∑

v∈Ck+1,n
+

f(v) ≤ βb(Gm,k) +
∑

v∈Ck+1,n
+

f(v).

k6
|C1,k

+ | = 1 f Q\7MO C1,k
+
PO5 MNY^65 � ^8 O7XXP5 ^86}^P x1

a Z|7{ f

f(Vm,n) = f(x1) +
∑

v∈Ck+1,n
+

f(v) ≤ min{d(x1, u) : u ∈ Ck+1,n
+ } − 1

∑

v∈Ck+1,n
+

f(v).

�

uasap hQ\`^\ YP βb(Gm,n)
47^M m = 2, 3, 4

U\ PO5 eQ`6\P YP [76M }^P diam(Gm,n) = m + n − 2
a cQ r7M8P YQ8O \Q LM747O65678 sa�ap

8|PO5 4QO Q55P685P }^P 47^M \PO `WQÅ8POa ~7^O 4M7^[PM78O }^P \PO mM6\\PO �m \6m8POf 7{ m ≤ 4
OQ56OeQ6P85 Q^OO6 `P55P 4M74M6N5Na

Áí¥°¥�ï¦ï¥î É�µ�̧ *g+ h 2

f
�
� �� βb &#������
� �� Gm,n

�� |V +| ≥ 2< ����
 C(x1) = 1
��

C(xt) = n �
�ùúø�ú �
k^447O78O \P `785MQ6MPf `|PO5 � Y6MP C(x1) > 1

7^ C(xt) < n
a k6

C(x1) = k > 1 P5
x1 = vi,k

47^M ^8 `PM5Q68 if Q\7MO 87^O 47^[78O YN¢86M ^8 87^[PQ^ rM7QY`QO5 68YN4P8YQ85
g O^M Gm,n

Q[P` g(vi,1) = f(x1) + k − 1, g(vi,k) = 0 f P5 47^M 57^O \PO Q^5MPO O7XXP5O v f87^O 47O78O g(v) = f(v)
a cP rM7QY`QO5 g PO5 68YN4P8YQ85 O^M Gm,n

P5 Q ^8 `7ã5 g(Vm,n) =

f(Vm,n) + k − 1 > f(Vm,n) = βb(Gm,n)
f `P }^6 `785MPY65 \|7456XQ\65N YP f a LQM `78ON}^P85

x1
OP 5M7^[P YQ8O \Q 4MPX6nMP `7\788P P5f YP \Q XÚXP eQä78f xt

OP 5M7^[P YQ8O \Q YPM86nMP
`7\788P YP Gm,n.

�



�s

¨«� íD¯« É�µ�Â 0��� �����"
��� ��� #���� 
����
���� ��
βb(Gm,n)< ���
 ���$��
 ����&��$���< ����� E �� 0����

�
�� R�K�p< 
����
�� ���
 ��
 ����$�
 >�� ���� �	�>�� #������
�


���������� "�F
"�" f �$�� � %��
�"#�� ��
 
�""��
 #������
� V + = {x1, . . . , xt}< ���
�$��
 1 = C(x1) ≤ . . . ≤ C(xt) = n � 0�� �
�����
< �� ��""� R�K�K ��"#
�� �$�� �� 0����

&�
�� K�l�� ���
 ���"�� �� �
�� >�� 

 |V +| = 1< ����
 βb(G) ≤ diam(G) ≤ 2< �� 

 |V +| = 2<����
 βb(G) = 2(diam(G)− 1) �S x1
�� x2


��� ���
�����F� G�


< ���
 
����
����
 ���
 ��
�
�� >�� |V +| ≥ 3< ��
 >�� diam(Gm,n) > 2 �
·­ð¥íÿ�« É�µ�» *g+ h 0��� ���� ���
�� n ≥ 2< βb(G2,n) = 2(n− 1) �

�ùúø�ú �
U\ PO5 eQ`6\P YP [76M }^P β(G2,2) = 2

a k^447O78Of O765 n ≥ 3 P5 O765 f ^8 rM7QY`QO568YN4P8YQ85 Q[P` Q^ X768O 5M76O O7XXP5O rM7QY`QO5Oa cPO O7XXP5O x1
P5 xt

YP V + f }^6
OP 5M7^[P85 Q^o `768O YP G2,n

f f �Y7X68P85 2f(x1) + 1 P5 2f(xt) + 1 O7XXP5Of XQ6O 57^5
Q^5MP O7XXP5 rM7QY`QO5 f �Y7X68P 4f(v) O7XXP5Oa LQM \Q YN¢865678 Y|̂ 8P e78`5678 rM7QY`QO568YN4P8YQ85f `WQ}^P O7XXP5 YP \Q mM6\\P G2,n

PO5 f �Y7X68N Q^ 4\^O 5M76O e76Of � \|Po`P45678
YPO O7XXP5O rM7QY`QO5O }^6 O785 f �Y7X68NO PoQ`5PXP85 ^8P e76Oa U\ O|P8 O^65f 2fx1) + 1 +

4(f(V2,n) − f(x1) − f(xt)) + 2f(xt) + 1 ≤ 3(2n − t) + t
a Z|7{f 4f(V2,n) ≤ 6n − 2t − 2 +

2(f(x1) + f(xt))
a L^6O}^P t = |V +| ≥ 3 f \Q [Q\P^M YP f(x1) + f(xt)

8P YN4QOOP 4QO n − 1
a

Z78`f 4f(V2,n) ≤ 8n−10 < 8(n−1) f `|PO5 � Y6MPf f(V2,n) < 2(n−1)
a LQM \Q LM747O65678 sa�apf

βb(G2,n) ≥ 2(n− 1)
a d68O6 87^O YNY^6O78O }^|̂ 8 rM7QY`QO5 68YN4P8YQ85 O^M G2,n, n ≥ 3 f PO5

XQo6X^X O6 P5 OP^\PXP85 O6 |V +| = 2 P5 \PO O7XXP5O Y|̂ 8 βb
�rM7QY`QO5 O785 Q85647YQ^oa

�

ZQ8O \PO YNX78O5MQ5678O }^6 O^6[P85f 87^O ^56\6O78O 4M68`64Q\PXP85 YPO 4MP^[PO 4QM 68�
Y^`5678a L7^M Q\\NmPM \Q MNYQ`5678f `WQ}^P e76O 87^O ^56\6O78O ^8P 68NmQ\65N }^6 MNO^\5P YP\|W_475WnOP Y|68Y^`5678 7^ YP \Q LM747O65678 uasauf 87^O 8P O4N`6¢PM78O 4QO \PO MQ6O78O }^6785 XP8N � `P55P 68NmQ\65Na

·­ð¥íÿ�« É�µ�½ *g+ h 0��� ���� ���
�� n ≥ 3, βb(G3,n) = 2n �
�ùúø�ú �
ZP \Q LM747O65678 sa�apf 6\ O^Ç5 YP 4M7^[PM \|68NmQ\65N βb(G3,n) ≤ 2 (diam(G)− 1) = 2na ~7^O 4M7`NY78O 4QM 68Y^`5678 O^M na U\ PO5 eQ`6\P YP [76M }^P 47^M n = 3, βb(G3,3) = 6

a



�u

k^447O78O }^P \P MNO^\5Q5 PO5 [MQ6 47^M 57^5PO \PO mM6\\POG3,k, 3 ≤ k < n
a k765

f ^8 rM7QY`QO568YN4P8YQ85 O^M G3,k
Q[P` |V +| ≥ 3 P5 O765 ` = f(xt)

a L^6O}^P |V +| ≥ 3 f 87^O Q[78O 8N`POOQ6�
MPXP85 0 < ` < n

a k6
` = n−1 f Q\7MO \PO OP^\O O7XXP5O }^6 8P 4P^[P85 4QO P85P8YMP xt

O785 Q^
87XrMP YP YP^o P5 785 e7M`NXP85 ^8 476YO NmQ\ � pa Z|7{f f(V3,n) = 2+f(v3,n) = n+1 < 2n

a

k^447O78O XQ685P8Q85 }^P ` ≤ n− 2
a ~7^O `78O6YNM78O 5M76O `QO 9

��� ��
xt = v3,n

P5 xt−1 6∈ Cn a

k6
` = 1 f Q\7MO

f(V3,n) ≤ βb(G3,n−1) + f(xt) ≤ 2(n− 1) + 1 = 2n− 1,

P5 O6 2 ≤ ` ≤ n− 2, Q\7MO

f(V3,n) ≤ βb(G3,n−`+1) + f(xt) ≤ 2(n− `+ 1) + ` ≤ 2n.

��� ��
xt = v3,n

P5 xt−1 ∈ Cn a

LQM`P }^P \PO YP^o O7XXP5O xt−1
P5 xt

Q44QM56P88P85 � \Q XÚXP `7\788Pf 87^O YP[78O
Q[76M xt−1 = v1,n

f f(xt−1) = f(xt) = 1 P5 f(v2,n−1) ≤ 1
a L7^M \Q mM6\\P 3 × 4 f `|PO5 O6X4\P YP

[76M }^P f(V3,4) ≤ 6
a k765 XQ685P8Q85 n ≥ 5

a

k6
|C1,n−2

+ | ≥ 2 f Q\7MO

f(V3,n) ≤ βb(G3,n−2) + f(v2,n−1) + f(v1,n) + f(v3,n) ≤ 2(n− 2) + 3 = 2n− 1.

P5 O6 |C1,n−2
+ | = 1 f Q\7MO

f(V3,n) ≤ (n− 1) + f(v2,n−1) + f(v1,n) + f(v3,n) ≤ n + 2.

��� � �
xt = v2,n.



��

k6
` = n−2 f Q\7MO \Q O7XXP YPO [Q\P^MO YPO O7XXP5O v1,1, v1,2, v2,1, v3,1, v3,2 }^6 8P 4P^[P854QO P85P8YMP \P O7XXP5 rM7QY`QO5 v2,n PO5 Q^ 4\^O �f Y78`

f(V3,n) ≤ 4 + ` = n + 2.

k6
` ≤ n− 3 f Q\7MO v2,n f �Y7X68P Cn−`+1,n a L^6O}^P |C1,n−`

+ | ≥ 2 f 87^O YNY^6O78Of

f(V3,n) ≤ βb(G3,n−`) + f(xt) ≤ 2(n− `) + ` ≤ 2n.

Z78` YQ8O 57^O \PO `QO 87^O Q[78O 4M7^[N }^P f(V3,n) ≤ 2n
a U\ O|P8 O^65 βb(G3,n) ≤ 2n

a

�

Áí¥°¥�ï¦ï¥î É�µ�Ê *g+ h ��
 
�""��
 �%�� βb &#������
� ��G3,n

��� ���
�����F�

�ùúø�ú �
Z|Q4MnO \Q VPXQM}^P uasa�f \P MNO^\5Q5 PO5 [MQ6 47^M `WQ}^P βb

�rM7QY`QO5 YP G3,n
5P\ }^P

|V +| = 2 f P5 4QM \P lWN7MnXP uasa�f 87^O OQ[78O Q^OO6 }^P \P `7ã5 YP `WQ}^P rM7QY`QO5 68YN�
4P8YQ85 PO5 Q^ 4\^O 2na Z78`f 87^O YP[78O OP^\PXP85 [NM6¢PM }^|Q[P` 4\^O }^P YP^o O7XXP5OrM7QY`QO5Of Q^`^8 rM7QY`QO5 68YN4P8YQ85 8|Q ^8 `7ã5 }^6 Q55P685 \Q r7M8P 2(n− 1)

a
k765

f ^8 rM7QY`QO5 68YN4P8YQ85 O^M G3,n
5P\ }^P |V +| ≥ 3

a ZP \Q 4MP^[P Y^ lWN7MnXP
uasa�f 6\ O^Ç5 YP [76M }^P 47^M f(v3,n) = 2 P5 xt−1 ∈ C1,n−1

+
f 78 Q f(V3,n) < 2n 4M6OPa ~78O

`78O6YNM78O YP^o `QOa

��� ��
f(v1,n−1) + f(v1,n−2) + f(v2,n−2) ≤ 2

a

L7^M \PO 4P565PO [Q\P^MO YP nf 87^O 47^[78O [76M eQ`6\PXP85 }^P f(V3,3) ≤ 4, f(V3,4) ≤ 6
P5 f(V3,5) ≤ 8

a k^447O78O XQ685P8Q85 }^P n ≥ 6
a ZP \Q LM747O65678 uasau P5 \P lWN7MnXP

uasa�f
f(V3,n) =

∑

v∈C1,n−3

+

f(v) + (f(v1,n−1) + f(v1,n−2) + f(v2,n−2)) + f(v3,n)

≤ βb(G3,n−3) + 2 + 2 = 2n− 2



��

O6 |C1,n−3
+ | ≥ 2 f P5

f(V3,n) = f(x1) + (f(v1,n−1) + f(v1,n−2) + f(v2,n−2)) + f(v3,n) ≤ n+ 4,

O6878a

��� ��
f(v1,n−1) + f(v1,n−2) + f(v2,n−2) = 3

a
hP `QO 6X4\6}^P n ≥ 5, f(v1,n−2) = 3 P5 Q^`^8 N\NXP85 YP V + 8P OP 5M7^[P O^M Cn−3 a
L7^M n = 5, f(V3,5) = f(v3,1) + f(v1,3) + f(v3,5) ≤ 3 + 3 + 2 = 8

a
L7^M n = 6, f(V3,6) = (f(v2,1) + f(v3,1) + f(v3,2)) + f(v1,4) + f(v3,6) ≤ 4 + 3 + 2 = 9

a
L7^M n ≥ 7 f 87^O Q[78O YP \Q LM747O65678 uasau P5 \P lWN7MnXP uasa�f

f(V3,n) =
∑

v∈C1,n−4

+

f(v) + f(v1,n−2) + f(v3,n) ≤ βb(G3,n−4) + 3 + 2 = 2n− 3

O6 |C1,n−4
+ | ≥ 2 f P5

f(V3,n) = f(x1) + f(v1,n−2) + f(v3,n) ≤ (n− 2) + 3 + 2 = n+ 3,

O6878a
Z78`f f(V3,n) < 2n 47^M 57^5 P856PM n ≥ 3

a

�

·­ð¥íÿ�« É�µ�N *g+ h 0��� ���� ���
�� n ≥ 4, βb(G4,n) = 2(n + 1) �
�ùúø�ú �
ZP \Q LM747O65678 sa�apf 6\ O^Ç5 YP 4M7^[PM }^P βb(G4,n) ≤ 2(n+1)

a ~7^O ^56\6O78O P8`7MP
\|68Y^`5678 O^M na U\ PO5 eQ`6\PXP85 YP [NM6¢PM }^P βb(G4,4) = 10, βb(G4,5) = 12, βb(G4,6) = 14

a
k^447O78O }^P \P MNO^\5Q5 PO5 [MQ6 47^M 57^5PO \PO mM6\\PO G4,k, 6 ≤ k < n P5 O765 f ^8 rM7QY�
`QO5 68YN4P8YQ85 O^M G4,n

OQ56OeQ6OQ85 |V +| ≥ 3
a k765

` = f(xt)
a U\ PO5 `\Q6M }^P ` ≤ n O6878

|V +| ≤ 2
a ~7^O Y6O568m^78O }^Q5MP `QOa

��� ��
` ≥ 4

a
cP O7XXP5 rM7QY`QO5 xt f �Y7X68P Cn−`+3,n P5 |C1,n−`+2

+ | ≥ 2 f Y78`

f(V4,n) =
∑

v∈C1,n−`+2

+

f(v) + f(xt) ≤ βb(G4,n−`+2) + f(xt) ≤ 2(n− `+ 3) + ` ≤ 2n+ 2



��

~7^O 7rOPM[78O 6`6 }^P O6 xt
8P OP 5M7^[P 4QO Q^ `768 YP G4,n

f \Q r7M8P 2(n + 1) 4P^5 Ú5MP
QXN\67MNP 4QM`P }^P 87^O Q^M678O

f(V4,n) =
∑

v∈C1,n−`+1

+

f(v) + f(xt) ≤ βb(G4,n−`+1) + f(xt) ≤ 2(n− `+ 2) + ` ≤ 2n.

��� ��
` = 3

a
kP\78 \Q 47O65678 YP xt

O^M \Q YPM86nMP `7\788P YP \Q mM6\\P Gm,n
f OP^\PXP85 YP^o 47OO6r6\65NO

O785 P8[6OQmPQr\PO OQ8O 4PM5P YP mN8NMQ\65N 9 (i) xt = v3,n
P5 (ii) xt = v4,n

a

��� hP `QO 6X4\6}^P }^|6\ 8|Po6O5P Q^`^8 O7XXP5 rM7QY`QO5 O^M \Q `7\788P Cn−1 a d\7MO
|C1,n−2

+ | ≥ 2 f P5

f(V4,n) =
∑

v∈C1,n−2

+

f(v) + f(v3,n) ≤ βb(G4,n−2) + f(v3,n) ≤ 2(n− 1) + 3 = 2n+ 1.

���� U`6f 87^O 8P 47^[78O 4QO Y6MP `7XXP 4MN`NYPXXP85 }^P Cn−1
+ = ∅

a h78O6YPM78O P8
4MPX6PMf \P `QO 7{ f(v1,n−1) 6= 0

a
~7^O Q[78O O765 f(v1,n−1) = 3 f Q^}^P\ `QO v1,n−1 f �Y7X68P Cn−2 f O765 f(v1,n−2) + f(v2,n−2) +

f(v1,n−1) ≤ 2
a Z|7{f

f(V4,n) =
∑

v∈C1,n−3

+

f(v) + (f(v1,n−2) + f(v2,n−2) + f(v1,n−1)) + f(v4,n)

≤ βb(G4,n−3) + 3 + 3 ≤ 2(n− 2) + 6 = 2n+ 2

O6 |C1,n−3
+ ≥ 2 f P5

f(V4,n) = f(x1) + (f(v1,n−2) + f(v2,n−2) + f(v1,n−1)) + f(v4,n)

≤ (n− 1) + 3 + 3 = n + 5,

O6878a
L7^M \P `QO MPO5Q85f `|PO5 � Y6MP f(v1,n−1) = 0 f 87^O 4M7`NYPM78O `7XXP YQ8O (i) a

��� � �
` = 2

a
kQ8O 4PM5P YP mN8NMQ\65Nf 87^O 47^[78O PoQX68PM }^P 5M76O 47OO6r6\65NO 47^M \Q 47O65678 YP



��

xt
9
(i) xt = v3,n

7^ xt = v4,n
P5 C(xt−1) < nf P5 (ii) xt = v4,n

P5 C(xt−1) = n
a

��� L^6O}^|6\ Po6O5P ^8 OP^\ O7XXP5 rM7QY`QO5 v4,n YQ8O \Q `7\788P Cn P5 |C1,n−1
+ | ≥ 2 f

f(V4,n) =
∑

v∈C1,n−1

+

f(v) + f(v3,n) + f(v4,n) ≤ βb(G4,n−1) + 2 ≤ 2n+ 2

���� cP eQ65 }^P Cn
+ = {v1,n, v4,n}

f 87^O 7r5P878O 68N[65Qr\PXP85 f(v1,n−1) = 0 P5 f(v1,n) +
f(v2,n−1) ≤ 2

a LQM `78ON}^P85f

f(V4,n) =
∑

v∈C1,n−2

+

f(v) + f(v1,n) + f(v2,n−1) + f(v4,n)

≤ βb(G4,n−2) + 2 + 2 ≤ 2(n− 1) + 4 = 2n+ 2

O6 |C1,n−2
+ | ≥ 2 f P5

f(V4,n) = f(x1) + f(v2,n−1) + f(v1,n) + f(v4,n) ≤ (n− 1) + 2 + 2 = n+ 3,

O6878a

��� � �
` = 1

a
cQ O7XXP YPO [Q\P^MO YPO O7XXP5O rM7QY`QO5 Q44QM5P8Q85 � Cn [QM6P P85MP p P5 �a h7XXP8�
ä78O Q[P` \P `QO 7{ \Q O7XXP PO5 Q^ 4\^O NmQ\P � sa ~7^O Q[78O

f(V4,n) =
∑

v∈C1,n−1

+

f(v) +
∑

v∈Cn
+

f(v) ≤ βb(G4,n−1) + 2 ≤ 2n+ 2

O6 |C1,n−1
+ | ≥ 2 f P5

f(V4,n) = f(x1) +
∑

v∈Cn
+

f(v) ≤ (n+ 1) + 2 = n + 3,

O6878a

TQ685P8Q85f O6 ∑
v∈Cn

+
f(v) ≥ 3 f Q\7MO f(v1,n) = 2 f P5 87^O MP[7878O Q^ `QO u�66� 47^M

`78`\^MPa Z|7{f YQ8O \PO YP^o `QOf 87^O Q[78O 4M7^[N }^P f(V4,n) ≤ 2(n + 1)
a LQM `78ON�

}^P85f βb(G4,n) ≤ 2(n+ 1)
a



�q

�

Áí¥°¥�ï¦ï¥î É�µ�¿À *g+ h ��
 
�""��
 #������
�
 �%�� βb &#������
� ��G4,n

��� ���
�����F�

�ùúø�ú �
L7^M n ≤ 10 f ^8 PoQXP8 `7X4\P5 YP 57^5PO \PO 47OO6r6\65NO YP MN4QM56M \PO 4QM5O YP \Q 4QM�565678 Y^ 87XrMP P856PM 2(n+ 1) O^M \PO 4n O7XXP5O YP \Q mM6\\P G4,n

f P8 5P8Q85 `7X45P YPO
`78Y65678O Y|̂ 8 rM7QY`QO5 68YN4P8YQ85f Xn8P � YP^o `W76o OP^\PXP85 }^6 O785 YPO O7XXP5O
Q85647YQ^oa k^47OO78O Q\7MO n ≥ 11

a LQM \Q XÚXP 6YNP YP \Q 4M747O65678 uasaqf 87^O Q[78O
rPO768 YP [NM6¢PM \P MNO^\5Q5 }^P \7MO}^|78 Q 4\^O }^P YP^o O7XXP5O rM7QY`QO5Oa k765 f ^8rM7QY`QO5 68YN4P8YQ85 O^M G4,n

5P\ }^P |V +| ≥ 3 f P5 O765 ` = f(xt), 0 < ` ≤ n
a ZP \Q 4MP^[P

Y^ lWN7nXP uasa�f 6\ O^Ç5 YP `78O6YNMPM \PO `68} `QO O^6[Q85O 9

��� ��
xt−1, xt ∈ Cn P5 f(xt−1) = f(xt) = 1

a
~7^O `78O6YNM78O YP^o O7^O `QO 9

��� ����
xt−1 = v1,n

P5 xt = v4,n
a

Cn−1 `7856P85 Q^ 4\^O ^8 O7XXP5 rM7QY`QO5 Y785 \Q [Q\P^M 8P YN4QOOP 4QO pa Z78`f

f(V4,n) ≤ βb(G4,n−2) + 1 + f(xt−1) + f(xt) = 2n+ 1

O6 |C1,n−2
+ | ≥ 2 f P5

f(V4,n) = f(x1) + 1 + f(xt−1) + f(xt) ≤ (n− 2) + 3 = n+ 1,

O6878a

��� ����
(xt−1, xt) ∈ {(v1,n, v3,n), (v2,n, v4,n)}

a
k765

i
\P 4\^O 4P565 P856PM }^6 OQ56OeQ65 |C i

+| = . . . = |Cn
+| = 2

a cP `QO i = 1
6X4\6}^P6XXNY6Q5PXP85 }^P f(V4,n) = 2n.

k^447O78O }^P i ≥ 2
a L^6O}^P \Q `7\788P PO5 MNY^65P � ^8

N\NXP85 xt−2(n−i+1)
5P\ }^P f(xt−2(n−i+1)) ≤ 1 f 87^O YNY^6O78O 9L7^M i = 2 f f(V4,n) = f(x1) + 2(n− 1) ≤ 1 + 2(n− 1) = 2n− 1

a
L7^M i = 3 f f(V4,n) =

∑

v∈C1,2
+

f(v) + 2(n− 2) ≤ 3 + 2(n− 2) = 2n− 1
a

L7^M i = 4 f f(V4,n) =
∑

v∈C1,3
+

f(v) + 2(n− 3) ≤ 5 + 2(n− 3) = 2n− 1
a

L7^M i = 5 f f(V4,n) =
∑

v∈C1,4
+

f(v) + 2(n− 4) ≤ 7 + 2(n− 4) = 2n− 1
a

L7^M i ≥ 6 f
f(V4,n) ≤ βb(G4,i−2) + 1 + 2(n− i+ 1) = 2n + 1



��

O6 |C1,i−2
+ | ≥ 2 f P5

f(V4,n) ≤ f(x1) + 1 + 2(n− i+ 1) ≤ (i− 1) + 1 + 2(n− i+ 1) = 2n− i+ 2 ≤ 2n− 4,

O6878a

��� ��
f(v3,n) = 2

7^ f(v4,n) = 2 P5 C(xt−1) < n.~7^O N5^Y678O `WQ}^P `QO ON4QMNXP85 a

��� ����
f(v3,n) = 2

a
k765

i
\P 4\^O 4P565 P856PM 5P\ }^P f(xt−(n−i)) = . . . = f(xt) = 2

a U\ PO5 eQ`6\P YP [76M }^P
i ≥ n− 3

a

k6
i = n− 3 f Q\7MO f(v3,n) = f(v1,n−1) = f(v4,n−2) = f(v2,n−3) = 2 P5 Cn−4

+ = ∅
a Z|7{

f(V4,n) ≤ βb(G4,n−5) + 2(4) = 2n

O6 |C1,n−5
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 3) + 2(4) = n+ 5,

O6878a
TQ685P8Q85f O6 i ≥ n− 2 f Q\7MO f(xt−(n−i+1)) ≤ 1

a ~7^O YNY^6O78O }^P

f(V4,n) ≤ βb(G4,i−2) + 1 + 2(n− i+ 1) = 2n + 1

O6 |C1,i−2
+ | ≥ 2 f P5

f(V4,n) ≤ i+ 1 + 2(n− i+ 1) = 2n− i+ 3 ≤ n+ 5,

O6878a

��� ����
f(v4,n) = 2 P5 C(xt−1) < n.k6

f(v1,n−1) + f(v2,n−1) ≤ 1 f Q\7MO

f(V4,n) ≤ βb(G4,n−2) + 1 + 2 = 2n+ 1



�t

O6 |C1,n−2
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 1) + 1 + 2 = n+ 2,

O6878a
k6

f(v1,n−1) + f(v2,n−1) ≥ 2 f Q\7MO O765 f(v1,n−1) = 2 f Q^}^P\ `QOf 78 MP[6P85 Q^ O7^O `QO sapaf
Q[P` i ≥ n−2 f 7^ f(v1,n−1) = 3

�7^ f(v2,n−1) = 2
�f }^6 6X4\6}^P Cn−2

+ = ∅ P5 4QM `78ON}^P85

f(V4,n) ≤ βb(G4,n−3) + 3 + 2 = 2n+ 1

O6 |C1,n−3
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 1) + 3 + 2 = n+ 4,

O6878a

��� � �
f(v4,n) = 2 f C(xt−1) = n P5 f(v1,n) + f(v2,n−1) = 2

a
~7^O `78O6YNM78O YP^o O7^O `QO 9

��� � ���
f(v1,n) = 2

a
cPO O7XXP5O rM7QY`QO5O v1,n P5 v4,n f � Y7X68P85 \Q `7\788P Cn−1

+

a ~7^O Q[78O O765 f(v2,n−2)+

f(v3,n−2) ≤ 1 f Q^}^P\ `QO

f(V4,n) ≤ βb(G4,n−3) + 1 + 4 = 2n+ 1

O6 |C1,n−3
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 1) + 1 + 4 = n+ 4,

O6878f 7^ f(v2,n−2) = 2
� 7^ f(v3,n−2) = 2

� P5 87^O 47^[78O `78568^PM YP \Q XÚXP XQ86nMP
}^P \P O7^O `QO sapaf Q[P` i ≥ n− 5 f 47^M `78`\^MPa

��� � ���
f(v2,n−1) = f(v1,n) = 1

a
~7^O Q[78O O765 f(v1,n−2) + f(v3,n−2) ≤ 1 f `QO Q^}^P\

f(V4,n) ≤ βb(G4,n−3) + 1 + 4 = 2n+ 1

O6 |C1,n−3
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 1) + 5 = n + 4,



�p

O6878f 7^ f(v1,n−2) = f(v3,n−2) = 1 P5 Y78`f 87^O 47^[78O `78568^PM `7XXP \P O7^O `QO pasa
47^M `78`\^MPa

��� � �
f(v4,n) = 3 P5 f(v1,n−1) = 3

a
kQ^e \P O7XXP5 v3,n−3

7{ OQ [Q\P^M PO5 Q^ 4\^O 5M76Of \PO O7XXP5O rM7QY`QO5O v4,n P5 v1,n−1 f �Y7X68P85 57^O \PO O7XXP5O YP Cn−3,n−2 a
k6

f(v3,n−3) ≤ 1 f Q\7MO
f(V4,n) ≤ βb(G4,n−4) + 1 + 6 = 2n+ 1

O6 |C1,n−4
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 1) + 7 = n + 6,

O6878a
k6

f(v3,n−3) ≥ 2 f Q\7MO Cn−4 = ∅ P5

f(V4,n) ≤ βb(G4,n−5) + 3 + 6 = 2n+ 1

O6 |C1,n−5
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 3) + 3 + 6 = n+ 6,

O6878a

��� ��
f(v4,n) = 4

a
cQ [Q\P^M Y^ O7XXP5 v1,n−2

PO5 Q^ 4\^O �f P5 \P O7XXP5 rM7QY`QO5 v4,n f �Y7X68P 57^O \PO
O7XXP5O YP Cn−1,n a k6 f(v1,n−2) ≤ 1 f Q\7MO

f(V4,n) ≤ βb(G4,n−3) + 1 + 4 = 2n+ 1

O6 |C1,n−3
+ | ≥ 2 f P5

f(V4,n) ≤ (n+ 1) + 1 + 4 = n+ 6,

O6878a
k6

2 ≤ f(v1,n−2) ≤ 3 f Q\7MO Cn−3 = ∅ P5 4QM `78ON}^P85f

f(V4,n) ≤ βb(G4,n−4) + 3 + 4 = 2n+ 1

O6 |C1,n−4
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 2) + 5 = n + 3,



�s

O6878a
k6

f(v1,n−2) = 4 f Q\7MO Cn−4,n−3
+ = ∅ P5 Y78`f

f(V4,n) ≤ βb(G4,n−5) + 4 + 4 = 2n

O6 |C1,n−5
+ | ≥ 2 f P5

f(V4,n) ≤ (n− 2) + 4 + 4 = n+ 6,

O6878a

d68O6f YQ8O 57^O \PO `QOf 87^O Q[78O 4M7^[N }^P f(V4,n) ≤ 2n+1
a h7XXP βb(G4,n) = 2(n+1) f87^O 47^[78O Y6MP }^P βb

�rM7QY`QO5 Q PoQ`5PXP85 YP^o O7XXP5O rM7QY`QO5O }^6 O785 8N`PO�
OQ6MPXP85 Q85647YQ^oa

�

d[P` Q^ X768O 5M76O O7XXP5O rM7QY`QO5Of 87^O OQ[78O XQ685P8Q85 }^P `WQ}^P rM7QY`QO568YN4P8YQ85 Q ^8 `7ã5 Q^ 4\^O 2n + 1
a L7^M n = 7 P5 f(V4,n) = 2 × 7 + 1 = 15 f 87^O Q[78O

O765 |V +| = 2 P5 \PO YP^o O7XXP5O rM7QY`QO5O O785 Q85647YQ^of 7^ V + = {x1, x2, x3}
f 7{

f(xi) = 5 47^M xi ∈ {v1,4, v4,1, v4,7} (
7^ xi ∈ {v4,4, v1,1, v1,7})

P5 f(xi) = 0 f O6878a

Áí¥°¥�ï¦ï¥î É�µ�¿¿ *g+ h 2�
� n 6= 7 � ��
 
�""��
 #������
�
 �%�� #������
� 
���������� 
��
G4,n

�� ��H� 2n+ 1< 
��� ���
�����F �
�ùúø�ú �
k765

n ^8 P856PMf n ≥ 4
a L7^M n = 4, 5, 6 f 87^O 47^[78O [NM6¢PM }^P \P MNO^\5Q5 PO5 [MQ6

4QM ^8P 68[PO56mQ5678 YP 57^5PO \PO 47O6r6\65NOa k765 f ^8 rM7QY`QO5 68YN4P8YQ85 O^M G4,n
f

n ≥ 8
a ~7^O 4M7^[78O \P MNO^\5Q5 Q[P` |V +| ≥ 3 f P8 4QM56`^\6PM 87^O X785MPM78O }^|Q[P`5M76O O7XXP5O rM7QY`QO5Of f Q ^8 `7ã5 Q^ 4\^O NmQ\ � 2na k^447O78O \P `785MQ6MPf `|PO5 � Y6MP

f(V4,n) = 2n + 1
a ZPO 4MP^[PO Y^ lWN7MnXP uasa� P5 YP \Q LM747O65678 uasaptf 87^O ePM78O

\|N5^YP }^P 47^M \PO `QO O^6[Q85Oak765
` = f(xt), 0 < ` ≤ n

a
��� ��

xt−1, xt ∈ Cn P5 f(xt−1) = f(xt) = 1
a

k765
i
\P 4\^O 4P565 87XrMP P856PMf i ≥ 6 f }^6 OQ56OeQ65 |C i

+| = . . . = |Cn
+| = 2 f |C1,i−2

+ | ≥ 2
P5 f(xt−2(n−i+1)) = 1

a h7XXP f/H1,i−2
PO5 ^8 βb

�rM7QY`QO5 O^M H1,i−2 f P5 YP \Q LM747O65678



�u

uasaptf 78 7r56P85 (f(v1,1), f(v4,i−2)) (
7^ (f(v4,1), f(v1,i−2))) = (i − 1, i − 1) f }^6 6X4\6}^P

i− 1 ≤ 2 f ^8P `785MQY6`5678a

��� ��
f(v3,n) = 2

7^ f(v4,n) = 2 P5 C(xt−1) < n.k6
f(v3,n) = 2, f(xt−(n−i+1)) = 1, i ≥ n − 2 P5 |C1,i−2

+ | ≥ 2 f 7{ i PO5 \P 4\^O 4P565 87XrMP
P856PM 5P\ }^P f(xt−(n−i)) = . . . = f(xt) = 2 f Q\7MO f/H1,i−2

PO5 ^8 βb
�rM7QY`QO5 O^M H1,i−2

P5 (f(v1,1), f(v4,i−2)) (ou(f(v4,1), f(v1,i−2))) = (i − 1, i − 1) f }^6 6X4\6}^P i − 1 ≤ 2 f ^8P
`785MQY6`5678a
k6

f(v4,n) = 2 f f(v1,n−1) = 1
�MPO4a u� P5 |C1,n−2

+ |
�MPO4a |C1,n−3

+ |) ≥ 2 f 87^O `78568^78O `7XXP
4MN`NYPXXP85 P8 MPX4\QäQ85 i 4QM n �MPO4a n− 1

�

��� � �
f(v4,n) = 2, C(xt−1) = n P5 f(v1,n) + f(v2,n−1) = 2

a
f(v1,n) = 2, f(v2,n−2)+f(v3,n−2) = 1 (resp. f(v1,n) = f(v2,n−1) = 1), f(v1,n−2)+f(v3,n−2) = 1
P5 |C1,n−3

+ | ≥ 2 Xn8P85 � f/H1,n−3
PO5 ^8 βb

�rM7QY`QO5 O^MH1,n−3 P5 (f(v1,1)+f(v4,n−3))
�MPO4a

(f(v4,1) + f(v1,n−3))
�v(n− 2, n− 2) f 6X4\6}^Q85 n− 2 ≤ 2 f ^8P `785MQY6`5678a

��� � �
f(v3,n) = 3 P5 f(v1,n−2) = 3 f 7^ f(v4,n) = 3 P5 f(v1,n−1) = 3

a
k6

f(v3,n) = 3 P5 f(v1,n−2) = 3 f Q\7MO f/H1,n−3
PO5 ^8 βb

�rM7QY`QO5 O^M H1,n−3 P5 (f(v1,1) +
f(v4,n−3))

�7^ (f(v4,1) + f(v1,n−3))
�v(n− 2, n− 2) f 6X4\6}^Q85 n− 2 ≤ 3 f ^8P `785MQY6`5678ak6

f(v4,n) = 3 P5 f(v1,n−1) = 3 f Q\7MO YP^o 47OO6r6\65NO 4P^[P85 OP 4M7Y^6MP 9�6�
f(v3,n−3) = 1 P5 |C1,n−4

+ | ≥ 2 f 7^ �66� f(v3,n−3) ≥ 2 P5 |C1,n−5
+ | ≥ 2

a

��� cQ e78`5678 f/H1,n−4
PO5 ^8 βb

�rM7QY`QO5 O^M H1,n−4 P5 (f(v1,1) + f(v4,n−4)) (ou(f(v4,1) +

f(v1,n−4))) = (n− 3, n− 3) f 6X4\6}^Q85 n− 3 ≤ 2 f ^8P `785MQY6`5678a

���� cQ e78`5678 f/H1,n−5
PO5 ^8 βb

�rM7QY`QO5 O^MH1,n−5 P5 (f(v1,1)+f(v4,n−5)) (ou(f(v4,1)+

f(v1,n−5))) = (n− 4, n− 4) f 6X4\6}^Q85 n− 4 ≤ 3 f P8`7MP ^8P `785MQY6`5678a

��� ��
f(v4,n) = 4

7^ f(v4,n) = 5
a

k6
f(v4,n) = 4 f f(v1,n−2) = 1 P5 |C1,n−3

+ | ≥ 2
�MPO4a f(v4,n) = 5

�f Q\7MO f/H1,n−3
PO5 ^8

βb
�rM7QY`QO5 O^M H1,n−3 P5 (f(v1,1) + f(v4,n−3)) (ou(f(v4,1) + f(v1,n−3))) = (n − 2, n − 2) f6X4\6}^Q85 n− 2 ≤ 2 f �MPO4a ��f ^8P `785MQY6`5678ak6
f(v4,n) = 4 f f(v1,n−2) = 3 P5 |C1,n−4

+ | ≥ 2 f Q\7MO f/H1,n−4
PO5 ^8 βb

�rM7QY`QO5 O^M H1,n−4



��

P5 (f(v1,1) + f(v4,n−4))
�7^ �f(v4,1) + f(v1,n−4))

�v(n− 3, n− 3) f 6X4\6}^Q85 n− 3 ≤ 3 f ^8P
`785MQY6`5678a

Z|7{ 6\ 8|Po6O5P 4QO YP rM7QY`QO5 68YN4P8YQ85 Q[P` 5M76O O7XXP5O rM7QY`QO5O P5 YP `7ã5 NmQ\ �
2n+1

a LQM `78ON}^P85f |V +| = 2 P5 \PO O7XXP5O rM7QY`QO5O O785 8N`POOQ6MPXP85 Q85647YQ^oa

�

uasas hQ\`^\ YP βb(Gm,n)
47^M m ≥ 5

ZN¢86OO78O \PO rM7QY`QO5O f O^MG5,5
�[76M ¡UÃauap �Q�� P5 g O^MG5,6

�[76M ¡UÃauap �r�� 4QM

f(x) =

{

3 O6 v ∈ {v1,1, v1,5, v3,3, v5,1, v5,5},

0 Oinon,
P5

g(x) =











3 O6 v ∈ {v1,6, v3,4, v5,2, v5,6},

4 O6 v = v1,1,

0 Oinon.

u u u u u

u u u u u

u u u u u

u u u u u

u u u u u

3 0 0 0 3

0 0 0 0 0

0 0 3 0 0

0 0 0 0 0

3 0 0 0 3

u u u u u u

u u u u u u

u u u u u u

u u u u u u

u u u u u u

4 0 0 0 0 3

0 0 0 0 0 0

0 0 0 3 0 0

0 0 0 0 0 0

0 3 0 0 0 3

u u u u u u u

u u u u u u u

u u u u u u u

u u u u u u u

u u u u u u u

u u u u u u u

1 0 1 0 1 0 1

0 1 0 1 0 1 0

1 0 1 0 1 0 1

0 1 0 1 0 1 0

1 0 1 0 1 0 1

0 1 0 1 0 1 0

[\] [e] [f]
õö÷øùú uap û cPO mM6\\PO

cQ e78`5678 f �MPO4a g� PO5 ^8 βb
�rM7QY`QO5 YP G5,5

�MPO4aG5,6
� YP `7ã5 NmQ\ � p� �MPO4a p��a

L7^M \PO Q^5MPO [Q\P^MO YP m P5 nf � OQ[76M 5 ≤ m ≤ nf 87^O Q[78O \P MNO^\5Q5 O^6[Q85 9



��

·­ð¥íÿ�« É�µ�¿µ *g+ h
0��� ���
 ��"#��
 ���
��
 m �� n< 5 ≤ m ≤ n< (m,n) 6= (5, 5), (5, 6),

βb(Gm,n) = d
mn

2
e.

�ùúø�ú �
k765

f
\P rM7QY`QO5 O^M Gm,n

YN¢86 4QM

f(x) =

{

1 O6 i+ j PO5 4Q6M ,
0 sinon,

7{
5 ≤ m ≤ n P5 (m,n) 6= (5, 5), (5, 6) ([76M G6,7

YQ8O ¡UÃauap �̀ ��a
d68O6 YN¢86P f PO5 ^8 rM7QY`QO5 Y7X68Q85 YP `7ã5 NmQ\ � dmn

2
ef Y|7{ βb(Gm,n) ≥ dmn

2
e
a

TQ685P8Q85f 87^O 4M7^[78O \|68NmQ\65N YQ8O \|Q^5MP OP8Oa L7^M `P\Qf 87^O ^56\6O78O \|68Y^`�
5678 O^M k = m + n,m ≤ n

a cP MNO^\5Q5 4P^5 Ú5MP [NM6¢N Y6MP`5PXP85 47^M (m,n) = (5, 7)7^ (m,n) = (6, 6)
a k^447O78O }^P \P MNO^\5Q5 PO5 [MQ6 47^M 57^5PO \PO mM6\\PO Gm,n

f Q[P`
m+ n < k, 5 ≤ m ≤ nf P5 O765 Gm,n

\P mMQ4WP Q[P` m+ n = k
a k765

f ^8 rM7QY`QO5 68YN4P8�
YQ85 O^M Gm,n

Q[P` Q^ X768O 5M76O O7XXP5O rM7QY`QO5Oa ~7^O Y6O568m^78O 5M76O `QO 9

��� ��∑
v∈Cn−3,n

+

f(v) ≤ 2m
a

~7^O `78O6YNM78O YP^o O7^O `QO 9

��� ����
|C1,n−4

+ | = 1
a

c|Po6O5Q8`P 7^ 878 YPO O7XXP5O rM7QY`QO5O O^M \PO YP^o `7\788PO `78OP`^56[PO Cn−3,n−2 f 87^O
68`65P � N5^Y6PM \PO YP^o 47OO6r6\65NO O^6[Q85PO 9
(i) Cn−3,n−2 = ∅ P5 (ii) Cn−3,n−2 6= ∅

a

��� hP `QO 6X4\6}^P }^P \PO YP^o YPM86nMPO `7\788PO `7856P88P85 Q^ X768O YP^o O7X�
XP5O rM7QY`QO5Oa d\7MO f/Hn−1,n

PO5 ^8 rM7QY`QO5 68YN4P8YQ85 O^M \P O7^O mMQ4WP Hn−1,n

}^6 PO5 6O7X7M4WP � G2,m
a LQM `78ON}^P85f \Q [Q\P^M YP OPO YP^o `7\788PO PO5 Q^ 4\^O

βb(G2,m) = 2(m−1)
a ZP 4\^Of |V +| ≥ 3

6X4\6}^P }^P f(x1) ≤ (diam(Gm,n)−1)−1 = m+n−4
a

d68O6f

f(Vm,n) = f(x1) +
∑

v∈Cn−1,n
+

f(v) ≤ m+ n− 4 + 2(m− 1) = 3m+ n− 6 ≤ d
mn

2
e.



��

���� U`6 f(x1)
PO5 NmQ\ Q^ 4\^O d(x1,1, xm,n−3)− 1

�7^ d(xm,1, x1,n−3)− 1)
�f `QM O6878 `WQ}^P

O7XXP5 YP Cn−3,n−2 P85P8Y ^8 rM7QY`QO5 YP x1
f ^8P `785MQY6`5678a Z78` f(x1) ≤ m+n−5

a d
`P O5QYP \�f 87^O 7rOPM[78O }^P O6 f(x1) = m+n−5 f Q\7MO 8N`POOQ6MPXP85 x1

PO5 ^8 O7XXP5 YP
`768 Y^ \Q mM6\\Pf `|PO5 � Y6MP x1 = vm,1

f P5 4QMX6 \PO O6o O7XXP5O v1,n−2, v1,n−1, v1,n, v2,n−1, v2,nP5 v3,n f 878 Y7X68NO 4QM x1
f 6\ Po6O5P Q^ X768O YP^o O7XXP5O rM7QY`QO5Oa S8 MPmQMYQ85 57^5PO

\PO 47OO6r6\65NOf 87^O 5M7^[78O

f(v1,n−2) + f(v1,n−1) + f(v1,n) + f(v2,n−1) + f(v2,n) + f(v3,n) ≤ 6.

LQM `78ON}^P85f

f(Vm,n) ≤ (m+ n− 5) + 6 = m+ n + 1,

O6 f(x1) = m+ n− 5 f P5

f(Vm,n) ≤ (m+ n− 6) + 2m = 3m+ n− 6,

O6878a

Z|7{f YQ8O \PO YP^o `QOf 87^O 7r5P878O f(Vm,n) ≤ dmn
2
e.

��� ����
|C1,n−4

+ | ≥ 2
a

k6
m ≤ n− 4 f Q\7MO 87^O Q[78O 6XXNY6Q5PXP85

f(Vm,n) =
∑

v∈C1,n−4

+

f(v) +
∑

v∈Cn−3,n
+

f(v) ≤ βb(Gm,n−4) + 2m

≤ d
m(n− 4)

2
e + 2m = d

mn

2
e.

k^447O78O XQ685P8Q85 n− 3 ≤ m ≤ n
a S8 MPmQMYQ85 Q55P856[PXP85 \PO 4P565PO [Q\P^MO YP nf

n = 7, 8 f 87^O 5M7^[78O f(Vm,n) ≤ dmn
2
e.
k765 Q\7MO n ≥ 9

a L^6O}^P f/H1,n−4
PO5 ^8 rM7QY`QO5

68YN4P8YQ85 O^M \P O7^O mMQ4WP H1,n−4 P5 H1,n−4 PO5 6O7X7M4WP �Gn−4,m
f 87^O `78`\^78O }^P

∑

v∈C1,n−4

+

f(v) ≤ βb(Gn−4,m) ≤ d
(n− 4)m

2
e.

Z|7{f
f(Vm,n) ≤ d

(n− 4)m

2
e + 2m = d

mn

2
e.



��

��� ��∑
v∈Cn−3,n

+

f(v) ≥ 2m+ 1 P5 m 6= 7
a

cQ e78`5678 f/Hn−3,n
PO5 ^8 rM7QY`QO5 68YN4P8YQ85 O^MHn−3,n a L^6O}^PHn−3,n PO5 6O7X7M4WP

� G4,m
f∑

v∈Cn−3,n
+

f(v) ∈ {2m+ 1, 2m+ 2}
a

d68O6f \Q LM747O65678 uasapt P5 \Q LM747O65678 uasapp 4PMXP55P85 Y|QÇMXPM }^P \PO }^Q5MPO
YPM86nMPO `7\788PO `7856P88P85 OP^\PXP85 YP^o O7XXP5O rM7QY`QO5O }^6 O785 O765 vm,n−3P5 v1,n O765 v1,n−3

P5 vm,n
a ~7^O 47^[78O O^447OPM OQ8O 4PM5P YP mN8NMQ\65N }^P Cn−3,n

+ =

{v1,n, vm,n−3}
a

k^6[Q85 \Q \QMmP^M YP \Q Gm,n
f 87^O Y6O568m^78O YP^o O7^O `QO 9

��� ����
m ≤ n− 5

a
cPO N\NXP85O YP Cn−3,n

+ f �Y7X68P85 Cn−4 a d\7MO O765 |C1,n−5
+ | ≥ 2 f Q^}^P\ `QO

f(Vm,n) =
∑

v∈C1,n−5

+

f(v) +
∑

v∈Cn−3,n
+

f(v) ≤ βb(Gm,n−5) + 2m+ 2

≤ d
m(n− 5)

2
e+ 2m+ 2 ≤ d

mn

2
e,

7^ |C1,n−5
+ | = 1 f Q^}^P\ `QO

f(Vm,n) = f(x1) +
∑

v∈Cn−3,n
+

f(v) ≤ (d(vbm
2
c−1,1, v1,n)− 1) + 2m+ 2

= n− 4 + b
m

2
c + 2m+ 2 ≤ d

mn

2
e.

��� ����
n− 4 ≤ m ≤ n

a
~7^O OQ[78O }^P \P `7^4\P (f(v1,n), f(vm,n−3))

Q OP^\PXP85 5M76O `W76of }^6 O785 (m+1, m), (m,m+

1)
7^ (m+1, m+1)

a h7XXP8ä78O 4QM 4M7^[PM }^Pf \PO O7XXP5O rM7QY`QO5O v1,n P5 vm,n−3 f �Y7X68P85 878 OP^\PXP85 \Q YPM86nMP \6m8PRm XQ6O Q^OO6 bm
2
c `7\788PO `78ON`^56[PO Cn−bm

2
c−3,n−3 a

L7^M `P`6f O765 vm,i
^8 N\NXP85 YP Rm a ~7^O Q[78O d(vm,i, vm,n−3) = n− 3− i ≤ n− 4 ≤ m

a
d\7MO d(vm,i, vm,n−3) ≤ f(vm,n−3)

P5 vm,i
P85P8Y ^8 rM7QY`QO5 YP vm,n−3

a TQ685P8Q85 O765 vi,j



�q

^8 N\NXP85 }^P\`78}^P YP Cn−bm
2
c−3,n−3 f 87^O O^447O78O P8 4MPX6PM }^P f(v1,n) = m+ 1 P5

f(vm,n−3) = m
a

k6
i ≥ bm

2
cf Q\7MO

d(vi,j, vm,n−3) = d(vi,j, vm,j) + d(vm,j, vm,n−3)

= (m− i) + (n− 3− j) ≤ m− b
m

2
c + n− 3− (n− b

m

2
c − 3)

= m = f(vm,n−3)

k6
i ≤ bm

2
c − 1 f Q\7MO

d(vi,j, v1,n) = d(vi,j, v1,j) + d(v1,j, v1,n) = (i− 1) + (n− j)

≤ (b
m

2
c − 2) + n− (n− b

m

2
c − 3) = 2b

m

2
c+ 1 ≤ m+ 1 = f(v1,n).

LQM `78ON}^P85 vi,j P85P8Y ^8 rM7QY`QO5 YP vm,n−3
7^ v1,n 47^M `WQ}^P P856PM if P5 47^M 57^5

j f n− bm
2
c − 3 ≤ n− 3

a
g8 QMm^XP85 Q8Q\7m^P Xn8P Q^ XÚXP MNO^\5Q5 }^Q8Y (f(v1,m), f(vm,n−3)) = (m,m + 1)

7^
(m+1, m+1)

a 3rOPM[78O Y|Qr7MY }^P \P 87XrMP P856PM n− bm
2
c Y765 Ú5MP 4\^O mMQ8Y }^P �f

`QM O6878 \Q 4MPX6nMP `7\788P YP \Q mM6\\P Gm,n
8P `7856P8YPMQ65 Q^`^8 O7XXP5 rM7QY`QO5a

k6
|C1,n−bm

2
c−4| = 1 f Q\7MO V + PO5 MNY^65 � 5M76O N\NXP85O P5

f(Vm,n) = f(x1) + f(x2) + f(x3) ≤ (n− 4 + b
m

2
c) + 2m+ 2 ≤ d

m

2
e.

k6
|C1,n−bm

2
c−4| ≥ 2 f Q\7MO n− bm

2
c ≥ 6.

~7^O Y6[6O78O \P MPO5P YP \Q 4MP^[P P8 9
(i) n− bm

2
c = 6 f (ii) n− bm

2
c = 7 f (iii) n− bm

2
c = 8 f (iv) n− bm

2
c ≥ 9

a

��� cP eQ65 }^P vm,n−3
P5 v1,n f �Y7X68P85 C3,n−3

⋃

Rm P5 |C1,2
+ | ≥ 2 f \Q MPO5M6`5678 YP f Q^o

YP^o 4MPX6nMPO `7\788PO P5 \PO m − 1 4MPX6nMPO \6m8PO PO5 ^8 rM7QY`QO5 68YN4P8YQ85 O^M \P
O7^O mMQ4WP 68Y^65 4QM `PO N\NXP85Oa L^6O}^P `P O7^O mMQ4WP PO5 6O7X7M4WP � G2,m−1

f 87^O
YNY^6O78O }^P

f(Vm,n) =
∑

v∈C1,2
+

f(v) + 2m+ 2 ≤ βb(G2,m−1) + 2m+ 2

= 2(m− 2) + 2m+ 2 = 4m− 2 ≤ d
mn

2
e.
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+

f(v) + 2m+ 2 ≤ βb(G3,m−1) + 2m+ 2

= 2(m− 1) + 2m+ 2 = 4m ≤ d
mn

2
e

O6 n = bm
2
c + 7 f P5

f(Vm,n) =
∑

v∈C1,4
+

f(v) + 2m+ 2 ≤ βb(G4,m−1) + 2m+ 2

= 2m+ 2m+ 2 = 4m+ 2 ≤ d
mn

2
e

k6
n = bm

2
c+ 8

a

���� L^6O}^P \P O7^O mMQ4WP H1,n−bm
2
c−4 − V (Rm) PO5 6O7X7M4WP � Gn−bm

2
c−4,m−1

f 7{ (n −

bm
2
c − 4) + (m − 1) < m + n P5 5 ≤ n − bm

2
c − 4 ≤ m − 1 f 87^O 47^[78O ^56\6OPM 875MPW_475WnOP Y|68Y^`5678 47^M 7r5P86M

∑

v∈C
1,n−bm

2
c−4

+

f(v) ≤ d
(m− 1)(n− bm

2
c − 4)

2
e.

U\ O|P8O^65
f(Vm,n) ≤ d

(m− 1)(n− bm
2
c − 4)

2
e+ 2m+ 2 ≤ d

mn

2
e.

��� � �∑
v∈Cn−3,n

+

f(v) ≥ 15 P5 m = 7
a

k6
(v1,n, vm,n−3)

�7^ (v1,n−3, vm,n)) ∈ {(7, 8), (8, 8), (8, 7)} f Q\7MO 87^O `78568^78O `7XXP Q^
hQO sa
k^447O78O }^P 87^O 8P O7XXPO 4QO YQ8O `P `QOf Q\7MOf 8N`POOQ6MPXP85
(vn−3,n, v4,n, v7,n−3)) = (5, 5, 5)

7^ �v1,n, v4,n−3, v7,n
�v(5, 5, 5) a S8OPXr\Pf `PO 5M76O O7XXP5OrM7QY`QO5O f �Y7X68P85 \PO O6o YPM86nMPO `7\788POa U\ O|P8O^65

f(V7,n) ≤ d
7(n− 6)

2
e + 15 = d

7n− 2)

2
e ≤ d

7n

2
e
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O6 |C1,n−7
+ | ≥ 2 f P5

f(V7,n) = f(x1) + 15 ≤ (n− 2) + 15 ≤ d
7n

2
e,

O6878a

�

¨«� íD¯« É�µ�¿É 3� � βb(P3�P4) = 8 = βb(P3)× βb(P4) = 2 × 4< �� βb(P4�P5) = 12 <

βb(P4)×βb(P5) = 4×6 � 0�� ������< βb(P2�P4) = 6 > βb(P2)×βb(P4) = 1×4 � � %�S βb(G�H)�� βb(G)× βb(H) 
��� 
���"����#��
�
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cP 5MQ[Q6\ }^6 Q N5N MNQ\6ON YQ8O `P XNX76MP `78`PM8P \|N5^YP Y^ 87XrMP YP rM7QY`QO568YN4P8YQ8`P βb
YQ8O \PO mM6\\POa

~7^O Q[78O YN5PMX68N \PO [Q\P^MO YP βb
47^M \Q `\QOOP YPO mM6\\POGm,n

fm ≤ n
a ~7^O Q[78O

X785MN }^P βb(Gm,n) = 2(m+ n− 3) O6 m ∈ {2, 3, 4} P5 βb(Gm,n) = dmn
2
e O6878a

S8 `78`\^O678f 6\ OPMQ65 685NMPOOQ85 YP 5MQ65PM \PO }^PO5678O O^6[Q85PO }^6 4P^[P85 Ú5MP
`78O6YNMNPO `7XXP ^8P O^65P YP 875MP 5MQ[Q6\ 9
pa ZN5PMX68Q5678 YP βb

47^M \P mMQ4WP 4M7Y^65 `QM5NO6P8 YP YP^o `_`\POf P5 Y|̂ 8 `_`\P 4QM
^8P `WQÅ8Pa

sa ZN5PMX68Q5678 YP βb
47^M \P mMQ4WP 4M7Y^65 5P8O7M6P\f P5 47^M \P mMQ4WP 4M7Y^65 e7M5

YP YP^o `WQÅ8POa
ua ZN5PMX68Q5678 YP βb

47^M \PO 5M76O 4M7Y^65O �̀ QM5NO6P8f 5P8O7M6P\f P5 e7M5� YP YP^o
mMQ4WPO }^P\`78}^POf MPO4P`56[PXP85a

�a ZN5PMX68Q5678 O765 YPO [Q\P^MO PoQ`5PO O765 YPO r7M8PO 47^M βb
47^M Y|Q^5MPO `\QOOPO YP

mMQ4WPOa
�a S5^YP YP \Q `7X4\Po65N Q\m7M65WX6}^P YP βb

a
�a hQMQ`5NM6OQ5678O YPO mMQ4WPO 47^M \PO}^P\O 9

nïo
βb(G�H) = βb(G)× βb(H)

a
nïïo

βb(G�H) < βb(G)× βb(H)
a

nïïïo
βb(G�H) > βb(G)× βb(H)

a

�p
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